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Matrices, Vectors:

Addition and Scalar Multiglication
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Matrices, Vectors:

Addition and Scalar MultiEIication
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Matrices, Vectors:

Addition and Scalar Multiglication
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Matrices, Vectors:

Addition and Scalar Multiglication
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Matrices, Vectors:

Addition and Scalar Multiglication

Vectors 2
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Equality of Matrices

Two matrices A = [aj:| and B = [bj: ]| are equal, written A = B, if and only if
they have the same size and the corresponding entries are equal, that is, ayy = byq,
ayz = by9, and so on. Matrices that are not equal are called different. Thus, matrices

of different sizes are always different|

vl

gy oz

EII]]="-‘ 12 — 0
A=B if and only if
sy = 3 dge = —1
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Addition of Matrices

The sum of two matrices A = [aj;] and B = [bj.] of the same size is written
A + B and has the entries aj; + bj, obtained by adding the corresponding entries
of A and B. Matrices of different sizes cannot be added.

3 5 —-1 0
A= and B =
0 1 2 | 3 1 0]
1 5 3
then A+ B = .
_3 2 2_

4 6
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Matrices, Vectors:

Addition and Scalar Multiglication

Addition of matrices

(7 9= (7 )


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Matrices, Vectors:

Addition and Scalar Multiglication

Addition of matrices
2 —1 1 -3 0
7 4] 7 4
2 —1 O -3 0
—7 4 7 —4
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—T+7 44+ (—4)
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Matrices, Vectors:

Addition and Scalar Multiglication

Addition of matrices

31 —14 2
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Matrices, Vectors:

Addition and Scalar Multiglication
Addition of matrices
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31 —4 2 7 =5
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Matrices, Vectors:

Addition and Scalar Multiglication

Subtraction of matrices
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Matrices, Vectors:

Addition and Scalar Multiglication

Subtraction of matrices
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Matrices, Vectors:

Addition and Scalar Multiglication

Subtraction of matrices

2 T =5 31 —4
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Matrices, Vectors:

Addition and Scalar Multiglication

Subtraction of matrices
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________________________________________________________________________________________________________________________]
Scalar Multiplication (Multiplication by a Number)

The product of any m X n matrix A = [a; | and any scalar ¢ (number c) is written
cA and is the m X n matrix cA = [caj, | obtained by multiplying each entry of A
by c.

[27 18 27 18
If A=|0 09|, then —A=| 0 —09|

(00 —45] | —00 45

— — — —

3 -2 0 0O
—A=| 0 1{. OGA=|0 O
10 =5 0 0O

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Matrices, Vectors:

Addition and Scalar Multiglication
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Multiplication If‘q:( 7 _4)’
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Matrices, Vectors:

Addition and Scalar Multiglication
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Multiplication of a Matrix by a Matrix

The product C = AB (in this order) of an m X n matrix A = [a;i | times an r X p

matrix B = [bj.] is defined if and only if r = n and is then the m X p matrix
C = [¢ji ]| with entries

T
ik = D, Qb = ajbik + ajobog + -+ + @bk o
=1 =1,---,p.

A B
m X n][nXp] =[mXp]

|
®.
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Matrix Multiplication Is Not Commutative

AB #+ BA

(kKA)B = k(AB) = A(kB)
ABC) = (AB)C associative law
(A + B)C = AC + BC

distributive laws

C(A + B) = CA + CB
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Matrices, Vectors:

Addition and Scalar Multiglication

3 0
o If A= |
Multiplication ( 7 —4)
1 0
B:( g _i) and C—= find
- 2 4
2A_3BLAC

Hence 2A—-3F+4C

(-6 0 6 —3 4 0
=\ 14 -8) " \-21 12) 7 \=8 —16
_ [(—6-6+4 0—(—3)+0
“\ 14— (=21)+(—8) —8—12+(—16)

(-8 3
=\ 27 -36

ongThanCong.com
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Matrices, Vectors:

Addition and Scalar Multiglication

Simplify

Multiplication 3 4 0 2
—2 6 =3]|x| 5
7 —4 1 —1
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Matrices, Vectors:

Addition and Scalar Multiglication
Simplify

Multiplication 3 4 0 2
—2 6 =3]|x| 5
7 —4 1 —1

3 4 0 2

—2 6 -3)x| 5

7 -4 1 1

(3x2) +M4xd +(0x(=1)
(—2x2)4+(6x3) +(=3x(=1)
(7Tx2) +(—4x3)+(1x(=1)

E

CuuDuongThanCong.com
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Matrices, Vectors:

Addition and Scalar Multiglication
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Addition and Scalar Multiglication

Multiplication

Matrices, Vectors:

/[(3 x 2)

+ (4 x 5)

+ (0 x (—1))]
[(—2 x 2)

+(6 x 5)

+ (=3 x (—1))]
(T x 2)

+(—4 x 3)
\ +(1x(=1))]

26 —39
29 =5
-7 —18

[(3 x (=5))
+(4 x (—6))
+(0 % (=T))]
[(—2 x (=5))
+(6 x (—6))
+(=3 x (=1))]
[(7 x (=9))
+(—4 x (=6))

)
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3 S5 —-11|12 =2 3 1
AB=| 4 0 215 0 7 8

-6 =3 2119 -4 1 1
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Matrices, Vectors:

Addition and Scalar I\/IuItiEIication

A unit matrix, I, 1s one in which all elements of the
leading diagonal (\) have a value of 1 and all other
elements have a value of 0.

1 0
unit matrix: Ma tran don vi
0 1

Ma tran don vi la ma tran c6 cac phan tu trén duong chéo

chinh co gia tr1 1, con cac phan tir khac ¢6 gia tr1 0
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Transposition ( Chuyén vi)

We obtain the transpose of a matrix by writing its
rows as columns (or equivalently its
columns as rows)

- 5 4
5 -8 1

If A= Al = =8 0
_4 0 {}_ then

Chung ta dat dugc ma tran chuyén \%| bﬁng cach
chuyén hang thanh cot (cot thanh hang)
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Transposition of Matrices and Vectors

The transpose of an m X n matrix A = [aj]| is the n X m matrix A" (read A
franspose) that has the first row of A as its first column, the second row of A as its
second column, and so on. Thus the transpose of A in (2) 1s Al = [akj], written out

17 d92q m1

12 da9 Um2

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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(AHT
= A

(A

+ B)

§
((cA)T
AB)T

AT +
BT
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Symmetric Matrix

A' = A (thus ax; = aj)

Skew-Symmetric Matrices

Al = —A  (thus ap; = —dj, hence a; = 0)
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Symmetric Matrix

Skew-Symmetric Matrices

20
120
200

120
10
150

200
150
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Triangular Matrices

Upper triangular matrices -
g 3]
0 2|
Lower triangular matrices
_ _[3 o
2 0 0
9 =3
g —1 0
1 0
7 6 8
- -9

L R I s
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Diagonal Matrices. These are square matrices that can
have nonzero entries only on the main diagonal

Scalar matrix AS = SA = CA

Unit matrix (or identity

matrix) Al = TA = A

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Diagonal Matrices.

Scalar matrix

AS = SA = cA

Unit matrix (or identity
matrix)

CuuDuongThanCong.com

I



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 261 ( ex 8-16) Trang 271
( ex 11-20)
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 261 ( ex 8-16) Trang 271
( ex 11-20)
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 261 ( ex 8-16) Trang 271
( ex 11-20)
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Bai tap

Sach Advanced Engineering Mathematics
10th Edition, Trang 287 (ex 1-9) ( ex 17-26)

Sach Advanced Engineering Mathematics
10th Edition, Trang 300 ( ex 7-15), (ex 17-
19), ( ex 21-25)

Sach Advanced Engineering Mathematics
10th Edition, Trang 308 ( ex 1-10)

Sach Advanced Engineering Mathematics
10th Edition, Trang 318 ( ex 11-22)

Trang 318 ( ex 21-35)
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 261 ( ex 8-16) Trang 271
( ex 11-20)

* Peter V__ O'Nell-
Advanced_ Engineering_Mathematics, 7th E
dition_ -Cengage(2011), Trang 261 ( ex 8-
16)
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Linear System, Coefficient Matrix,

—Augmented Matrx____________

A linear system of m equations in » unknowns 1s a set of
equations of the form

11X1 + o+ X = bl
(21X1 T " rAST HopXy = bg

+++++++++++++++++++++++
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Matrix Form of the Linear System

Ax =D

coefficient matrix

A= , and x=| - and b =

m1  Um2 T Umn

An

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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augmented matrix

=g
|

Im1

CuuDuongThanCong.com

Aypn 1 D
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Gauss Elimination

2..1?1 + 5.?'{.'2 — 2
—4x1 + 3x5 = —30.

Its augmented matrix is
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—4xq1 + 3xo = —30. —4 3 =130

Nhan phwong trinh 1 cho 2 va cong 2 phwong trinh

2y + Sxo = 2 2 5 2

[3xg = —26 0 13 —-26
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P 150
Node P: I,— I+ Ig= 0
Node Q: —il + iE = i3 = 0
Right loop: IDEE + 25:'3 =90

Left loop: 207, + 101, =80
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—X1 + Xog — Xq = 0
Eliminate —— 10x5 + 25x5 = 90
20x4| + 10x4 = 80.

Augmented Matrix A

_ _

Pivot 1| —— —1 1 |0
® |

-1 1 =1 1 0
|

Eliminate ——> 0 10 25 1 90
|

20| 10 0 | 80

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Eliminate ——

X1 —

2{11'1 + lﬂIE

Row 2 + Row 1
xe+ xa= 0

0= 0
10x2 + 25xq = 90

30xy — 20xa = 80.

CuuDuongThanCong.com

lﬂIE + 251'3 =

0
0
90

80.

Augmented Matrix A

1
10

Pivot 1 — [ (1) -1
—1
Eliminate —— 0
] 20

Row 4 — 20 Row 1

1 -1
0
10

(o T o T

30

https://fb.com/tailieudientucntt

10

1
-1
25

90
80

90
80
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X1 — x2a+ xg= 0 B

Pivot 10 > (10xg)H+ 253 = 90 pivor 10 — |0 (10) 25

Eliminate 30xy —— |30xg [— 20xg = 80 Eliminate 30— [0 |30 -20

0= 0. 0 0 0

Row 3 — 3 Row 2

I]_ - IE + I3 —_— ﬂ 1 —1 1 : 0
10xy + 25x3 = 90 0 10 25 : 90
— | _
— 95x3 = —190 0 0 95 | 190
0 0 o ! 0
0= 0. - |

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Determination of (in this order)

— 95x3 = —190

10x9 + 25x3 = 90

X1 — X9 + Xg = 0
Xa = f3 = 2 :.L"!'!L:

X9 =16(90 — 25x3) =iz = 4 [A’

X1 = X9 — X9q

I
-
b

I
b
e
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* Sinh vién tw doc thém vi du trang 278-280
Advanced Engineering Mathematics 10th
Edition
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Linear Independence and

—pependence of Vectors _______

Given any set of m vectors d(1). """ » Ay h the same number
of components), a linear combination of these vectors 1s an
expression of the form

C18(1) + Cod(gy T -+ + Cpp@gy,

1, Co, "+, Cyy  Where are any scalars.

consider the equation

C1ag) + Caay + -+ Ay = 0

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Example 1

linearly dependent

diy = [ 3 0 2 2:
diay = [—ﬁ 42 24 54:

ag =[21 —21 0 —I15]

1 _
bag, — 3@y — agy =0

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Rank of a Matrix

The rank of a matrix A 1s the maximum number of
linearly independent row vectors of A

—

3 0

-2
I

A=|-6 42 24 54

21 =21 0 -—15

has rank 2, because the first two row vectors are linearly

independent, whereas all three row vectors are linearly
dependent.
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has rank 2, because Example 1 shows that the first two

row vectors are linearly independent, whereas all three
row vectors are linearly dependent.
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Row-equivalent matrices have the same rank.

Determination of Rank

For the matrix in Example 2 we obtain successively

CuuDuongThanCong.com

—

3
—6
21

—

0
42
—21

0

2
24
0

2
28
—14
2
28

54 (given)

58 Row 2 + 2 Row 1
—20 Row 3 — 7 Row 1

0| Row3+ $Row?2.

https://fb.com/tailieudientucntt
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« Tw hoc: Sinh vién doc sach tim hiéu theorem
2-5 sach Advanced Engineering Mathematics
10th Edition pages 284-285

» Bai tap:Sach Advanced Engineering
Mathematics 10th Edition, Trang 287 ( ex 1-
9) (ex 17-26)
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Vector Space R”

The vector space R™ consisting of all vectors with n components (n real numbers)
has dimension n.

CuuDuongThanCong.com

https://fb.com/tailieudientucntt
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Nonhomogeneous Linear System

aj1x1 + - + apX, = by
a91X1 + -+ + dopXy, = Do

iiiiiiiiiiiiiiiiiiiiiii


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Homogeneous Linear System

(111X1 T dy9Xo T *** T AypXy = 0

(I91X1 T dooXo T *** T+ (95, Xy = 0

(p,1X1 + ApoXo + -+ + @, x, =0
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Second- and Third-Order Determinants

A determinant of second order 1s denoted and defined by

D = det A = = (11099 — d19(l9q
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Determinant

a b
The determinant of a 2 by 2 matrix (.-:. d) 1S
defined as (ad-bc)

|3 _2

; 4|:{3x4}—{—2;{?)

= 12— (—14) =126
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Determinant ( Dinh thirc)

a b
The determinant of a 2 by 2 matrix (.-:. d) 1S
defined as (ad-bc)
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Cramer’s rule for solving linear systems of two equations
In two unknowns

(11X1 + a12X2 = 0y

(21X1 + d99X9 = bo

b1 aps
bo  ass|  biase — ajabs
=TT D
aj;; b
= ag; b B ay1be — D1as
. = —

D D

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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4.1"1 + 3.1'2 =12

21'1 + 5.:':2 e _E
12 3 4 12
4 3| 14 VI
2 3 2 5
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4.1"1 + 3.1'2 =12

21'1"'51'2: _E

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Third-Order Determinants

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Cramer’s Rule for Linear Systems of Three Equations

(111X1 + dy2X9 + a13X3 = D
(91X1 + dgo2Xo + da3X3 = Do

(131X1 + dgzaXo + d3z3X3 = D
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CuuDuongThanCong.com

11

(21

(31

b1 a3
bs  as3
bs ass

https://fb.com/tailieudientucntt
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CuuDuongThanCong.com

Determinants

11 32 d1n
tay1 da2 oy
ﬂﬂ-l ﬂﬂE aﬂﬂ

https://fb.com/tailieudientucntt
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For n = 1, this determinant is defined by
D = aq4.
Forn = 2 by
D = aj;Cj1 + ajpCio + -+ + aj,Cip, (j=1,2,---,0orn)
or
D = a1pCig + aopCop + -+ + apeCry (K= 1.2,---,0rn)

Here,

Cir = (= 1) My,

M i, is a determinant of order n| — 1
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T
D = kzl(—l)”kfykﬂfjk (j=12,---,0rn)

T
j+ ke
D = 2(—1):’”r M ji: (k=1,2,---,0rn)
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=1(12—-0)— 34+ 4)+ 00+ 6)=—12
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Cramer’s Rule

11X + (19X 2 + - + 13X = bl

(91X1 + agaxg + -+ + dopXy = by

ap1x1 + apgxs + - + appxn = by
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 300 ( ex 7-15), (ex 17-
19), ( ex 21-25)
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Inverse of a Matrix

The inverse of an n X n matrix A = [aj;] is denoted by A~!

AA T =ATTA =1
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Inverse of a Matrix by Determinants

The inverse of a nonsingular n X n matrix A = |a; ] is given by

] o T 1 Cig Cop o Cpo
= dea k) = A

A_l
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Inverse of a Matrix by Determinants

The inverse of a nonsingular n X n matrix A = |a; ] is given by

Ci1 Co Ch1
RETEE B Cia Cog -+ Gy
= GealGtl T
_Clﬂ CEH Cﬂﬂ_
dijn  d12 _ 1 1 gz  —d12
A= IS A =
a a det A | _, a
| d2q 29 | —d2 11
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The inverse or reciprocal of a 3 by 3 matrix

The adjoint of a matrix A is obtained by:
(i) forming a matrix B of the cofactors of 4, and

(i) transposing matrix Bto give BT, where B! is the
matrix obtained by writing the rows of F as the
columns of B’. Then adj A=B"

The inverse of matrix A, A~! is given by
adj A
|A]

where adj A is the adjoint of matrix A4 and | 4| is the
determinant of matrix A.

A1 =

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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The inverse or reciprocal of a 3 by 3 matrix

The adjoint of a matrix A is obtained by:

(i)
(i)

forming a matrix B of the cofactors of A, and

transposing matrix Bto give BY , where B’ isthe

matrix obtained by writing the rows of F as the
columns of B’. Then adj A=B"

The inverse of matrix A, A~! is given by

adj A

A1 =
14|

where adj A is the adjoint of matrix A4 and | 4| is the
determinant of matrix A.

CuuDuongThanCong.com

Problem 17. Determine the inverse of the matrix

3 4 -1

2 0 7

1 -3 -2
adj A

The inverse of matrix 4, A~ 1 =

A
The adjoint of A is found by:

(i) obtaining the matrix of the cofactors of the ele-
ments, and

(ii) transposing this matrix.

0 7
-3 -2

The cofactor of element 3 is +

=2

The cofactor of element 4 is — ﬁ _2{ =11, and so on.

21 11 —6
The matrix of cofactorsis { 11 -5 13
28 —23 -8

https://fb.com/tailieudientucntt
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The inverse or reciprocal of a 3 by 3 matrix

P e e e e e i e i The transpose of the matrix of cofactors, i.e. the adjoint
of the matrix, is obtained by writing the rows as columns,

3 4 -1 21 11 28
2 0 7 andis { 11 -5 =23
1 -3 -2 -6 13 -8
3 4 -1
adj A From Problem 14, the determinant of |2 0 7
The inverse of matrix A4, A~ = A 1 -3 -2
The adjoint of A is found by: is113
(i) obtaining the matrix of the cofactors of the ele- _ 3 4 -1 _
ments, and Hence theinverseof { 2 0 7] is
1 -3 -2
(ii) transposing this matrix.
The cofactor of element 3 is + _g _;' =21
The cofactor of element 4 is — ﬁ _;{ =11, and so on. f} ]; gg
21 11 28

2111 -6 o b 8 or : 11 -5 -23
The matrix of cofactorsis { 11 -5 13 113 113 6 13 -8

28 —23 -8

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

The inverse or reciprocal of a 3 by 3 matrix

P e e e e e i e i The transpose of the matrix of cofactors, i.e. the adjoint
of the matrix, is obtained by writing the rows as columns,

3 4 -1 21 11 28
2 0 7 andis { 11 -5 =23
1 -3 -2 -6 13 -8
3 4 -1
adj A From Problem 14, the determinant of |2 0 7
The inverse of matrix A4, A~ = A 1 -3 -2
The adjoint of A is found by: is113
(i) obtaining the matrix of the cofactors of the ele- _ 3 4 -1 _
ments, and Hence theinverseof { 2 0 7] is
1 -3 -2
(ii) transposing this matrix.
The cofactor of element 3 is + _g _;' =21
The cofactor of element 4 is — ﬁ _;{ =11, and so on. f} ]; gg
21 11 28

2111 -6 o b 8 or : 11 -5 -23
The matrix of cofactorsis { 11 -5 13 113 113 6 13 -8

28 —23 -8

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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The inverse or reciprocal of a 3 by 3 matrix

Problem 18. Find the inverse of

1 h —2
3 —1 4
-3 6 -7
adjoint
Inverse =
determinant

—17 9 15
The matrix of cofactors is 23 —13 21
18 —10 —16

The transpose of the matrix of cofactors (i.e. the

—17 23 18
adjoint) is( 9 —13 —]D)

15 —-21 —16
1 5 -2
The determinant of ( 3 -1 4)
-3 6 -7

— 1(7T—24) —5(=21+12) — 2(18 — 3)
— _174+45-30=—2

CuuDuongThanCong.com

Hence the inverse of (

—-17 23
9 -13
15 21

1
3 _
3

—16

5 =2

1

—2
85 —11.5
=|-45 6.5
—7.5 105

https://fb.com/tailieudientucntt

]
8

E

4

6 —7

18
—10

|


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2.  Write down the transpose of 5. Find the inverse of
3 6 % 4 -7 6
5 —2 T -2 4 0
-1 0 3 5 7 -4
3. Determine the adjoint of 3 6 %
4 7 8 6. Find the inverseof | 5 —% 7
2 4 0 -1 0 3
> 1T —4

4. Determine the adjoint of
3
D

= Wit
EN] L w] Do

—1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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ATl =

[ 0.7
~13

0.8

0.2
—0.2
0.2

0.3
0.7
—0.2
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Cramer’s rule for solving linear systems of two equations
In two unknowns

(11X1 + a12X2 = 0y

(21X1 + d99X9 = bo

b1 aps
bo  ass|  biase — ajabs
=TT D
aj;; b
= ag; b B ay1be — D1as
. = —

D D

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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4.1"1 + 3.1'2 =12

21'1 + 5.:':2 — _E
12 3

-8 5| 84
4 3| 14
25

b | b
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Inverse of matrix for solving linear systems of two
equations in two unknowns

AX = Db dx1 + 3x5 =12
AA X =A"D 2y g = -8
IXx = A'b
X =A"'b
4 3

A —

15"
b —

__8_

S
X =| 1

X
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Inverse of matrix for solving linear systems of two
equations in two unknowns

411 + E-Ig =12

AX =D
11-14‘5.1-2:_8
AA X =A"b 4 3
B Al =1, 2|I=14
IX=A""Db

:: Eztlb 3} 6%[‘52 _:D

2 5 a=il; =14
b=_12_ X1 1 15 —3171121 16

-8 le)(z]:A f’zﬁ[—z 4]—8]:[—4]
x=_X1_

X2
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Inverse of a Matrix by Determinants

(AC)"1t =Cc 1At

Cancellation Laws

Let A, B, C be n X n matrices. Then:
(@) Ifrank A = n and AB = AC, then B = C.

(b) Ifrank A = n, then AB = 0 implies B = 0. Hence if AB = 0, but A # 0
as well as B # 0, then rank A < n and rank B < n.

(¢) If A is singular, so are BA and AB.
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Inverse of a Matrix by Determinants

Determinant of a Product of Matrices

For any n X n matrices A and B,

det (AB) = det (BA) = det A det B
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Inner Product Spaces

This product 1s called the inner product or dot product of a and
b. Other notations for it are (a, b)anda b

T
a'b=(a,b)=a*b=[a-a,]|: |= Diay = ayby + 0+ apby,
i=1
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Inner Product Spaces

The length or norm of a vector in V 1s defined by
|a = V(a,a) (= 0)

A vector of norm 1 1s called a unit vector.
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Inner Product Spaces

[(a,b)| = |a|||b]| (Cauchy—Schwarz® inequality).

|la + b|| = ||a]| + ||b]| (Triangle inequality).

la + b|* + |la — b|* = 2(|al + |b|®)  (Parallelogram equality).
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Inner Product Spaces

(a,b) =a'b =ab; + -+ + ayb,

|al| = V(a,a) = Va'a = \/ﬂlz—l- o+ ag
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 308 ( ex 1-10)

« Sach Advanced Engineering Mathematics
10th Edition, Trang 318 ( ex 11-28) Trang
318 (ex 21-35)
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Linear Algebra:
Matrix Eigenvalue Problems

Ax = Ax

A 1s a given square matrix, an unknown scalar, and x an
unknown vector.

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Determination of Eigenvalues and Eigenvectors

AX = AXx
11X + + Xy = .;UL']_
ﬂﬂl']:l -1- + ﬂﬂﬂ"tﬂ —_ ME
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Determination of Eigenvalues and Eigenvectors

AxX = AX
(@11 — A)x1 +  ajpxs  + +  AinXn =0
(o1X1 + (Hgg — )i.).l:g ~ % + 23X 1 = ()

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Determination of Eigenvalues and Eigenvectors

AxX = AX
(@11 — A)x1 +  ajpxs  + +  AinXn =0
(o1X1 + (Hgg — )i.).l:g ~ % + 23X 1 = ()

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii
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Determination of Eigenvalues and Eigenvectors

characteristic equation (A — ADx = 0

characteristic matrix

a1; — A 12 d1n
21 g — A - oy,
D(A) = det(A — Al = = ()
p1 (p2 yppn — A

characteristic determinant

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Determination of Eigenvalues and Eigenvectors

characteristic equation (A — ADx = 0

The eigenvalues of a square matrix A are the roots of the
characteristic equation

X are eigenvectors of a matrix A

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Eigenvalues and eigenvectors

Problem 9. Determine the eigenvalues of the

. 3 4
matnxzﬁl:(z l)

The eigenvalue is determined by solving the character-
istic equation |[A— A1 =0

e |(2 ) =22 2)| =0
“ N2 0 1)~

, (3 4\ (40 0
L. L2 1 02~
. 31 4

i.e. 5 I—A‘:U

CuuDuongThanCong.com

Hence, B-—H1=-2)—(@2)4)=0
ie. 3—-31—A+4i2-8=0
and A2—4,-5=0
ie. (L—5)(A+1)=0

from which, A —5=0ie. A= 5 o0or Ai4+1=0 ie.
= |

(Instead of factorising, the quadratic formula could be
used; even electronic calculators can solve quadratic
equations.)

Hence, the eigenvalues of the matrix ( g Lll ) are 5
and -1

https://fb.com/tailieudientucntt
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Eigenvalues and eigenvectors

Problem 10.
matrix A = (

3 4
2 1

From Problem 9, the eigenvalues of (

A1 =5and A = -1
Using the equation (A - Al)x=0fori; =5

v (47055 (3) = (0)
(7 ) ()-()

i.e.

X1
A2

CuuDuongThanCong.com

3 4
2 1

Determine the eigenvectors of the

) are

Using the equation (A - A)x =0 for iz = —1

::-“(3_2_1 o) (e)=(0)
(22)(2)=(5)

from which,

dx1+4x =0
and

2x1+2xp =0
From either of these two equations, x; = —x2 or
X = —X

Hence, whatever value xj is, the value of x» will be
—1 times greater. Hence the simplest eigenvector is:

w=()

- 2\ . .
Summarlsmg, X1 :( 1 IS an eigenvector corre-

sponding to A1 = 5 and x; = ( ) is an eigenvector

-1

CD[T'E Spﬂndlng tD M:/ﬁ?mmﬁliludientucntt
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Find the eigenvalues and eigenvectors of
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Find the eigenvalues and eigenvectors of

—A - A +210+45=0
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Find the eigenvalues and eigenvectors of

—A - A +210+45=0

.?4.1:5,;'1.2:.;\.3:—3
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Find the eigenvalues and eigenvectors of

2 1 -6 A1 = 3 A = Az = =3

A-AM=A-5I=| 2 -4 -6
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Find the eigenvalues and eigenvectors of

A-Al=A-531I=| 2 -4 -6

-1 -2 -5
(-7 2 -3
It row-reduces to 0 -# -2
0 0 o0
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Find the eigenvalues and eigenvectors of

7 2 =3
It row-reduces to 0 —-# -2
0 0 0
Choosing x3 = —1 we have xy = 2 from —27—41?2 - 47—8.1:3 = () and then x; = 1

A=Sisx;=[1 2 —-1]"
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Find the eigenvalues and eigenvectors of

| 2 =3
A-AN=A+31=| 2 4 -6
-1 -2 3
l 2 =3
row-reduces to 0 0
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Find the eigenvalues and eigenvectors of

1 2 =3
row-reduces to 0 (0 0
0 0 0

From xq + 2xo — 3x53 = 0 we have x; = —2xo + 3x3.

Choosing x5 = l,x3 =0 and x9 = 0,x3 = 1
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Eigenvalues and eigenvectors

|

0
1
|

1 -1
2 _

) (o

-1 -1 1
—4 2 4
-1 1 5

4.(

o I B ]

o I B


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

* Tw hoc: 8.2 Some Applications of Eigenvalue
Problems, Sach Advanced Engineering

Mathematics 10th Edition, Trang 329 ( ex 1-
16)
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 329 ( ex 1-16)
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Symmetric, Skew-Symmetric, and

—Orthogonal Matrices _______

A real square matrix A = [aj| 1s called
symmetric if transposition leaves it unchanged,

T _ _
(1) A" = A, thus agj = Qjg.
skew-symmetric if transposition gives the negative of A,
(2) Al = —A, thus agj = —djg.
orthogonal if transposition gives the inverse of A,

(3) Al = A1
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Symmetric, Skew-Symmetric, and
—rthogonal Matrices _

-3 1 5 0 0 —12 : 3 2]
1 0 =2, —9 0 20/, -2 2 3
5 -2 4| |12 =20 o] | 3 3 -3



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Quadratic Forms

-
Il

T 1
X'AX = > D ajpxjxg
j=1k=1

9
(a11X1 t+ a1ax1x9 + - + dipX1ky

9
+ dg91XoXq + dgoxy  + -+ dopXaoky

2
T Ap1XpX1 + Ap2Xpt2 + °° + dppkna
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Quadratic Forms

xTAx = [x; xo] = 3x7 + dxyxy + 6xoxy + 243

3x3 + dxqxo + 6x9xy + 2x3 = 3x7 + 10xyxs + 263
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Bai tap

« Sach Advanced Engineering Mathematics
10th Edition, Trang 338 ( ex 1-10)

« Sach Advanced Engineering Mathematics
10th Edition, Trang 345 ( ex 1-5), ( ex 9-16)
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