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f(t) 14 ham so f theo bién t
f(t)=4t+2

f(t,y) 1dam ham so f bao gdm 2 biéntvay

f(t,y) =4t+ 3t% + 2y
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Cho phwong trinh vi phan bac nhat (First order
diferential equation)

dy =y =f(t,y)=2t+ 3y

dt

1<t<5 y(1) =2
Find y(5) c6 nghia la tim gia tri ham y(t) tai
t=5
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Approximation Methods for Solving

Differential Eguations

 Euler’s Method

he object of Euler’s method is to obtain
approximations to the well-posed initial-value

problem

d1
7’1 = f(t,y), a<t=<b vy =«
p

y dependent variable (bién phu thudc)
t independent variable (bién d6c lap)
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Cho phwong trinh vi phan bac nhat (First order
diferential equation)
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1<t<5 y(1) =2
Find y(5) c6 nghia la tim gia tri ham y(t) tai
t=5

12/6/2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

One step in Euler’'s method

and a series of steps

Vi YV A
v(d) -

One step A series of steps
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A continuous approximation to the solution y(z) will not be obtained;
Approximations to y will be generated at various values, called mesh points, in the

interval [a, b].
Choosing a positive integer N and selecting the mesh points
f; —a +th, foreach:=0,1.2,..., N
The common distance between the points h=(b—a)/N =t —1t

is called the step size
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A continuous approximation to the solution y(z) will not be obtained;
Approximations to y will be generated at various values, called mesh points, in the

interval [a, b].

Choosing a positive integer N and selecting the mesh points

f =\(;,r-|-fh__ foreach:i=0,1,2,...,N

The common distance between the points h=(b—a)/N =t —1t

is called the step size

We will use Taylor’s Theorem to derive Euler’s method

-

Ff _rf}_ i
(g V(&)

V(tiz1) = ¥(t) + (i — 1)V (1) +

for some number &; in (f;.1;.). Because h = ;.| — ;. we have

~

h=
V(tis) = v(t) + hy'(t;) + ?-"J' (&),
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A continuous approximation to the solution y(z) will not be obtained;
Approximations to y will be generated at various values, called mesh points, in the

interval [a, b].
Choosing a positive integer N and selecting the mesh points
t; —a +th, foreachi=0,1.2,..., N
The common distance between the points h=(b—a)/N =t —1t

is called the step size

We will use Taylor’s Theorem to derive Euler’s method

y(ti1) = y(6) + (L —6)Y'(4)

UTE-ME-AMME_131529_VQH
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y(ti1) = y(6) + (G =) yY'(4)

< Y(ti) = y() +hy'(t;)

Euler’s method constructs Wi = Y(tfar eachi=1,2,...,

N, by deleting the remainder term. Thus Euler’s method is

wp — ¥,

Wiy =w; +hf(f;,w;), foreachi=0.1,...,. N —1.
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Example: we will use an algorithm for Euler’s method to
approximate the solution to

Y =y—t>+1, 0<tr<2, y0) =05

N

h=05=>N=2"2_270_4
h 5

Find y(2) ( Tim gia tr1 cua y(t) khi t=2)
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Example: we will use an algorithm for Euler’s method to approximate the solution to

b-a 2-0
0.5

V=vy—£+1. 0<t<2 y0)=05 h=05=N-= 4

atr=2

tp=0+0x0.5=0  Y(t=tp)=y(0)~wy
t, =0+1x0.5=0.5 Yy(t=1t)=y(0.5) = w,
t, =0+2x0.5=1 y(t=t,)=y(@)=w,
ty=0+3x0.5=15 y(t=t;)=y(L5)~ W,
t, =0+2x0.5=2 y(t=1t,)=y(2) =~ w,
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Example: we will use an algorithm for Euler’s method to approximate the solution to

~b-a 2-0_
0.5

r

YV=y—1+1. 0<r<2 v0)=05 h=05=N

4

Find y(2) ( Tim gia tri cua y(t) khi t=2)

For this problem f(f.y) =y —t>+ 1. s0
wp = y(0) = 0.5;

wy = wp + 0.5 (wg — (0.0)* 4+ 1) = 0.5+ 0.5(1.5) = 1.25:
wy = wy + 0.5 (wy — (0.5)° + 1) = 1.25 + 0.5(2.0) = 2.25:
wy = wy + 0.5 (wy — (1.0)* + 1) =225 +

and

V(2) & wy = w3 + 0.5 (w3 — (1.5)* 4+ 1) = 3.375 + 0.5(2.125) = 4.4375

UTE-ME-AMME_131529_VQH
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Example:Use Euler’s method to numerically integrate equation.

dy

e

= —2x3 4+ 12x% — 20x + 8.5

from x = 0 to x = 4 with a step size of 0.5. The initial conditionat x =0 is
y = 1. Recall

'y = —0.5xT 4+ 4x7 — 10x* +8.5x + 1

B1: Dung biéu thtrc 1 va phuong phap Euler dé tim y tai t=4 (day

1a két qua gan dung)

B2: Biéu thirc thir 2 1a nghiém clia phwong trinh vi phan (

biéu thirc thir 1). Tim két qua chinh xac cla y tai x= 4 bang

cach thay x=4 vao biéu thirc thirc thi 2.

B3: So sanh két qua thu dwoc tir B1 va B2
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Solution.
¥(0.5) = y(0) + A0, 1)0.5
where y(0) = 1 and the slope estimate at x = 0 is
£0,1) = —2(0)® + 12(0)2 — 20(0) + 8.5 =8.5
Therefore,
y(0.5) = 1.0 + 8.5(0.5) = 5.25
The true solution at x = 0.5 is
y=—0.5(0.5)" + 4(0.5)° — 10(0.5)* + 8.5(0.5) + 1 = 3.21875
Thus, the error is
E; = true — approximate = 3.21875 — 5.25 = —2.03125

or, expressed as percent relative error, &, = —63.1%. For the second step,

y(1) = y(0.5) + £0.5,5.25)0.5
— 5.25 4+ [—2(0.5)® + 12(0.5)% — 20(0.5) + 8.5]0.5
— 5.875
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Euler’s

To approximate the solution of the initial-value problem

Y =fty, a<t<b. vy =a,
at (N 4+ 1) equally spaced numbers in the interval |a. b]:

INPUT endpoints a. b; integer N initial condition «.

OUTPUT approximation w to y at the (N + 1) values of .
Step 1 Seth= (b—a)/N:
I = a:
w = «;
OUTPUT (t. w).
Step2 Fori=1.2.....N do Steps 3. 4.

Step 3 Setw =w+hf(t.w). (Compute w;.)
t=a+th. (Compute t;.)

Step 4 OUTPUT (t. w).
Step 5 STOP.

UTE-ME-AMME_131529_VQH
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The graph of the function highlighting y(ti)
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Cac ban nén rut gon biéu thirc trwéc khi thé so sé tiét kiém thoi
gian va tinh toan nhanh hon

Vi du: Biéu thirc ban ddu  y(t) = t° + 4t — 2 + 6t + 4 — t*
Cac ban phai di tim y(t=0), y(t=1),y(t=2).......

Cac ban c6 thé thé 1an lwot cac gia tri t vao biéu thirc trén dé
tim y. Ban sé ra két qua ding nhung sé ton nhiéu thoi gian va
dé mic sai so6t khi tinh toan phirc tap.

Cac ban c6 thé tiét kiém thoi gian va ting viéc tinh toan chinh
xac bang cach rut gon biéu thirc trwée khi tinh.

y(t) =t% + 4t -2+ 6t +4—t° =10t + 2 < y(t) =10t + 2

Cac ban c6 thé thay biéu thirc cudi gon hon rat nhiéu va khi ban
thé gia tri t vao , cac ban c6 thé tim gia tri nhanh hon va giam

thiéu dwgc viéc tinh toan sai.
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Example: we will use an algorithm for Euler’s method to approximate the solution to

r

V=y—£24+1. 0<t<2 y0)=05

with N = 10 to determine approximations, and compare these with the
exact values given b
xact values giv Yy 1‘(?] — (t + ]}E_{:}.ﬁer

Solution With N = 10 we have h = 0.2, f; = 0.27, wg = 0.5, and
Wi, = w; + h(w; — ff + 1) =w +02[w;, —0.04> + 1] = 1.2w; — 0.008{* + 0.2,
fori =0,1.....9.So

w; = 1.2(0.5) — 0.008(0)* + 0.2 = 0.8; w, = 1.2(0.8) — 0.008(1)* + 0.2 = 1.152.
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fi w; Vi = y(1;) Vi — w
0.0 0.5000000 0.5000000 0.0000000
0.2 0.8000000 0.8292986 0.0292986
0.4 1.1520000 1.2140877 0.0620877
0.6 1.5504000 1.6489406 0.0985406
0.8 1.9884800 2.1272295 0.1387495
1.0 2.4581760 2.6408591 0.1826831
1.2 2.9498112 3.1799415 0.2301303
1.4 3.4517734 3.7324000 0.2806266
1.6 3.9501281 4.2834838 0.3333557
1.8 4.4281538 4.8151763 0.3870225
2.0 4.8657845 5.3054720 0.4396874
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Approximation Methods for Solving

Differential Equations
 Higher-Order Taylor Methods

Euler’s method was derived by using Taylor’s Theorem with n =1 to
approximate the solution of the differential equation.

Find methods for improving the convergence properties of difference
methods is to extend this technique of derivation to larger values of n.

2 i n+1

h- I
V(tis1) = v(8) + hy'(6) + E}’"”‘*} + -+ E}-‘“’“‘(r,-) + y (g

(n+ 1)
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Approximation Methods for Solving

Differential Equations
« Higher-Order Taylor Methods

. B | | h‘l pew n e, n+1 .
V(tic) = y(t:) + hy' () + 57 () +---+ P (i) + TRy 1}!}’ (&)
hl
V(i) =y(t) +hf(t,y(t)) + Ef (L, y(E) + - -
W ) | n+1 "
i Ef (ﬁ:}’“e’)} + mf {ge':}(";:f)]-
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Taylor method of order n

wp = oo,
Wiy = w; + hT[”] (f;, w;). foreach i=0,1,....N — 1,
where
() h LT
I (towi) = f(tiowi) + Ef (tiowi) +---+ Tf (i, wy)
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Example

Apply Taylor’s method of orders

(a) Two

(b) Four

To find y(2) with N = 10 to the initial-value problem

V=y—r+1, 0<t<2 y0)=05
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Solution (a) For the method of order two we need the first derivative of f(f.v(t)) =
y(f) — t* + 1 with respect to the variable t. Because y =y — 1> + | we have
¥ d 2 ¥ 2
fty@) = LO—r+ D=y -2t=y—-t"4+1-21,
SO

h h
TP (ti,wy) = f(tiw;) + ;ff(fr‘- wi) = w; — I,? + 14 5 (Wi — f,? + 1 —28)
h 5
= l+§ (w;—.ﬁ—l—])—ht;

Because N = 10 we have h = 0.2, and f; = 0.21 for each1 = 1.2,..., 0. Thus the
second-order method becomes

wn = 0.5.

([ h
Wiy :w{-+h[k1+5) (w;—rf+1)—h.r,r]

I 0.2
— w; +0.2 (1 n T) (w; —0.042 + 1) — {:}.{:}4;‘]

— 1.22w; — 0.0088{% — 0.008 + 0.22.

CuuDuongThanCong.com https://fb.com/tailieudientucntt 12/ 6/ 2020
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The first two stepsgive the approximations

v(0.2) ~ w; = 1.22(0.5) — 0.0088(0)* — 0.008(0) + 0.22 = 0.83;
v(0.4) &~ wy = 1.22(0.83) — 0.0088(0.2)* — 0.008(0.2) + 0.22 = 1.2158

UTE-ME-AMME_131529_VQH

Taylor

Order 2 Error
I wj |}'1{-ri] - 1U;|
0.0 0500000 0O
0.2 0.830000  0.000701
04 1.215800  0.001712
0.6 1.652076  0.003135
0.8 2.132333 0.005103
1.0 2.648646  0.007787
1.2 3.191348  0.011407
1.4 3.748645 0.016245
1.6 4306146 0.022663
1.8 4.846299  0.031122
2.0 5347684  0.042212

CuuDuongThanCong.com
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(b) For Taylor’s method of order four we need the first three derivatives of f (£, y(7))
with respect to . Again using ¥ =y — > + 1 we have

flity) =y —1*4+1-=21
d )
frty) = ZO—r+1-2)= y —2t—2

:1}1_[24_1_2[—2:}'—.{'2—2{—]

UTE-ME-AMME_131529_VQH
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and
FHF d 2 / 2
o y) = E@_I —2t—-1D=y -2t -2=y—t"—-2t—1,

S0
(4) h’ nf hz I ’Pﬁ rr
r (If,IUs)Zf(Is-ws)JrEf (-‘ff-w{')+gf (1;. w)'Jr f (fi, w

, h fiz
:u;f—r;+1+§(u;f—z§1+1—zr;)+g(w,r—r§—zr,~—1}

h’ 5
— ﬁ(m; -t =2—1)

h W W h  h?
(l—l— —I——+ )(w;—tf)—(l—&———l——)(hrg)

24 312
—|—l+h > W
2 6 24

UTE'ME'AM ME_131529_VQH uuDuongThanCong.com https://fb.com/tailieudientucntt 12/6/2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Hence Taylor’s method of order four 1s

wgzﬂ.ﬁ,

y l+h+hz+h3 { 2 l+h+hz L
i+l = W; = . =) — s += |
Wit1 =W 7T Tag )T 3T

pph_w_r

2 6 24l

fori=0.1.....N —1.
Because N = 10 and h = 0.2 the method becomes

0.2 004 0.008 .
Wii] = W +{}2[ (l + 5 -+ 6 + Y ) (w; — 004;2)

02 0.04 0.2 0.04 0.008
—(1+ + _j)(ﬂ-ﬂ4f)+l+ - = ]

3 12 2 6 24
= 1.2214w; — 0.008856i* — 0.00856i + 0.2186.

foreachi =0.1.....9. The first two steps give the approximations
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y(0.2) ~ w; = 1.2214(0.5) — 0.008856(0)? — 0.00856(0) 4+ 0.2186 = 0.8293:

y(0.4) ~ wy = 1.2214(0.8293) — 0.008856(0.2)* — 0.00856(0.2) +0.2186 = 1.21409]

UTE-ME-AMME_131529_VQH

Taylor

Order 4 Error
ti W ¥(t;) — w;l
0.0 0500000 0
0.2 0.829300  0.000001
04 1.214091 0.000003
0.6 1.648947  0.000006
0.8 2.127240  0.000010
1.0 2.640874  0.000015
1.2 3.179964  0.000023
1.4 3.732432  0.000032
1.6 4.283529  0.000045
1.8 4.815238  0.000062
2.0 5.305555  0.000083
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Approximation Methods for Solving
Differential Equations

e Runge-Kutta Methods

The Taylor methods outlined in the previous section
have the desirable property of high-order local truncation error,
but the disadvantage of requiring the computation and
evaluation of the derivatives of f (t, y).

Runge-Kutta methods have the high-order local
truncation error of the Taylor methods but eliminate the need to
compute and evaluate the derivatives of f (t, y).
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Runge-Kutta Methods of OrderTwo

The first step in deriving a Runge-Kutta method 1s to determine values for a;.a;, and B,
with the property that a; f (f 4+ «;.v + B;) approximates

meﬂzf&ﬂ+gfwﬂ.

with error no greater than Q(h?), which is same as the order of the local truncation error for
the Taylor method of order two. Since

v df o of o o of oo Yoy — el
f“"ﬂ_dr(r‘}}_ar(r‘})Jray“‘})'}(r) and  ¥'(1) = f(1.).

Khai trién Taylor bac 2 f(t + h / 2’ y —+ h / 2)

T2)(t,y) = hf t+h/2,y+2f(t,>/)

UTE-ME-AMME_131529_VQH
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The difference-equation method resulting from replacing 7 (¢, y) in Taylor’s method
of order two by f(t 4+ (h/2),y+ (h/2) f(t.v)) 1s a specific Runge-Kutta method known as
the Midpoint method.

Midpoint Method (Phwong phap Kutta bac 2)
WO =
h
Wi 1 = W; + hf ti +h/ 2’Wi + —f(ti,Wi)
2

for 1=0,12,... N=-1

UTE-ME-AMME_131529_VQH
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Modified Euler Method

Wy = . (Phuong phap Euler céi tién)

h 1 1 :
Wiy = w; + E[f{f;, w,—} + f (IF—I—I L Wi + hf (I;. w;]}]. for 1=0,1.... ,N — 1

UTE-ME-AMME_131529_VQH
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Use the Midpoint method and the Modified Euler method with N = 10, h = 0.2, 1; = 0.24,
and wo = 0.5 to approximate the solution to our usual example,

~'=\_[2+] 0= 2 \(O)=05
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Use the Midpoint method and the Modified Euler method with N = 10, h = 0.2. 1; = 0.2i,
and wo = 0.5 to approximate the solution to our usual example.

Y=y—t*41, 0<t<2, y0)=05.
WO =
h
Wi 1 =W, +hf(t| +h/2,Wi +2f(ti,Wi)j

for 1=012,...N-1

CuuDuongThanCong.com https://fb.com/tailieudientucntt 12/ 6/ 2020
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Example

Use the Midpoint method and the Modified Euler method with N = 10.h = 0.2, 1; = 0.2,
and wp = 0.5 to approximate the solution to our usual example,

!

yV=y—t'+1. 0<t<2. y0)=0.5.

Solution The difference equations produced from the various formulas are

Midpoint method:  w;,; = 1.22w; — 0.0088i% — 0.008i + 0.218:
Modified Euler method: wj = 1.22w; — 0.0088i> — 0.008i + {}.L'Ellﬁ.

foreachi=0,1,....9. The first two steps of these methods give

Midpoint method: w; = 1.22(0.5) — 0.0088(0)* — 0.008(0) + 0.218 = 0.828;

Modified Euler method: w; = 1.22(0.5) — 0.0088(0)* — 0.008(0) + 0.216 = 0.826,
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Midpoint Modified Euler
[ v(t;) Method Error Method Error

0.0 0.5000000 0.5000000 0 0.5000000 0

0.2 0.8292986 0.8280000 0.0012986 0.8260000 0.0032986
0.4 1.2140877 1.2113600 0.0027277 1.2069200 0.0071677
0.6 1.6489406 1.6446592 0.0042814 1.6372424 0.0116982
0.8 2.1272295 2.1212842 0.0059453 2.1102357 0.0169938
1.0 2.6408591 2.6331668 0.0076923 2.6176876 0.0231715
1.2 3.1799415 3.1704634 0.0094781 3.1495789 0.0303627
1.4 3.7324000 3.7211654 0.0112346 3.6936862 0.0387138
1.6 42834838 42706218 0.0128620 4.2350972 0.0483866
1.8 48151763 4.8009586 0.0142177 47556185 0.0595577
2.0 5.3054720 5.2903695 0.0151025 5.2330546 0.0724173
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The Midpoint method is superior to the Modified Euler method in this example
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Approximation Methods for Solving

Differential Equations
* Higher-Order Runge-Kutta Methods

The term T®)(f,y) can be approximated with error O(h*) by an expression of the form
Flt+any+8 f(t+ay+8f(LY).

mvolving four parameters, the algebra involved in the determination of ;. d;. ). and 67 15
quite involved. The most common O(h’) is Heun's method, given by

Wy =«

wist = wi+ 7 (Fw) + 37 (6+ 3w+ 3 f (6 + 3w+ 3£ (0 w))).

far N1 AT 1
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Runge-Kutta Order Four

UTE-ME-AMME_131529_VQH

wp = .

ki = hf(ti. w;)

ky=nhf (I;Jr

ks =hf (I.ﬁJr

h ]
E:w;'—l— Ekl).

h ]
E:w;' -+ Ekl).

ks = hf(liy1, wi + k3).

|
Wi = Wi + E(kl + 2Ky + 2k3 + ky).
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Runge-Kutta (Order Four)

To approximate the solution of the initial-value problem
Y =fty. a<t<bh. ya)=a.

at (N + 1) equally spaced numbers in the interval [a. b]:

INPUT endpoints a. b: integer N: initial condition «.

Step 1 Seth= (b—a)/N:
I =a.
w = .

OUTPUT (r. w).
Step 2 Fori=1,2.....N do Steps 3-5.

Step 3 SetK; =hf(t.w):
Kz = :{If(f + hﬂ w + K“(z)
Ki=hf(t+h/2,w+K,/2):
Ki=hf({t+ h w4+ K3).

Step 4 Setw = w + (K + 2K; + 2K3 + K1) /6: (Compute w;.)
I = a+ ih. (Compute t;.)

Step 5 OUTPUT (1, w).
Step 6 STOP.
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Example

Use the Runge-Kutta method of order four with & = 0.2, N = 10, and #; = 0.2i to obtain
approximations to the solution of the initial-value problem

V=y—1'+1. 0<r=<2, y0) =05.

Solution The approximation to y(0.2) 1s obtained by

wo = 0.5

ki =0.2£(0,0.5) =0.2(1.5)=0.3
ky =0.2£(0.1,0.65) = 0.328

ks = 0.2£(0.1,0.664) = 0.3308

ky = 0.2 £(0.2,0.8308) = 0.35816

I
w; =05+ 6(0'3 + 2(0.328) 4+ 2(0.3308) 4 0.35816) = 0.8292933.
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Runge-Kutta

Exact Order Four Error
li Vi = ¥(1;) w; Vi — wyl

0.0 0.5000000 0.5000000 0

0.2 0.8292986 0.8292933 0.0000053
0.4 1.2140877 1.2140762 0.0000114
0.6 1.6489406 1.6489220 0.0000186
0.8 2.1272295 2.1272027 0.0000269
1.0 2.6408591 2.6408227 0.0000364
1.2 3.1799415 3.1798942 0.0000474
1.4 3.7324000 3.7323401 0.0000599
1.6 4.2834838 4.2834095 0.0000743
1.8 48151763 4.8150857 0.0000906
2.0 5.3054720 5.3053630 0.0001089
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READ Runge-Kutta-Fehlberg method
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1. Use the Modified Euler method, Runge-Kutta method to approximate the solutions to
each of the following initial-value problems, and compare the results to the actual values.

a. v =t -2y, 0<rt<1, v(0) =0, with h = 0.5; actual solution y(f) = %rf” — %E” +
b. ¥ =1+(—y> 2<r<3, y@ =1 withh=0.5 actualsolutiony(r) = + 1.
V=14+y/t, 1<t<2 vy(l)=2, with h = 0.25; actual solution v(f) = flnt 4 21.

d. v = cos2t+sin3t, 0 <1t <1, v0) = 1, with h = 0.25; actual solution y(r) =
sin 2f — —i cos 3t + 5

[
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Use the Modified Euler method, Runge-Kutta method to approximate the solutions to
each of the following initial-value problems, and compare the results to the actual values.

a. V=7 0<t<1, v0)=1, withh = 0.5; actual solution v(f) = In(e' +¢e — 1).

141

b. Vv = l 1_ , <t<2, v(1)=2, withh =0.5; actual solution y(f) = +/1* +2t + 6 — 1.
:i']

c. v = —vy+n'7 2 <1t<3 v2 =2 withh = 0.25; actual solution y(f) =

2
(r — 2+ ﬁee—"f’l) .

d. v =12Gin2r—2ty), 1<t <2 vy =2 with h = 0.25; actual solution y(f) =
5172(4 + cos 2 — cos 21).
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