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Chuong 12

TICH PHAN BOI

b
Dua vao cach dinh nghia cta tich phan xac dinh [ f (z)dx duge gidi thieu trong
chuong 5, trong chuong nay ching ta sé téng quat héa tich phan xac dinh dé dinh
nghia tich phan boi, tich phan ma trong d6 ham duéi dau tich phan 1a ham nhiéu

bién.

12.1 TIiCH PHAN BOI HAI TREN MIEN HINH
CHU NHAT

12.1.1 Xem lai dinh nghia tich phan xac dinh

b
Trong chuong 5, ta da dinh nghia tich phan xac dinh cia ham mot bién [ f (z) dx

nhu mot giéi han ctia tong Riemann.

Cho ham bi chan f xac dinh trén doan [a, b].

Budc 1: Phan hoach doan [a, b] thanh n khodng con Axy, = zp—xp_1 véik = 1,n
trong d6 a = xg < 11 < X3... < x,, = b. Goi phan hoach nay 1a P.

Buéc 2: V6i k = 1, n, chon mot diém z) tuy ¥ la mot diém dai dién ctia khoang

con [wy_1, 7)) trong phan hoach P. Lap tong
k=1

la tong Riemann clia f tuong tng v6i phan hoach P va dai dien khoang con

* * *
], 5, ..., T

? n*
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Buéc 3: Tinh gidi han

I1P]—0

I = lim Zf(x;;) Axy
k=1

Néu gi6i han nay ton tai thi gia tri ctia gidi han nay duge goi 1a tich phan xac dinh

cia f trén doan [a, b] va duge ky hiéu

1Pll—0

b n
I = /f (x)dz = lim Z f(z7) Az,
; k=1

12.1.2 Dinh nghia tich phan bodi hai trén mién hinh chi nhat

Tuong tu cach dinh nghia ctia tich phan xac dinh ta sé dinh nghia tich phan boi hai
theo hai bién [[ f (z,y) dA trén mién chitnhat R = {(z,y) e R* :a <2 < b, ¢ <y < d}.
R
Buéc 1:: Phan hoach doan a < x < b thanh m doan con va doan ¢ <y < d

thanh n doan con. Stt dung nhiing doan con nay, phan hoach hinh chi nhat R thanh
N = mn hinh chit nhat con nhu hinh [12.1] Goi phan hoach nay la P.

V4 ()

Hinh 12.1: Mot phan hoach hinh chi nhat R thanh mn hinh chit nhat con va phan
ti dai dién cta hinh chit nhat con thu &
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Bué6c 2: Chon mot diém dai dieén (2}, y;) tit mdi hinh chit nhat con thit k véi
k = 1,n trong phan hoach ctia hinh chit nhat. Lap tong

Sp=>_ f(x},u0) DAy
k=1
trong d6 AA,, 1a dien tich ctia hinh chit nhat con tht k. Téng nay dugc goi la tong
Riemann cta f (z,y) ting v6i phan hoach P va cac dai dién ctia hinh chi nhat con
(=7, k).

Budc 3: Dé do kich ¢ ctia céc hinh chit nhat trong phan hoach P, ta dinh nghia
chuan || P|| ctia phan hoach 1a do dai ctia duong chéo dai nhat trong cac dudng chéo
cua cac hinh chit nhat con trong phan hoach. Ta tinh chinh phan hoach béi viéc
chia nhé cac hinh chit nhat con sao cho chuan giam.

Tinh gidi han

N
lim Y f (z}, ) DAy
k=1

1Pll—0

Néu gidi han nay ton tai, gia tri ctia n6 dude goi 1a tich phan boi hai clia f trén

mién chit nhat R.

Dinh nghia 12.1.1. Cho ham hai bién f(z,y) xac dinh trén mot mién chit nhat
déng, bi chin R trong mat phing Oxy thi tich phan béi hai ctia ham f trén mién
R dugc dinh nghia va ky hiéu bdi

N
IZé/f(:v,y)dAz]Lirgokz:;f(zz,yZ)AAk

néu giéi han nay ton tai.

Trong truong hop tich phan boi hai ton tai, f dude goi 1a kha tich trén R.
Chii j 12.1.2. Ta c6 thé chi ra rang néu f (z,y) lién tuc trén mién chit nhat R thi
n6 kha tich trén R.

12.1.3 Cac tinh chat ctia tich phan béi hai

Tich phan boi hai c¢6 nhiéu tinh chat tuong tu nhu tich phan xac dinh.
Gia st rang tat cd cac tich phan trong cac tinh chat dugce néu ra déu ton tai trén

mién chit nhat R.
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4/[af(a:,y)+bg(a:,y)]dA:aé/f(x,y)dAntbé/g(g;,y)dA

v6i a va b 1a hdng sb.

2) Néu f (x,y) > g (x,y) trén mot mién chit nhat R thi

//f(x,y)dAz//g(x,y)dA

3) Néu mién lay tich phan la mién chit nhat R duge chia lam hai hinh chit nhat con
R1 va R2 thi

4/f<a:,y>dA=4/f<x,y>dA+4/f<x,y>dA

Hinh 12.2: Miéen chit nhat R dudc chia thanh R, va R,

12.1.4 Y nghia thé tich

Néu g (z) > 0 trén doan [a,b], tich phan xac
b

dinh [ g (z) dz dugc hiéu la dién tich hinh thang

cong bén dudi duong cong y = ¢ (x) trén doan

[a, b].

Tich phan boi hai [[ f(z,y)dA c6 thé dugc
R

hiéu 1a thé tich hinh tru cong bén dudi mat
z = f(x,y) > 0 trén mién hinh chi nhat R (nhu

hinh [12.3) Hinh 12.3: Hinh tru cong bén duéi
mat z = f(z,y) trén mién hinh
cht nhat R



Tai lieuw mon hoc Toan 3 Trang 6

Dé thay diéu nay, cht y rang néu f (z,y) >0
trén mién chit nhat R va ta phan hoach R thi
tich f (z,y;) AAy 1a thé tich ctia mot hinh hop chit nhat f (2}, y;) va dién tich day
AA}, nhu biéu dién trong hinh [12.4]

Z . Ta

CRICRN)

a

L

.
\-< T

] AR N

/

o=

]

g7
‘%3

Hinh 12.4: Thé tich hinh tru cong dugc xap xi béi cac hinh hop chit nhat

Nhu vay, tong Riemann
k=1

la tong ctia cac hinh hop chit nhat gisi han trén bdi mat cong z = f (x,y) trén mién
R.
Néu f lien tuc, ta mong doi sy xap xi duge cai thién bdi viéc sit dung cac phan
hoach t6t hon (nghia 14, mién chit nhat dugce chia thanh nhiéu hinh chit nhat con
hon sao cho chuan nhé hon). Khi d6 thé tich ctia hinh tru cong can xap xi tong thé
tich ctia cac hinh chi nhat duge tao thanh.

Thé tich ctia hinh tru cong bén dusi mat z = f (x,y) trén mién R duge cho béi

HPH_}(]ZJC Th Yk AAlc—//f z,y)d

Su xap xi bdi tong Riemann duge minh hoa trong Hinh m
Vi du 12.1.1. Tinh mot tich phan boi hai bing cich lién hé véi thé tich
khbi dic
Tinh tich phan boi hai [[ (4 — 2y) dA, trong d6 R 1a mot hinh chi nhat trong
R
mit phang Oxy véi cac dinh O(0,0), A(3,0), B(3,2) va C(0,2).
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Gidi. Vi z = 4 — 2y théa man z > 0 véi moi diém trong R, gia tri cia tich phan
boi hai bing véi thé tich ciia khéi dac bi chan trén bdi mit phdng z = 4 — 2y va bi
chan dudi bdi hinh chit nhat R.

Khéi dic 1a mot lang tru c6 day 1a AOCP va duong cao 1a OA. Khéi dic duge
biéu dién trong hinh [12.5

Thé tich ctia khéi lang tru 1a

1 1
V:SAOopxh:§OC’><OP><h:§><2><4><3:12

Do dé, gia tri cia tich phan cing la 12; ¢6 nghia la

//(4—2y)dA:12

Hinh 12.5: Tinh tich phan boi hai [[ (4 —2y) dA = 12 bang theé tich
R

12.1.5 Tich phan lap

Dé tinh tich phan xac dinh, ta it st dung truc tiép dinh nghia ma thuong sit dung
cac phuong phap tinh tich phan trong chuong 7. Tuong ty nhu vay, dé tinh tich
phan boi hai ta it khi st dung truc tiép dinh nghia dé tinh, tham chi trén mot mién
chit nhat don gidn. Thay vao d6, ta sé tinh cac tich phan boi hai bing mot qua trinh
goi 1a 14y tich phan lip. Qua trinh nay giéng nhu dao ngudc lai qué trinh lay dao

ham riéng.
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Dinh If sau day sé cho thay tich phan boi hai [[ f (z,y) dA ¢6 thé dugc tinh theo
R

céc tich phan lap nhu thé nao, va dude ching minh béi nha toan hoc ngudsi Italia
Guido Fubini (1879-1943) vao nam 1907.

Dinh 1y 12.1.3. Dinh lyj Fubini trén mot mién ch@ nhat
Néu f (x,y) lién tuc trén hinh ch@ nhit R = {(z,y) e R? :a <z <b, c <y < d}

thi tich phan boi hai
/ / f(z,y)dA
R

cé thé duge tinh bdi mot trong hai tich phan lap sau

[[ st.aa- /d /b F(@,y)d | dy = /b /d F(z,y)dy| do

Ta c6 theé viét
d b b d
4/f(x,y)dA:C/a/f(x,y)dxdy:a/c/f(xjy)dydx

Chi i 12.1.4. Gid st f (z,y) lién tuc trén hinh chitnhat R = {(z,y) e R?:a <2 <b, c <y < d}
d
Khi do, ta viét [ f (z,y) dy dé ki hiéu tich phan thu dugce béi viec lay tich phan

f (x,y) theo y trén doan [c,d] véi z gitt ¢d dinh. Tich phan thu duge bdi viec lay
tich phan riéng nay la mot ham theo x, nghia la

d

G(a:):/f(a:,y)dy

C

Ta lay tich phan xac dinh ctia ham G(x) theo bién x trén doan [a,b] dé dugc tich

/bG(x)dx—/b /df(x,y)dy dz

Mot cach tuong ty, néu trude tien ta lay tich phan f (x,y) theo z trén [a,b] ma

phan lap

gitt y ¢6 dinh, va sau d6 lay tich phan theo y trén [c,d], ta dugc tich phan lap

b

/G(x)dx—/d /bf(x,y)dac dy
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Vi du 12.1.2. St dung dinh 1y Fubini dé tinh tich phan boi hai
Stt dung dinh ly Fubini, hay tinh tich phan boi hai [ (4 — 2y) dA, trong d6 R 1a
R

mot hinh chit nhat trong mat phang Ozy véi cac dinh O(0,0), A(3,0), B(3,2) va
C(0,2).

Gidi. Mién lay tich phan 1a mién chitnhat R = {(z,y) e R?: 0 <2 <3, 0 <y < 2}

(xem lai hinh .

Do vay ta st dung dinh Iy Fubini bang cach lay tich phan lip dé tinh tich phan.

4/<4_2y)cm

2

j -2 a

0

[(4y = )5 do

(8 — 4 —0)dx

I
S, O, O~

ddr = 4 [z]]] = 12

Két qua nay giong vdi két qua dat dugce trong vi du 12.1.1. O
Vi du 12.1.3. St dung tich phan lap dé tinh tich phan boi hai
Tinh tich phan boi hai [% i <§ + %)dA trén mién chit nhat
R={(z,y) eR*:1<2<2 1<y<e}
a. Lay tich phan theo y trudc
b. Lay tich phan theo x trudc

Gidi. a. Lay tich phan theo y trude. Ta c6

2 e
2 ) p p
// (E + Q) dA = / / (f + _y) dy | dz (Lay tich phan theo bién y, co dinh x)
y x y
R 1 L1
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2
2

/ (xlny+ y_)
x

1

dr =

1

2 1
xlne+e— —zlnl — —)d:L'
z z

— T Y—
—

b. Lay tich phan theo z truéc

e 2
2 ) ) )
// (g + %) dA = / / (g + ?y) dx | dy (Lay tich phan theo bién x, co dinh y)
R 1

+ 2y 1In 2> dy (Ta dugc tich phan xdc dinh theo bién y)

= (glny—y2ln2>
3
2

e

1

+ (¢ —1)In2
O

Chi g 12.1.5. Trong truong hop f (z,y) = g (z) h(y), va mién lay tich phan 1a mién
chit nhat hinh chit nhat R = {(z,y) e R? : a < 2 < b, ¢ <y < d}, dinh Ii Fubini cho
phép tich phan dugc viét dudi dang

//f(x,y>dA=/b/df<x,y>dyda:=jg(x)dx/dh@)dy.

......................................................................... Trang 10
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Chu y rang diéu nay chi ding cho phép nhan.
Néu f (z,y) = g () + h (y) thi khong c¢6 két luan nhu vay.

Ching minh. Dé thay, xét truong hop f (z,y) = g (x) h (y).
Khi do

d

b d b
é f(x,y)dA:a/C/f(:v,y)dydx:a/ [o@nway| iz

[

Trong tich phan phia trong ngodc, = 1a hing s6, nén ¢ (z) 1a hing s6 va ta c6 thé
viét

b d b d b d

[|[o@rwa| ae= [o@) | [pwds| do= [g@ds [ by

a Cc a c a c

d
vi [ h(y)dy 1a hang s6.

Vi du 12.1.4. Tinh tich phan boi hai Ya
/2 2 2
I:/ / ysinx dy dx =
0 1
1

Gidi. Ta c6 mien lay tich phan R 13 hinh chit nhat R =
{(=, y)eR2 0<z<I 1<y<2}

A J

[ [ sn ay e - ( [ d) ([vw)
o) (4])
SIS

......................................................................... Trang 11
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Chii 4 12.1.6. Dinh 1y Fubini-Tonelli trén mét mién chi nhat

Xét hinh chit nhat R :a <z <b, ¢ <y < d va mot ham f (z,y) bi chan va lien

tuc trén hinh chit nhat R ngoai trir trén mot tap con S ¢6 dién tich zero cua R,

sao cho tich phan [[ f(z,y) dA ton tai.Gid sit them rang véi moi gia tri = sao cho
R

a <z < b, tap con S chi chita hitu han (c6 thé khong chita) cac diém véi toa do dau

1a z.

Khi d6, tich phan lip ciing ton tai va

b d
4/f(x,y)dz4=a/c/f(x,y)dydw

Vidu12.15.:R:0<z<1,0<y<1vaf(z,y) = o

Gidi. Dt ham duéi dau tich phan khong lién tuc va khong bi chin tai tat ca cac
diém c6 toa do y = 0, c6 thé ching minh rang tich phan boi hai ton tai trén mién

R va c6 thé duge tinh béi viec ding cac tich phan lip (chid ¥ ring mot trong hai

1 T 4
2y 72 ) ==
0> < y 0) 3

tich phan don la suy rong).Ta tinh tich phan

Lol 1 U dy 9,
—dxdy:/ﬁdw —:(—x/2
/0/0\/; 0 0 VY 3

]

12.1.6 Mot lap luan khong chinh thic cho Dinh 1y Fubini

Ta c6 thé lam dinh 1i Fubini chdp nhan dugc v6i mot lap luan hinh hoc trong trudng
hop f (z,y) > 0 trén R.

Néu [[ f (z,y)dA duge dinh nghia trén mot hinh chit nhat R

R

vii R:a<x<b c<y<d.

Khi d6 tich phan boi hai [[ f (z,y) dA biéu dién thé tich ctia khéi D bi chin

R

trén b6i mat z = f (z,y) va bi chan dudi béi hinh chi nhat R.
Néu A (y;) 1a dién tich thiét dien vuong goc véi truc Oy tai diém y; thi A (y;) Ay
bieu dién thé tich ctia mot lat cit xap xi thé tich ctia mot phan ctia khéi D, nhu
trong Hinh [12.6]

......................................................................... Trang 12



Tai lieuw mon hoc Toan 3 Trang 13

Ta duge thé tich V cia ca khéi D 1a

A 2 Lat cit vuong goc truc 0y cd

dién tich Ia 4(¥])

| P||—0

/ fz,y)dA=V = lim ZAyk ) Ay

Gidéi han & vé phai chinh 1a tich phan
cia A (y) trén khoang ¢ <y < d, trong

d6 A(y) 1a dién tich ctia 14t cit vuong 0 | R
goéc véi truc Oy véi y ¢6 dinh. y
Trong Chuong 5, ta da thay riang dién oo
tich A (y) c6 thé duge tinh bdi tich phan .

- /f (,y) du Hinh 12.6: Thé tich stt dung phuong phap

14t cat vuong goc truc Oy
Lay tich phan theo x (y ¢6 dinh)
Bay gio ta c6 thé thay thé A (y) bang tich phan trén dé dugc

N d d
YdA=V = 1 Ay A _/A // Ydz| d
//fxy ”Plﬁfgozl (v;) Ayy (v) (z,y)dz | dy

s

A(y)

Tuong t ta c6 thé chitng minh

b d
4 f(m,y)dA=a/C/f(x,y)dydx

b d

Vayf{ff(a:,y)dx} dy—gf(x,y)dA—v—afb {ff(:c,y)dy} iz

a C

12.2 Tich phan boi hai trén mién phang tong quat

Cho f (x,y) la mot ham lién tuc trén mién D ma cé thé bi chita trong mot hinh chit
nhat R.

Dinh nghia ham F (z,y) trén R bang f (z,y) néu (z,y) thudoc D va bang 0 néu (z, y)
khong thuoc D.Nghia la

......................................................................... Trang 13
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Khi d6, néu F kha tich tréen R thi ta néi rang f kha tich trén D, va tich phan
bo6i hai cua f trén D dugc dinh nghia la

//f(x,y)dA://F(x,y)dA

Dé thay gf F(z,y)dA = {Df flz,y)dA +R{1f) 0dA :{)f flz,y)dA

A\ 4

A J

Hinh 12.7: Mién D bi chan bdi mot hinh chit nhat R

12.2.1 Khai niém mién loai I va loai II

1. Mién phang D la mién loai I , hay mién don theo chiéu doc trong mit phang

Ay y= gl(x) y

Y S
2y

v
R $---

Trang 14
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14 mot mién nam gitta do thi clia hai ham lién tuc theo z, va xac dinh béi
D={(z,y) €R*:a<x<b gi(zr) <y < gofx)}
trong d6 g1 (z) va go (x) la cac ham lién tuc cia x trén [a, b].

2. Mot mién phang D la mién loai II, hay mién don theo chiéu ngang trong mat

phang 1a mot mién nam gita do thi ciia hai ham lien tuc theo y, v xéac dinh béi
D={(z,y) eR*: ¢ <y <d, ln(y) <z <ho(y)}

trong d6 hy (y) va hs (y) 1a cac ham lién tuc cia y trén [c, d].

Hinh 12.9: Mot s6 vi du cho mién phéng D loai II

12.2.2 Tich phan boi hai trén cac mién loai I va loai II
Dinh ly 12.2.1. Dinh lj Fubini cho cic mién loai I va mién loai I
1. Néu ham f(z,y) lien tuc tréen mot mien D logi I la

D={(z,y) eR*:a<z<b gi(z) <y < go(x)}

J[ ramia= | b / g;(j) Fo,y) dy do
| "

2. Néu ham f(x,y) lien tuc tréen mot mien D loai II la

thi

D= {(;U,y) ER*:c<y<d, h(y) §$§h2(y)}

......................................................................... Trang 15



Tai lieuw mon hoc Toan 3 Trang 16

d  rha(y)
//f(x,y)dfl:/ / flz,y) dv dy
c Jhi(y)
D
Ching minh

1) Dinh Iy Fubini cho mién loai I
Trudc tien, dé tinh tich phan [[ f(z,y)dA 1
D

thi

L

v6i D 1a mién loai I, ta chon hinh chit nhat d
R = [a,b] X [c,d] chita mién D, nhu hinh vé

12.10} va ta xét ham

f(z,y), néu (x,y) €D c
F(z,y) = )
0, néu (z,y) ¢ D. >
0 x
Khi do
Hinh 12.10: Mieén lay tich phan D la

// f(z,y)dA = // F(z,y)dA mién loai [
D R

Ma mién chit nhat R = [a,b] X [¢,d], do vay

b d
4/F(x,y)dA:a/C/F(x,y)dyda:

Ta lai ¢6 F(z,y) = 0 néu y < gi(z) hodc y > go(x) vi (z,y) ndm ngoai mién D. Do
do

d g1(x) g2(x) d g2(x)
/ Flay)dy = / e, y)dy + / Fla,y)dy + / Fla,y)dy = / F(z,y)dy
c c g1(x) g2(x) g1(x)

Mat khac F(z,y) = f(x,y) néu gi(x) <y < go(x) cho nén

92() g2(x)

g1(z) g1(x)

......................................................................... Trang 16
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Vay

// e // oy :/b/dm,y)dydx

b g2(x b g2(z
:// xydydx—//f:rydydm
a gi(z) a g1(z)

2) Dinh ly Fubini cho mién loai II dugc chitng minh tuong tu
Vi du 12.2.1. Tinh tich phan béi hai trén mién khéng 1a hinh chit nhat

Tinh tich phan boi hai
/ / 402%yd A
D

trong d6 mién D gi6i han bdi duong cic duong y = 2 vy = /=

Gidgi. Trude hét ta tim giao diém ciia cac 4y

duong

y=x>vay=+x 1, [preamernnnay /
— s :

Phuong trinh hoanh do giao diém

xzz\/E(:):v:()v:E:l

Duta va hinh vé [12.11] ta ¢6 mién D 1 mién Sl

loai I 1 &
Mien D:0<x<1, 22<y<.x
Do vay ta c¢6 tich phan Hinh 12.11: Hinh minh hoa cho vi du
12.2.1
1 Va
K = //20:c2y2dyd:c
0 2

Dé tich tich phan nay, ta tinh tich phan theo bién y trudc va c6 dinh bién z (coi z
1a hdng s6). Sau d6 thay can vao cho y ta sé thu duge tich phan xac dinh theo

......................................................................... Trang 17
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cu thé 1a

O
Vi du 12.2.2.Tinh tich phan boi hai M = [[ (22 — 3y) dA trong d6 D 1a hinh tam
D
giac ¢6 cac dinh lan lugt 1a A(0,1), B(1,0),C(2,1)

Gidi. Ta vé hinh mién D

Ta c¢6 phuong trinh cac duong

thang lan lugt 1a

* Phuong trinh dudng thang
AB:z4+y=1zrx=1—y

* Phuong trinh dudng thang
BC:zx—y=1x=1+y

* Phuong trinh dudng thang
AC:y=1

Dua vao hinh vé ta c¢6 thé xem

mien D 1a mieén loai II.

......................................................................... Trang 18
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Khi d6 tich phan

=14y
M = / / (2x — 3y) dA
1+y
/ / (22 — 3y) dzx dy
1

/ [~ 3y )|\ ay

0
1

:/[(1+y)2—3y(1+y)—(1—y)2+3y(1—y)} dy

:/[4y—6y2}dy:0

0

Vi du 12.2.3. Vé hinh mién lay tich phan va tinh tich phan boi hai

e Inz
I = / / xy dy dx
1 Jo

Gidi. Ta c6, mién lay tich phan 14 mién loai I

1<z<e
D:
0 <y <lIn(x)
yn yl\
x=e x=e
—_— " > B 2
0 1 e x 0 1 e
Mién D 1a mién loai I Mién D 14 mién loai I

Hinh 12.13: Mién D c6 thé xem 13 mién loai I hodc mién loai 11

... Trang 19
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Xem mien D 1a mién loai I, tinh tich phan I ta dudc

e Inx
// xy dy dx
1 Jo
“[1 9|lnz
—/1 <§xy }0 )d$
1

= 5/1 (mln%)dw

1
[xQIHQm —2%Inx + 5172}

(1)

I =

e

1

O — x|+

Nhan zét 12.2.2. Ta c6 thé doi thi tu lay tich phan dé tinh tich phan

e Inz
I = / / xy dy dx
1 Jo

Trong hinh vé [12.13| ta thiy mién D c6 thé xem la mién loai I hodc mién loai II.
Khi chuyén sang mién loai II dé lay tich phan, ta can bién déi phuong trinh
y = Inx thanh z =é€Y.

Do6i thit tu 1ay tich phan ta duge

1 e
I:/ / xy dx dy
0 ey

12.2.3 Cac tinh chéit ctia tich phan béi hai trén mién phang
tong quat

Tich phan boi hai c¢6 nhiéu tinh chat tuong tu nhu tich phan xac dinh.
Gia st rang tat ca cic tich phan trong cac tinh chat dugc néu ra déu ton tai trén

mién phéng D.

//[af(:my)+bg(x,y)]dA=a//f(fﬂ,y)dAer//g(w,y)dA,

vdi a va b 1a hdng sob.

1.

......................................................................... Trang 20
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2. Néu f (z,y) > g (z,y) trén mot mién D thi

J[t@waaz [[owyaa

3. Néu mieén lay tich phan D dudc chia lam Dy va Ds thi

[[s@mar= [[s@paas [[@ia

4. Cong thitc tinh dién tich ctia mién phang D la

S(D):é/l.dA:é/dA

5. Néeum < f(z,y) <M, V(x,y) € D thi

m.S(D) < / / F(z,y)dA < M.S(D)

trong d6 S(D) la dién tich ctia mién phang D

Vi du 12.2.4. D6i thit tir 1ay tich phan trong tich phan sau

1 plty
JVz/‘/ f(z,y)dx dy
0 1—y

Gidi. Ta co mién lay tichphan D: 0<y <1, 1—-y<z<1l+y

Do vay ta sé vé hai duong thang x = 1 — y va duong = 1 + y, v chon mién thda
0<y<L

Ta nhan thay mién D chinh 13 AABC trong vi du 12.2.2, mién D dugc chia lam hai
mién don loai I (xem hinh [12.14)

Bién doi cac phuong trinh v =1 -y Sy=1—-asvar=14+yoy=a—1
Tacomiétn D; : 0<x<1, 1—z<y<1

......................................................................... Trang 21
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AY
=1
’ N
A C
[
\é\
=1— ‘\\ .);‘
y=1-x NS
a &
0 1 2

Hinh 12.14: Mién phang D chia lam 2 mién loai I

vaDy:1<2<2 1<y<z-—1
Do6i thit ty 1ay tich phan ta duge

N = //fxydA //fxydA—Ir/ f(z,9)d
N = // fxydA+// f(z,9)d

O
Vi du 12.2.5. Tinh tich phan boi hai sau [[ (22 — y) dA, trong d6 mién D 1a mién
D

gi6i han bdi dudng parabol z = 4 — y? vi duong thang z = y + 2.

Gidi. 1. Phuong trinh tung do giao diém ctia ¥ 4 “ 43”} o=y 2
hai duong x =4 —y?> vaaz =y +2 1a * | —— > '

y+2=4—y*oy=-2vy=1

Ta c6 thé xem mién lay tich phan D la mién H‘
loai II, xac dinh bai 2
4—yP?P<xr<y+2 7
D yo=t=y )
—2<y<1 Hinh 12.15: Hinh cho vi du 12.2.5

......................................................................... Trang 22
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Khi d6 ta co

N =[] @o-y)as

D
1 pd—y?
= / / (2x — y) dx dy
-2 Jy+2
1 g
— / [x2—xy“y+2 dx
-2

:/2 [(4—y2)2—(4—y2)y—(y+2)2+(y+2)y dy

AT
20

O

Nhan zét 12.2.3. Ta c6 thé ddi thit tu lay tich phan trong vi du trén. Khi d6 mién
D chia lam hai mién loai I 1a D; v Dy (xem hinh [12.16) D6i thit ty lay tich phan,

ta dudge
3 r—2 4 Vi—zx
N:// (2x—y)dyd:t+// (2x —y)dy dz
0o J-vis s Joyiz

Tuy nhién viéc tinh tich phan theo thit tu dy dx khong thuan 1gi bang viéc tinh tich
phan theo thu tu dz dy.

Hinh 12.16: Mién lay tich phan dugce xem 1a mieén loai I
Vi du 12.2.6. Tinh tich phan K = [[ (z — 4) dydz trén hinh phang
D

D:{(x,y)ER2:—1§x§2, x3§y§x2+4}

......................................................................... Trang 23
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Gidi. Ta chon mién 13y tich phan D 1a mién
loai I (xem hinh 12.17) y=x'+
Khi dé, tich phan can tinh

2 2244
K = / / (x —4) dy dx
1Jg3
[ e ()
= r—4). (y]} x
1 ’

:/_2(x—4)(m2+4—x3)dx y=2 |

1

837
920 Hinh 12.17:

]

12.3 Tich phan b6i hai trong hé toa do cuc

Toa do cyc duge ding trong tich phan boi hai chii yéu khi ham dudi dau tich phan
hodc mién lay tich phan hay ca hai c6 mo ta trong toa do cyc tuong ddi don gidn.
Thi du: Xac dinh can lay tich phan cia

tich phan sau trong hé toa do Dé-cac A Y

M://(:c2+y2+1)dA

trong d6 D la hinh tron 22 + y? < 4

trong mit phang Ozy (Hinh [12.18))

Hiéu D nhu mot mién don theo chidu

doc (loai I), ta thay rang v6i moi x cb
dinh gitta -2 v 2, y bién thién tit nia
. o . R Hinh 12.18: D 1a mot dia tron 22 +y? < 4
duong tron bén dudi v6i phuong trinh

y = —v/4 — 22 dén ntta dudng tron trén véi phuong trinh y = V4 — 22,

X4c dinh can lay tich phan trong toa do Dé-cac ta dudc

2 V4—z?
M://(x2+y2+1)dA:/ (2 + 9% + 1) dyda
D —2 _\/4—z2

......................................................................... Trang 24
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Viéc tinh tich phan lip & vé phai gip kho khan trong toa do Dé-cac, nhung cd ham
duéi dau tich phan va mién lay tich phan déu c6 thé duge biéu dién kha don gian
trong toa do cuc.

* Nhic lai cong thic chuyén déi sang toa do cuc:
Dat

xr=rcosf,y =rsinf

Khi d6

r= \/a:2+y2,tan6’:%

Ta thay rang:
+ Ham duéi dau tich phan f (z,y) = 2% + y? + 1 ¢6 thé dugc viét lai

f(rcosf,rsinf) = (7"0089)2 + (rsin9)2 +1=r%241

+ Bién ctia mién lay tich phan
D 1a duong tron 22 +y? = 4 bién
doi sang toa do cuc la duong
tron r = 2.

Do dé, D ¢6 thé duge mo ta nhu

tap hop tat ca cac diem (r,0)

sao cho v6i méi goc 6 cd dinh
gitta 0 va 27, r bién thién tit gdc
(r = 0) dén duong tron r = 2, Hinh 12.19: Mién D c6 bien la dudng tron r = 2
dugc chi ra trong Hinh [12.19]  trong toa do cuc

Dinh 1y 12.3.1. Tich phan
bot hat trong toa do cuc

Néu f lien tuc trong mién cuc D* xdc dinh bdi
D*={(r,0) [« <0<3, 0<r(0) <r<ry(0)}

trong do 0 < B — a < 21 thi

/ / F(r,0)dA = /ﬂ 79)f (r,0) rdrdf
D o ri(0)

......................................................................... Trang 25
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Chatng minh. Mot mién lay tich phan trong toa do cyc duge mo ta bdi
D ={(r,0)la<0<3, 0<r(0) <r<ry(0)}

trong d6 0 < B — a < 27 ¢6 thé duge chia nhé thanh cac hinh chit nhat cyc. Mot
hinh chi nhat cyc dién hinh duge mo ta trong Hinh [12.20]
Ching ta bat dau bdi viéc chia nhé mién lay tich phan thanh cac hinh chit nhat

A8

Hinh 12.20: Mién lay tich phan dugc chia thanh cac hinh chit nhat cyc va hinh chit
nhat cuc dién hinh

cuec.

Tiép theo, chiing ta lay mot diém dang cue (r;, ;) bat ki trong mdi hinh chit nhat
cuc thit k trong phan hoach.

Lap tong Riemann

N
> F i, 0p) AAy
k=

1
trong d6 AA; la dién tich ctia hinh ch nhat cyc thi k.

Dé tim dién tich ctia mot hinh chit nhat cyc dién hinh, dat (r}, 6;) 14 tam ctia hinh
chit nhat cuc d6 — d6 la, diém chinh gitta cac cung va cac tia tao ra hinh chit nhat,
nhu duge biéu dién trong Hinh . Néu cac cung tron gi6i han hinh chi nhat cuec
cach nhau khoang cach Ar, thi cac cung duge cho bdéi cong thiic

......................................................................... Trang 26
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Ta biét ring phan hinh quat v6i ban kinh r va géc & tam 6 c6 dien tich $r26.

Vay, mot tam giac dac trung cé dién tich

1/, 1 1/, 1 2

Cubi cuing, ta tinh tich phan boi hai trong dang cyc bang viéc lay gidi han

N
[[se0paa= > (i)
D* =

N

= lim re,0r) i Arg A6

”P”%;f( wOr) i Ary Aby
B r2(0)

:/ f(r, @) rdrdod.

@ r (9)

]

Qua trinh chuyén tir tich phan boi hai trong toa do Dé-cac sang toa
do6 cuc
Dé chuyén tich phan bai hai tit toa do Dé-cac

//f(%y)dA

sang tich phan bai hai trong toa do cuc ta can thie hién cac buée.
Buéc 1: Doi bién sang toa do cuc

xr=rcosf,y =rsinf

trong do
r>0, 0<f<2rhoic—n<O0<nm

va thay dx dy = r drdf
Budc 2: Chuyén mién lay tich phan D trong toa do Dé-cac sang dang ciic D*
X4c dinh can lay tich phan trong toa do cuyc clia mién D* va theo dinh 1y 12.3.1
Néu

D*={(r,0)|a<0<p,0<r 0)<r<rf}

......................................................................... Trang 27
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trong d6 0 < 8 — a < 27 thi

B r2(0

)
f(z,y)dA = f(rcosf,rsind). r dr df = f(rcos@,rsind). r dr df
[Jresea=f] /

a rp (9)

Vi du 12.3.1. Xac dinh can lay tich phan ciia tich phan sau trong hé toa do Dé-cac

M—//(:C2+y2+1)dA

trong d6 D la hinh tron 22 + 42 < 4 trong mit phang Ozy.
Gidi. Buée 1: Ddi bién sang toa do cuc
xr=rcosf,y =rsinf

Buéc 2: Bieén clia mién lay tich phan D la duong tron 2% 4+ y? = 4 bién ddi sang
toa do cuc la duong tron r = 2.

0<6<2r
Khi d6 D — D*: . (Xem hinh [12.21
0<r<2?2

Hinh 12.21: Mién D bién doéi thanh D*

......................................................................... Trang 28
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27 2
M://(x2+y2+1)dA:/ /(1+r2)rd7"d€
s o Jo
o p2 o /.2 4
= r+rs drdGz/ <T—+T—)
e (5
27
—/ 6 df = 127
0

Khi do

Vi du 12.3.2. Tinh tich phan boi hai

Q= / / T T A
D

trong d6 mién D gidi han bdi hai duong tron 22 + y? = 1 va 22 + y? = 9 nam trong
géc phan tu thi nhat.

Gidi. D61 bién sang toa do cuc Y
x=rcosf,y =rsinfd

Ta c6 mién lay tich phan
0<6<2m

D — D*:
0<r<2

Xem hinh 12.22 Khi do6

Q= / / e A
D Hinh 12.22: Mién giéi han bdi hai dudng
HERVE I tron r = 1 va r = 3 trong goc phan tu thi
= e rdr df
0 1
'/r/2

nhat
1 .°
:/ —e" db
0 2 |

......................................................................... Trang 29
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]

Puong cong Phwong trinh | Phuong trinh Hinh veé
trong toa do trong toa do
Pé-cac cuc
PDuong tron | x’+y'=a’ r=a ¥4
tam  0(0,0), @
ban kinh a>0
o =
0 / >
x
-a
Puong tron| x+y°=2ay r=2asin@ L
(1]
tam [(0,a), ban | o x*+(y-a) =d
kinh a>0
1(0,a)
a7
X
Duong tron X +y* =2ax r=2acos@

tam I(a,0), ban
kinh a=0

C)(.r—a)z +y*=d

=Y

Hinh 12.23: Phu luc mot s6 dudng tron trong toa do cic

Vi du 12.3.3. Tinh tich phan boi hai

/2/\/\/2___222(1—y2)dxdy

Gidi. Ta c6 mién lay tich phan D : -3 <y <0, —




Trang 31
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x>0
Dudng cong ©r = /9 — y* &
2?2 +yP=9
<0
var=—/9—y* <
?+y*=9

Mién lay tich phan D la ntta hinh tron nhu hinh vé|12.24} do vay ta thyc hién viéc

doi bién sang toa do cuc
xr=rcosf,y =rsinf

-3 0 3. 8=xn 0 3 A=2x

=

o
+
=Y

5 S Dl
Hinh 12.24: Mién lay tich phan trong vi du 12.3.3
Ta c6 mién lay tich phan

D — D*:

0 \/9—y? 2 3
/ / (1 — yz) dr dy = / / (1 — TZSiDQG).T dr df

-3 J—4/9—y2 T 0

27 3 2T 3
= / / rdrdf — / / (r281n29).r dr df

27 27
/ d@/ rdr — / 51n29dc9/ 3dr
9

T 1 —cos260 r
2 { 2 L 4,
e L
8

Trang 31
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]

Nhan zét 12.3.2. Ta c6 thé tinh tich phan trén v6i can lay tich phan nhu sau

0 pr/9—92 0 r3
/ / (1 — y2) dr dy = / / (1 — r2sin29).7’ dr df
-3 _M -7 JO

Vi du 12.3.4. Tinh tich phan boi hai [[ /322 4 3y?dA trong d6 D la mién gidi
D

han bdi duong tron 2% + y? = 4x.

Gidi. Ta c6 duong tron 2% + y* = 4o
hay (z — 2)* 4% = 4 1a dudng tron tam
1(2,0) va c6 ban kinh R = 2.
Phuong trinh dudng tron 22 + y? = 4«
trong toa do cuc la r = 4cosf

Dai bién sang toa do cuc
xr=rcosf,y =rsinf

Ta c6 mién lay tich phan

D — D*:

Khi do

[ /3 T A

b /2 4cosf

= / / V3r2. r dr df

/5 Jo

/s 7’3 4 cosf

=3 — do

\/— e < 3 0 )

7r/2

zg / (6400839) do =

7r/2

Ak \g

r=4cos@

S
_7\—/2
/

,7\-/2

{sm 6 —

Hinh 12.25: Duong tron tam (0,2), ban
kinh R =2

/ CoS 9) cos 0do
.

(1 — sin®@) d (sin 6)
(1 — sin®@) d (sin 6)
sin07|"? _256\/§
3 Jl.y 9

......................................................................... Trang 32
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12.4 Mot sé tng dung cua tich phan bodi hai
12.4.1 Dién tich hinh phing

Dién tich clia mién D trong mat phang Ozy dudce cho béi
S(D)://l.dA://dA
D D

Vi du 12.4.1. Tinh dién tich ctia mién phang D la mién gi6i han bdi cac duong

w

y=—, y=x—2vazxr=1.

8

2 3 YA A
Giai. Giao diem cua dudng hyperbol y = — va y \ x=1
x

duong thing y = = — 2 la diém A(—1,-3) va  °* \
diém B(3,1).
Do vay dién tich ctia mién phing D can tim
1a
0
S(D) = / / dA

Vi du 12.4.2. Tinh dién tich ctia mién phang D giéi han bdi dudng parabol
r =2 —y? va dudng thing z = 2y — 1.

Gidi. Giao diém clia hai dusng o = 2 — % va o = 2y — 1 la diém A(1,1) v diém
B(~7,-3).

......................................................................... Trang 33
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Dién tich clia mién phing D can tim 1a
1 2—y? 3 32
S(D)://dA:// dxdy:/(Q—yz—Qy—l)dy:—
s -3 J2y—1 1 3

Vi du 12.4.3. Tinh dién tich ctia hinh phing nim bén trong dudng r = 2 + 2cos

]

va bén ngoai duong tron r = 4 cos 6 cho trong toa do ciec.

Gidai. Hai duong r =2+ 2cosf var = 4cosf

giao nhau khi

24+ 2cos@ = 4cosl

S cosf =1 S 0=0 E

Ngoai ra gbc cyc ciing 1a giao diém ctia hai duong

cong trén.

Di¢én tich cia phan hinh phang can tim ‘ r=2+2cosf

N

1a

S =25 +25=2 //dA—l—//dA
Dy Do

......................................................................... Trang 34
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242 cos 6 s 242 cos 6
= / rdrdf + / / rdr df
4 cos /2 J0
2 124+2cos 0 T 2 12+2cos
= do + / - do
2 4cos@ /2 2 0

71'/2 T
:/ (4+8cos9)d9+/ (2 4 2cos0)* df
0 /2

=27 +8)+ (3mr —8) =5Hm

Vay

c\

c\

12.4.2 Thé tich vat thé

Néu f lien tuc va f (x,y) > 0 trén mién D, thé tich ctia khéi bén dudi mat cong
z = f(x,y) va bén trén mién D dugc cho béi

=/ f(z,y)dA

Vi du 12.4.4. Tinh thé tich ctia vat thé bén dudi mit z = xy + 1 va trén mién D
trong mat phang Ozy, véi mién D la tam gidc c6 cac dinh 1a (0,0), (2,0), (2,4).

Y r'
“ J/ B(2,4)

N

0 A(2,0)

......................................................................... Trang 35
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Gidi. Ta c6 phuong trinh dusng thang 0B : y = 2z, dudng thing AB : v = 2
Mién D: 0 <2 <2, 0<y <22

Do vay, thé tich ctia vat thé can tim 1a

Vz//f(w,y)dfl
://(xy—irl) dA
[

[ (F )|,

2
:/ (22° + 2z)dx = 12
0

2z
(xy + 1) dy dz
xyg 2x

12.4.3 Dién tich mat cong

Gi& stt ham f (z,y) c6 cac dao ham rieng f, va f, lién tuc trén mot mién D cla

mit phang Oxy. Khi d6, phan mat z = f (z,y) nam trén D c6 dién tich bé mat

s= [[ Vit @l + 1, @)l +1aa

s_// Vil +[5] +1d4

Chi y:

aS = \J1fs (@) + [f, (@) + 1 dA

duge goi 1a thanh phan dién tich bé mat.

Ching minh. Xét mot mat xac dinh béi z = f (z,y) duge dinh nghia trén mién D
ctia mit phang Oxy. Bao boc mién D trong mot hinh chi nhat duge phan hoach béi
mot 1udi cac dudng song song véi cac truc toa do. Viéc nay tao ra nhiéu hinh chit nhat

con, va ta ki hiéu cic hinh chi nhat con hoan toan nim trong D 1a Dy, Ds, ..., D,,.
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Mit phéng Tn
la m3t phang Hép
xtc cua mat cong
z=f(x, y)taiA

1

‘ I

i !

I I

) g g i L.
\ \..I""'/ - =
A,
-
'hu
JD"; (‘xﬂ'l ’ y m)

Hinh 12.26: Dién tich mat phia trén D,, dugc xap si bdi dién tich hinh binh hanh
trén mit phang tiép xic

V6im =1,2,....,n, cho P, (x%,, 4% ) 1a mot dinh bat ki ctia hinh ch nhat D,, va T,
13 mat phéng tiép tuyén tai P, clia mat z = f (z,y).

Cubi cung, ki hieu dién tich ctia “manh” bé mat nim ngay phia trén D,, 1a AS,,.
Hinh chit nhat D,, chiéu len thanh mot hinh binh hanh ABDC trén mét phang tiép
tuyén T,,, va néu D,, “nhd”, dién tich ctia hinh binh hanh nay xap xi gan véi thanh
phan AS,, ctia di¢n tich bé mat (xem Hinh 12.16).

Néu Az, va Ay,, 1a chiéu dai clia cac canh clia hinh chit nhat D,,, hinh binh hanh

xap xi sé c¢6 cac canh dudc xac dinh béi cac vector

AB = Azpi+ [fo (27, yp) Arp] k

AC = Aynj + [fy (5, ym) Aym] k

Trong Chuong 9, ta da chi ra ring mot hinh binh hanh nhu vay véi cac canh AB va
AC c6 dién tich ||AB x AC||. Xem hinh 12.16.

Néu K,, 1a dién tich ctia hinh binh hanh xap xi, ta c6
K,, = ||AB x AC||
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Dé tinh K,,, trudc hét ta tim tich c6 huéng
i j k
AB xAC= |Az,, 0  fo (2}, u) Az,
0 Aym [y (@ Ym) AYm

= —fo(x), um) Az, Ayyi — fy (20, un) Az Ay + Az, Ay, k

Sau dé, chiing ta tinh chuan
= ||AB x AC||
- ¢ (e (@ 3 PAT2, A2, + [fy (w5 PA02, A2, + Aa2 A2,

Cudi cling, cong trén ca phan hoach, ta thay dien tich bé mat trén D c6 thé duge
xap xi béi tong

AS, = Z\/ o @h ) + [y (@ )2+ 1 AA,

trong d6 AA,, = Az, Ay,,.
Day la tong Riemann, va lay mot gidi han ctia tong Riemann tuong tng, ta thay

dién tich bé mat S, théa man

—hmz¢ o (@)1 4 Ly (e 55 + 1 AA,,

n—o0

//wx e )P+ [f, () + 1 dA.

]

Vi du 12.4.5. Tinh dién tich ctia phan mit phang  + 2y + 32 = 3 ndm bén trong
mat tru 22 + 9% = 4.

) 3—x—2
Gidi. Phuong trinh méat phang x + 2y + 32 =3 < 2 = %
R 1 2
Do vay z, = 3 w=3
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() + () 1=

Hinh chiéu ctia phan mit phang = + 2y + 32z = 3 nam bén trong mat tru 22 +y> =4
lén mit phang Ozy la hinh tron D : 22 4 y? < 4.
= X ]

2

Dién tich ctia phan mat phing  + 2y + 3z = 3 nam bén trong mat tru 22 +y% = 4

la

S = I/ + () 1 A = [ A = D) = Hn(2)! = 24

Vi du 12.4.6. Tinh dién tich ctia phan mat truy? +22 =9, 2 <0vh -5 <z < 5.

Gidi. Phuong trinh cia mit tru 9?4+ 22 =9, 2 <0 2 = /9 — ¢2
. -y 2 2 9
Tacdz, =0, 2p = ———— = (2) +(z,) + 1=
Yy \/W ( ) (y) 9_y2

Phan mat tru trén c6 hinh chiéu lén mat phang Oxy 1a hinh chit nhat D : —5 <

Dién tich ctia phan mat tru can tim la

//\/z )41 dA = l/\/%fdfl:/;/:\/%yzdydx

y 1 - . —
= 3/—5 (sm 13) ’—3d$ =3 ($|i5) (sin™'1 —sin~'(—1)) = 307
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]
. 1
Vi du 12.4.7. 1) Tinh dién tich ctia phan mat nén z = 5\/1’2 + y? bén trong mét
3
paraboloid z = 5~ 2 — 2

R . 3
2) Tinh dién tich ctia phan mat paraboloid z = 3~ 2 — y2 bén trong méat noén

2= 1”332+y2.

2

) : 1 3
Gidi. Giao tuyén cuia hai mit z = 5\/952 +y? va z = 5~ 2% — y? 1a duong tron
2?2 +y? =1khiz= 5

Dién tich ctia phan mit nén can tim 1a

S = ff\/zx +(z)°+1dA= ff\/ z2+y +<2\/nyTy2)2+1dA:£f§dA=
%7?.12 = \/75
Dién tich ctia phan mit paraboloid can tim 1a
S*—ff\/zx + () +1dA= [[ \/ —22)° + (—2y)> + 1 dA
(5}

6

™

fo V1 + 472, rdrdf = (
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