Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Chuong 1
TICH PHAN BOI

1.1. C&c mit béac hai chinh tic

Cho ham 2 bién z= f(x,y). P thi cia nd chinh 12 mdt mit cong trong

khéng gian R® x4c dinh bai G(f) ={x,y, f(x,y))e R*/(x,y) e D, }

Vi du 1.1 D6 thi hdm z=1-x-y 1a mat phang qua 3 diém (1,0,0); (0,1,0); (0,0,1)

A7

v

Vi du 1.2 Khao sat d6 thi ham z = x2 + y?

Nhan xét :

e (x,y)eR?* 220

e D6 thi d6i xing qua 2 mat x=0;y=0 va cat 2 mit ndy theo cac parabol
1=y% 7=xX’

e D0 thi cat mat phang z =h >0 theo cac dudng tron x2 +y? =h

Nhu vay khi h thay d6i tir 0 dén + oo, cac dudng tron trén vé nén d6 thi, duoc goi 1a
mat paraboloit eliptic 4

<
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Ngoai ra chiing ta con khao sat mot sé mat bac hai c6 phuong trinh tong quat 1a
AX? + By? +Cz? + 2Dxy + 2Eyz + 2Fxz + Gx + Hy + 12+ K =0 trong d6 c6 it nhat mot
hé s6 bac hai khac khong,
e Céc trudong hop suy bién
1. x*+1=0 : tap tréng
2. x2+y2+72=0 :motdiém gdc toa d6 (0,0,0)
3. x=0;y=0;z=0:cac mat Oyz; Oxz; Oxy
4. x*+y? =0 : duong thang 12 giao 2 mit x=0;y =0

e CAac mit bac hai chinh tic

A
z
G yz 72 . .
1. —+5+—=1: elipxoit
a~ b ¢
yL
X ;
A
x> y° T
2. —+-=- =1z paraboloit eliptic
a~ b / ‘
XZ y2
3. T z: paraboloit hyperbolic (mat yén ngua)
Trang 2
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A
2 2 2
4, x_2+t))/_2_z_2=1: hyperboloit mot tang
a c
2 2 2
5. :—2+g—2—z—2 =—1: hyperboloit hai tang A
2 2 A -
6. X—2+g—2 =1: mat tru eliptic
a
| >
A
G yz
7. Pri =1: mat try hyperbolic
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A
8. y? =2px: mit tru parabolic /

v

x: y* oz

2 2 2
9. =+ —— =0:matnon bac hai
b

QD
()

v

e

|

1.2.  Tich phan bgi 2 (Tich phan kép)

1.2.1. Bai toAn mé dau: thé tich hinh tru cong

A
V4
N
N[ /2=t
— | !
! > O
i y
X ‘ ,I"L_;,__’DI

Xeét hinh try cong gidi han trén béi mat cong z = f(x,y) >0, gioi han dudi

boi mién phang D trong mat phang Oxy va gigi han xung quanh béi mit tru co

Trang 4
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

duong sinh song song véi truc Oz co dudng chuan 12 bién cua D (hinh vé trén).
Van dé dat ra 12 hdy tinh thé tich V cuia hinh try cong trén?

Chia mién D thanh n manh D,,D,,..D, khong dam 1&n nhau véi dién tich
twong ung la AS,,AS,,..AS, .

Lay diém M, (x;,y;) bat ky thuoc D,, coi thé tich caa hinh tru cong Q, gan

bang thé tich hinh try thang c6 ddy D,, chiéu cao f(x;,y,). Khido

V, =3 f(x,Y,)AS,

i=1

Khi n — o sao cho maxd(D;) — 0 thi limV_ =V la thé tich hinh tru cong can tim.

n—oo

1.2.2. Dinh nghia

Cho ham f(x,y) xac dinh trén mién D dong va bi chin ctia mit phang Oxy.
Chia D mot cach tuy ¥ thanh n manh D,,D,,..D, khong dam 1én nhau c6 dién tich
twong Umg 1a AS,AS,,..AS,

Goi d(D,) la khoang cach 16n nhat giira 2 diém bat ky thudc D, va

M, (x;,y,) 1a mot diém bat ky thudc D,

. Z f(x;,Y;)AS, goi la tong tich phan ciia ham f(x,y) mg véi

i=1

phan hoach {D,,D,,..D, }

Lap tong |

Néu khi n — o sao cho maxd(D,) >0 ma I, — | hitu han khong phu thudc

cach chia mién D ciling nhu cach lay diém M, (x;,y;) thi | goi 1 tich phan kép cia
ham f(x,y) lay trén mién D. Ta viét H f(x,y)ds =1im >’ f(x,,y;)AS,
D n—oo i1

Nhén xét:
e Vigiatri cia tich phan kép khong phu thudc cach chia mién D nén ta c6 thé
chia mién D theo nhiing duong thang song song v&i 2 truc toa do. Khi do

AS, = dx,.dy, hay dS =dxdy = Tich phan kép ciia ham f(x,y) liy trén mién D sé&

duoc viét dudi dang J'J' f (x, y)dxdy
D
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Ky hiéu bién tich phan khong anh huong dén gia tri cia tich phéan, nghia 1a

H f(x,y)dxdy:ﬂ f (u,v)dudv

Néu f(x,y) lién tuc trén mién dong , bi chin D co bién tron ting khic thi

j j f (x, y)dxdy ton tai va tandi f(x,y) kha tich trén D.
D

Gia tri cua tich phan J.J. f (x, y)dxdy chinh Ia thé tich hinh try cong gi6i han
D

boi mat trén 14 mat cong z = f(x,y) >0, mat dudi 1a mién phang D trong mat Oxy

va xung quanh 1a mit tru c6 dudng sinh song song Oz, dudng chudn 13 bién cua D.

1.2.3.

Néu f(x,y)=1 thi j j dxdy chinh 1a dién tich mién D.
D

Tinh chat

- JTF O y) £ g y)ldxdy = [ £ (x, y)dxdy + [ g(x, y)dxdy

[[ Kt (x, yydxdy = k[ f (x, y)dxdy

Néu f(x,y)>0,V(x,y)eD thi Hf(x, y)dxdy > 0
D

Néu f(x,y)=g(xy), V(x,y) e D thi J'J' f (x, y)dxdy > J'J'g(x, y)dxdy

” f (X, y)dxdy

D

Néu D =D, UD, thi jj f (x, y)dxdy = jj f(x, y)dxdy+jj f (x, y)dxdy
D D, D,

< j| f (x, y)|dxdy
D

. Néu f(x,y)lién tuc trong mién dong, bi chin va lién théng D thi ton tai diém

(X,.Y,) € D sao cho j j f (x, y)dxdy = f (x,,Y,)S(D) (dinh ly gia tri trung binh).
D
Néu m< f(x,y)<M thi mS(D)gH f (x, y)dxdy < MS(D)
D

Néu ham f(x,y) 1é theo bién x (hodc y) va mién D d6i ximg qua truc Oy

(hogc Ox) thi [[ (x, y)dxdy =0.
D
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10. Néu ham f(x,y) chin theo bién x (hodc y) va mién D chia thanh 2 mién
khong dim 1én nhau , d6i xing nhau qua truc Oy (hoic Ox) thi
H f(x,y)dxdyzzjj f(x, y)dxdyzzjj f(x, y)dxdy .
D D, D,

1.2.4. Céch tinh tich phan kép trong hé toa d9 Decards
% D la mién don gian

e THI: D={(X,y)eR2:a§X§b; c<y<d|

A y
d ...
b/d
j j f (x, y)dxdy = j [ j f(x, y)dyjdx D
D a\c C L____._
d/b : :
=j[j f(x,y)dxjdy ! !
C a i i X [
d a b
e TH2: D ={(x,y)e R*:a<x<b; y,(x)<y< yz(x)}
ty Y, ()
b ([ ¥(x)
jj f(x, y)dxdyzj{ J'f(x,y)dy}dx D
D a\ y1(x)
i O y
G a b .
. TH3:D={(x,y)e R :x,(Y) £ X< X, (Y) y>< ysd}
A
d
d [ %(y)
[ 0 y)dxay = | [ [ fx, y)dx}dy X (¥)
D ¢\ ()
° X
0
Trang 7
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< D la mién khéng don gian : Ta tim cach chia D thanh cic mién don gian

D,, D,,..., D, roi nhau va ta c6 H f(x,y)dxdyzzn:ﬁ f (x, y)dxdy
D i=1 D,

Vi du 1.3: Tinh | = j j x?ydxdy voi D 12 mién tam gidc giéi han boi cac dudng
D A

y=0;, y=x x=1 v

Giai y =X

wX

0

£ N ., 0<x<1
Ta thay D la mién don gian
0<y<x

1

Suyra | =gx2ydxdy =l.dxz|j x*ydy = !gdx :%

Vi du 1.4: Tinh I=J.J.xydxdy v6i D 1a mién giéi han boi cac duong
D

y=x—4 y*=2x ty
Giai 4
y*=2
° X
O
y=x-4
-2
2
Giao diém cua cac duong dugc xac dinh y+4=y?:> y=-2vy=4
y2
Ta thay D 1a mién don gian ?§x§y+4
—2<y<4

4 y+4 4 5
Suyra | = J'J. xydxdy = _[ dy J' xydx 1 J' [—y—+ y +8y? +16yjdy =90
D -2 y% 2 -2 4
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Vi dy 15: Tinh |=[[sinydxdy véi D 1a mién gi6i han boi cac duong
D

0<x<8
Ta thdy D 1a mién khong don gian nén néu ta dit D, :{y2 va
—<y<2x
4
0<x<2
D,: 1y x thi D=D,-D,. Dodo | =[] ydxdy = [[ ydxdy- [[ ydxdy
—=Sys_ D D, D,
4 2
8 2% 2 % 8 4 2 2 4
:J.dx'[ ydy—J'de' ydy:1 I ax? ~ X dx—j XX ldx|=0
SN 2|4 16) 4 16
i a
Vi du 1.6. Tinh I=J.J'(x4siny+2x)dxdy véi D 12 mién giéi han boi cac duong
D
AV
yr=x; x=1
1
Giai
2:
y"=X D X
O
x=1
-1

Nhén thdy mién D chia thanh 2 mién d6i xting nhau qua truc Ox va ham x*siny 1é

theo y nén ” x" sin ydxdy =0
D
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Dodo | = H(x“sin y +2x)dxdy = Jl' dle. 2xdx = Jl.(l— y*)dy =%
D 2 -1

-1 y
1.2.5. Phuwong phap d6i bién trong tich phan kép
% Cong thirc d6i bién tong quat

, =X Y - < 2 =, 5 A . ’ .~
Xet 2 mién D, va D,, trong mat phang R®. Gia st ton tai song anh gilra 2

mién vi hé ham kha vi lién tuc {X =xuv).
y =y (uv)
x o
Néu dinh thirc Jacobi J = 20Y) _ |U V| ¢ vy vye D, thi véi moi
D(u,v) o oy
ou ov

ham lién tuc f:D,, — R ta co cong thuc d6i bién sau:

” f(x,y)dxdy:” f(x(u,v),y(u,v)) |3 | dudv|,
Dy Duv

~o. D(xy) 1
Chay: DY) T
D(x,y)

Vidy 1.7. Tinh | = [[(2x—y)dxdy véi D 1a mién gi6i han boi cac duong
D

X+y=1 Xx+y=2
2x-y=1 2x-y=3

X+\< \Y;
3
2X-V
o 2X-V v=3
‘1\ Duv

v

v

O

u=1 u=2
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B X==(U+V)
y=§(2u—v) )

2 31 4
Suyra | =”(2x—y)dxdy=Jduj§vdv:5
D 1 1

< Cong thirc doi bién trong toa dd cuwe

X = rCoS ,
Dat{ PP tace J=
y = rsing

cos —rsin 2.1 A s
¢ Py, Vay cong thirc do1 bién la

sinp rcosg

ﬂ f (X, y)dxdyz_[_[ f(rcose, rsing) r drde
b D

2 2
Vidu 1.8. Tinh | _HLXdedy; D:{X >+0y <1
y>

X“+y +1
Gidi ty
1
X
-1 O 1
A X A £ . N sinx \ o
Nhan thay mién D d0i xtng qua truc Oy va ham Taviil ¢ theo x nén
X°+y+

H&d xdy =0. Vay I—H

X*+y?+1 x+y+1

X=TrCoS¢

Chuyén sang toa do cuc { )
y=rsing

, J=r taco D:{X *
>

T

Suyra I_HX v j l

0

X2 y2 XZ y2
Vidu 1.9. Tinh | =H,/1——2——2dxdy Voi D: =+ <1
5 a~ b a® b

=—In2
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y
b
il B x
a Q/a
-b
. X = ar cos ,
Chuyén sang  toa  do cuc { ) qo, J =abr, ta co
y=brsing
2 2 . 10<r<1
D: X Y c1,pid T
a b 0<ep<2r

2 2 2 1
Suyra | =H1/1—%—g—2dxdy= _[ dgojabrxll—rzdr =§nab
D 0 0

Vi du 1.10. Tinh I=J'J'xdxdy Véi D:(x—3)2+(y-2)* <1
D

Ay
Giai

v

O 3

X =3+TCos , . |0
Pit P J-r tacd D:(x-3)+(y-2?<1—>D':
y=2+rsing 0<

27 1
Suyra | = J. dqu.r(3+ rcosg)dr =3r
0 0

1.2.6. Ung dung cua tich phan kép
% Tinh dién tich hinh phang

Tir dinh nghia cua tich phan kép ta c6 ngay cong thic tinh dién tich mién

phing D nhu sau  |S(D) = [ dxdy
D

Vi du 1.11. Tinh dién tich mién phang gi¢i han boi cac duong

(x=1)*+y*=1 (x-2)°+y*°=4; y=x; y=0

Trang 12
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A
Glai 4 V=X
X
_ 2C0Sp <r <4cos¢
bat {X—I‘C-Osgo, J=rtacd D>D": -
y=rsine 0<p<—
4
Suy ra dién tich mién D 1a:
% 4cosg % ~ 1
S(D) = [[dxdy = [d | rdr:I3(1+c032¢)d¢:3(—+_j
D 0 2cos¢p 0 4 2

% Tinh dién tich mit cong
Gia st S 1a miat cong ¢6 phuong trinh z = f(x, y)va hinh chiéu xuéng mat

phang Oxy 1a mién phang D. Khi d6 dién tich mit cong S duoc tinh theo cong thirc

-5 o5 o

Vi du 1.12. Tinh dién tich phan mat paraboloit z=x?+y? nam trong mit try

X“+y =1 y

v

Goi S 1a phan mit cong can tinh dién tich.

Hinh chiéu cua S xuéng mit phang Oxy l1a mién D:x?+y? <1

Trang 13
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Phuong trinh mat cong S 18 z=x"+y* =1+27+7z =1+4(x" +y’)

Vay dién tich mat cong S 1a

S= H Y1+ 27+ 2 dxdy = ” J1+4(x* + y*)dxdy

x? +y2 <1 ><2+y2 <1

0<r<1

Chuyén sang toa d6 cuc D — D' :{
0<ep<2r

=Ss= Td(pj‘r\/l-i- 4r?dr =%(5\/§—1)
0 0

% Tinh thé tich hinh tru cong
Xét hinh try cong c6 mat dudi 12 mién phang D thudc mat phang Oxy, mat
trén la mat cong z = f(x,y), xung quanh la méat tru c6 duong sinh song song vdi
truc Oz, duong chuan 1a bién cia mién D. Khi d6 thé tich hinh try cong dugc tinh

theo cong thirc sau:

V = H f (X, y)dxdy

Vi du 1.13. Tinh thé tich vat thé gidi han boi cac mat z=0; z=4; y=x% y=1

Giai 4

Z
el
4
T y
- >
2 1
X /’I 0

L o . 1<
Hinh chiéu cua vat thé xuong mat phang Oxy la mién D:
x*<y<1

1 1
Thé tich caa vat thé V = [[adxdy = [ dx| 4dy = %
D AT
Trang 14
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Vidu 1.14. Tinh thé tich vat thé giéi han boi cac mit
1=4-x*—y? 27=2+X"+Y’

Hinh chiéu cia vat thé xudng mat phang Oxy 1a hinh chiéu ciia giao tuyén 2 mit,

2 2

teld 4—x2—y2 =145 4+ L 21 y2 =
2 2

Thé tich vat thé

X2+ 2
V= ZJ'_[ 2{4—x2—y2—[1+ 2y dedy
X°+y°<

=5 J'J' 2 x> —y° dxdy—gf

><+y<2

2-r dr—37r

o'—.ﬁ

1.3. Tich phan bgi 3
1.3.1. Pinh nghia

Cho ham f(x,y,z) xac dinh trong mién dong, bi chan V cia khong gian
Oxyz. Chia mién V thanh n mién nhé V,,V,,...,V, khdng giao nhau c6 thé tich tuong
tngla AV, AV,,.., AV, .

Lay diém M. (x,y;,z) tlyy thudc mién V, va lap tong tich phan

S, =2 f (% ¥, 2)AY,

i=1

Trang 15
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Néu khi n — o sa0 cho maxd(V,) >0 (dwong kinh mién V.) ma S, — S hitu

han khong phy thudc cach chia mién V ciing nhu cach chon M. (x,Y;,z) thi S duogc

goi la tich phan bdi 3 cua ham f(x,y,2) trén mién V. Kihidu [[[ f(xy,2)dv
\

Ta c6 thé chia mién V theo cac mat phang song song vi cac mit phang toa

do vado d6 AV = Ax.Ay.Az = dydydz . Tt d6 ta co [[[ 10xy,2)dV = [[[ f(x,y,z)dxdydz
\% \%

1.3.2. Tinh chat
1. j j j k.f(x, y,2)dxdydz = k. j j j f(x, y, z)dxdydz
\ \

2. J[IT f0xy.2)+gx.y.2) Jeeaydz = ][ fx,y,2)dxdydz = [[[ g(x, v, 2)axdydz
3. Néuham f(x,y,2)>0,V(x,y,z) eV thi ”j f(x,y,z)dxdydz >0

4, Néum<f(xy,2)<M,V(x,y,2)eV thi

m.A(V) < j j j f(x, y, z)dxdydz < M.A(V)

5. Néu f(x,y,2)>g(xv,z), V(x,y,z) eV thi

JIJ f0x y,2)dxdydz > [[[ g(x,y, 2)dxdydz

6.

[[] f0x v, 2)dxclydz| < [[[]fex,y, 2| dxdyeiz

7. Néu mién V chia thanh 2 mién V,,V, khéng dim 1&n nhau thi
I j '[ f(x,y,z)dxdydz = j I '[ f(x,y,z)dxdydz + I J J f(x,y,z)dxdydz
v v, v,
8. Néu ham f(x,y,z) lién tuc trén mién V dong, bi chan va lién théng thi
t0n tai (%, Yp.2,) €V sao cho [[[ f(xy.2)dxdydz = (x,,,.,2,)-A(V) (dinh Iy gid tri
\

trung binh).

9. Néu ham f(x,y,z) Ié theo bién x (bién y, bién z) va mién V d6i xting

nhau qua mat Oyz (Oxz, Oxy) thi j” f(x,y,z)dxdydz = 0
\%

Trang 16
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10. Néu ham f(x,y,z) chan theo bién x (bién y, bién z) va mién V duoc chia

thanh 2 mién V,,v, khong dim 1én nhau , d6i xtmg nhau qua mit Oyz (Oxz, Oxy)

thi [[[ 10« y,2)dxdydz = 2[[[ f(x,y,2)dxdydz = 2 [[ f(x, y, z)dxdydz

1.3.3. Céch tinh tich phan bgi 3 trong toa do Decards

()

z

Z = Z5(X,Y)

z = z1(X,y)

v

Xét tich phan boi 3: 1= [[ f (x,y,z)dxdydz v6i V 1& mién dugc gioi han dudi boi
\%

mat cong z=1z/(X,Yy), giéi han trén bdi mat cong z=1z,(x,y) va @idi han xung

quanh boi mit tru ¢6 dudng sinh song song véi truc Oz, dudng chuan 1a bién cua

mién D (1a hinh chiéu caa V xubng mit phang Oxy). Khi d6

I '[ J. f(x,y,z)dxdydz = J. J. dxdy{zzify) f(x,y, z)dz}

z,(x.y)

Vidu 1.15. Tinh I = I”Zxdxdydz Vv6i V 12 mién dugc xac dinh nhu sau
\

x>0, y>0;, x*+y*<z<4
Giai

A
VA ’

\é

CuuDuongThanCong.com
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

X +y* <4

Hinh chiéu ctia V xudng mit phang Oxy 12 D:
x>0,y>0

Suyra I = H_[Zxdxdydz = H dxdy( } 2xdz} = 2” X(4 - x* — y?)dxdy
\% D 24y2 D

X“+y

Chuyén sang toa d6 cuc D — D' 7, J=r

T

2 ‘ 128
Taco | =2|cospde|ri(4—r?)dr="—
! ® ¢£ ( ) 1

Vidu 1.16. Tinh I = H_f zdxdydz vé&i V 1a mién duge gi6i han boi cac mat
v A

z
1=0; z=4; y=x* y=1 i
Giai
4
/,/‘ ______ y‘
g 1 g
X/%

. . L _ [-1<x<1
Hinh chiéu cua V xudng mat phang Oxy la D :{ ,
x2<y<

Suyra | = J'\J/'J' zdxdydz =J'6"dxdy [_:[ zdzj = 8";3[ dxdy = 8:|1'1dx_|1'z dy = 8:‘1'1 (1—x*)dx = %

X

Vidu 1.17. Tinh | = J'J'J'(x3 +y3+ 23)dxdydz Vv6i V 1a qua cau duogc xéac dinh
\

X*+y*+7° <R’

v

Trang 18
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Nhan xét thdy mién V ddi ximg nhau qua 3 mit phang toa do va cac ham x°, y®, z°

Ié theo cac bién X, y,z nén | = m'(xe‘ +y*+12°)dxdydz =0
\%

1.3.4. Phwong phap doi bién trong tich phan boi 3
% Cong thirc d6i bién tong quat
Gia sir mién Vuw trong khong gian O’uvw dugc anh xa song anh sang mién Vyy,
X = X (u,v,w)
cua khong gian Oxy bai hé ham kha vilién tuc |y =y (u,v,w)

z=12(u,v,w)
ox X X
ou v ow
Néu dinh thirc Jacobi J =J = 2.2 1 & Y 4 Gy w) eVuw
D(u,v,w) [0u ov ow
a o a
ou v ow

thi ta c6 cong thirc doi bién sau

j” f (x,y,z)dxdydz :”I f(x(u,v, ), y(u,v,w), z(u,v,w))|J |dudvdw|

Xyz

... D(X,Y,2) 1
Chuy: -
Y Du,v,w) ~ DY, W)
D(x,Y,2)
Vidu 1.18. Tinh 1 = j j j dxdydz v&i V 1a mién elipxoit dugc x4c dinh
v A Z
XZ 2 ZZ
?+g—2+c—2§ R? c
Giai
y
X
a
X =au a 0 o0
Pat<y = bv =V u*+v?+w'<R*: J=0 b Ol=abc
Z=CwW 0 0 c
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Suyra | :'mdxdydz :m‘abcdudvdw
\Y A

Hinh chiéu cia V’ xudng mit phang Ouv 1a dudng tron D:u?+v2<R? va

—JR?—u? Vv <w<AR?—u?-V?

JRE-u2\?
Vay I=abc”dudv£ R_[ dw}:Zach'J'\/Rzuzvzdudv
> o b

0<r<R

Chuyén sang toa do cuc D — D‘:{
0<ep<2r

2 R
Do d6 | =2abc_[d@erRZ—rzdr:%ﬂRabc
0 0

% Doi bién trong toa do tru

v

Xét diém M (x,y,z) trong khong gian Oxyz c6 hinh chiéu xuéng mat phang
Oxy la M'(x,y,0). Goi (r,e) latoa dd cuc cia M’. Khi d6 M (r,¢,z) duoc goi la
X =TI COSyp
toa d0 tru cua diém M va duoc xac dinh y=rsinp c6J=r
Z =%

Cong thirc ddi bién trong toa do try 1a

”I f(x,y,2z)dxdydz :”j f(rcose,rsing,z)rdrdedz
Vi

V,

rpz

Vidu 1.19. Tinh 1 = j j j (x? +z%)dxdydz v6i V 14 mién duoc giéi han boi cac mit
\%

X +2°=2y; y=2

Giai v/
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

X =T COSp 0<r<2
bat iz =rsinp; J=r,tac0V ->V"':{0<p<2r
= r2

y=y égysz

Suyra | = J._”(x2 +2°)dxdydz =ngojz. re Jz.dy dr = 27rj. rS[Z—EJdr _16z
\ 0 0 2 0 2 3

r\:‘“

A
% Doi bien trong toa do cau
Z [~
M

4 e p

0 v
X [ /,—"'/
Ml

Xét diém M (x,y,z) trong khong gian Oxyz c6 hinh chiéu xuéng mat phang
Oxy 1a M'(x,y,0).
Goi  p : khoang céach tir O dén M.
¢ : goc giita Ox va OM "
0 : gbc gita Oz va OM
X = pCoSpsinfd
Khi 6 (p,9,0) duoc goi 1a toa d6 cau cua diém M {y = psinegsingd co
Z =pcosé
J=p®sing

Cong thirc ddi bién trong toa do cau 1a
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

m f (x, y, z)dxdydz :ﬂj f (pcosesin®, psingsin 6, pcosO) p?sin Od pdedo
nyz

VPWQ

Vidu 1.20. Tinh | = H_[\/x2 +y? +z2dxdydz V&i V 1a qua cau x> +y?+72 <z
\%

Giai A

v

X = pCoSpsinf
Pit |y = psingsind; J = p?sinf, ti phuong trinh mat cau x*+y?+2z° <z
Z =pcosf

= p° < pcosd = p <cosh

0<p<cosd
TacOV »>V'<0<p<2zr . Suyra

0<0<7/)
2z % cos@
= [zt Toofsino| T poan
v 0 0 0
21 T
=2nJ.—S|n0cos40d0=—
0 4 10
Vi du 1.21. Tinh Izm'zdxdydz V6i V 1a mién duoc gidi han boi cac mit
\

A7
2=0; z=41-%x*-y?

v
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Céch 1: Dung toa do cau

X = pcosesind 0<p<
Pit {y = psingsind; J = p’sinf, tacoV »V':{0<p<2x.
Z = pcosf o<0<77

Suyra | = m. zdxdydz = ngoj'sin ecosedej.p.pzdp =%
\% 0 0 0

Céch 2: Dung toa do tru

X =TrCcosyp 0<r<1
bat jy =rsingp; J=r, tacoV -V ':{0<p<2r

Z=1 0<z<+1-r?

n Vir?
Suyra | =J'J'J' zdxdydz =2J' dgoj'{ IJ' zdz}dr :%
\Y 0 0 0

Vi du 1.22. Tinh I=I”zdxdydz v6i V 1a mién duoc gidi han boi cac mit
\

7> \X*+y7; zsm AZ

Giai
J2
------- g bt .
/r/ T : \\\ \/E y
0 1 .
X

Céch 1: Dung toa do cau

X = pCospsing 0<p<2
Pit {y = psingsind; J = p’sinf, tacoV »V':10<p<2r7 .

Z = pcosf o<0<77

Suyra | = m. zdxdydz =Td(oj.sin00030d0fp.p2dp =%
\% 0 0 0
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

Céch 2: Dung toa do tru

X =TrCcosyp 0<r<1
bat jy =rsingp; J=r, tacoV -V ':{0<p<2r

zZ=1 r<z<~2-r?

1

7 Vo-r2
Suyra | =J'szxdydz=2_|'dgojr{ ZJ' zdz}dr=27rj%(2_r2_r2)dr =%
\Y 0 0 0

0

1.3.5. Ung dung cia tich phan bdi 3

Thé tich mién V trong khong gian Oxyz dugc tinh béi cong thirc sau

AV) :jﬂdxdydz

Vi du 1.23. Tinh thé tich vat thé dugc gioi han béi cac mit z=0; z=1-x2—y?

Giai tz
1
" y
X
X =TI CoS¢p 0<r<i
Chuyén sang toadotru {y =rsing; J=r, tacoV >V':{0<p<2x
Z=1 0<z<1-r?

27 1 (112 1
Suy ra A(\/)zm'dxdydz = J' dqoj'r( J' dz}dr=2nj'r(l—r2)dr =%
\% 0 0 0 0
Vi du 1.24. Tinh thé tich vat thé duoc gidi han boi cic mit
2=0; z=x*+y* X +y’=4
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Lé Thi Thanh Hdi Chwong 1: Tich phan bgi

A
Z
/4-\
//”" N\\\‘ y‘
X O 2
X = rCOS 0<r<?2
Chuyén sang toadotru {y =rsing; J=r, tacoV >V':{0<p<2r.
Z=1 0<z<r?

Suyra A(V) = m dxdydz =2fdgof r(J' dz}dr = 27rj. ridr =8z
\% 0 0 0 0
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