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f(t) là hàm số f theo biến t

f(t,y) làm hàm số f bao gồm 2 biến t và y

4 2= +f(t) t

24 3 2= + +f(t,y) t t y
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Cho phương trình vi phân bậc nhất (First order 

diferential equation)

Find  y(5)  có nghĩa là tìm giá trị hàm y(t) tại 

t=5

2 3= = = +
dy

y f(t,y) t y
dt

1 5 1 2  =t y( )
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Approximation Methods for Solving 

Differential Equations

• Euler’s Method

The object of Euler’s method is to obtain 

approximations to the well-posed initial-value

problem

12/6/2020
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y dependent variable (biến phụ thuộc)

t independent variable (biến độc lập)
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One step in Euler’s method 

and a series of steps

12/6/2020

One step A series of steps
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A continuous approximation to the solution y(t) will not be obtained; 

Approximations to y will be generated at various values, called mesh points, in the 

interval [a, b].

Choosing a positive integer N and selecting the mesh points

The common distance between the points

is called the step size
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A continuous approximation to the solution y(t) will not be obtained; 

Approximations to y will be generated at various values, called mesh points, in the 

interval [a, b].

Choosing a positive integer N and selecting the mesh points

The common distance between the points

is called the step size

We will use Taylor’s Theorem to derive Euler’s method
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A continuous approximation to the solution y(t) will not be obtained; 

Approximations to y will be generated at various values, called mesh points, in the 

interval [a, b].

Choosing a positive integer N and selecting the mesh points

The common distance between the points

is called the step size

We will use Taylor’s Theorem to derive Euler’s method

( ) ( )1 1+ + = + −i i i i iy(t ) y(t ) t t y t
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Euler’s method constructs                     for each i = 1, 2, . . . , 

N, by deleting the remainder term. Thus Euler’s method is

( ) ( )1 1+ + = + −i i i i iy(t ) y(t ) t t y t

( )1+  = +i i iy(t ) y(t ) hy t

( )i iw y t
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Example: we will use an algorithm for Euler’s method to 

approximate the solution to

Find y(2)   ( Tìm giá trị của y(t)  khi t=2)

2 0
0 5 4

0 5

− −
=  = = =

b a
h . N

h .
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Example: we will use an algorithm for Euler’s method to approximate the solution to

at t = 2 

0 0

1 1

2 2

3 3

4 4

0

0 5

1

1 5

2

= = 

= = 

= = 

= = 

= = 

y(t t ) y( ) w

y(t t ) y( . ) w

y(t t ) y( ) w

y(t t ) y( . ) w

y(t t ) y( ) w

2 0
0 5 4

0 5

− −
=  = = =

b a
h . N

h .

0

1

2

3

4

0 0 0 5 0

0 1 0 5 0 5

0 2 0 5 1

0 3 0 5 1 5

0 2 0 5 2

= + =

= + =

= + =

= + =

= + =

t x .

t x . .

t x .

t x . .

t x .
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Example: we will use an algorithm for Euler’s method to approximate the solution to

Find y(2)   ( Tìm giá trị của y(t)  khi t=2)
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Example:Use Euler’s method to numerically integrate equation.

from x = 0 to x = 4 with a step size of 0.5. The initial condition at x = 0 is 

y = 1. Recall

that the exact solution is given by Eq

B1: Dùng biểu thức 1 và phương pháp Euler để tìm y tại t=4 (đây 

là kết quả gần đúng)

B2: Biểu thức thứ 2 là nghiệm của phương trình vi phân ( 

biểu thức thứ 1). Tìm kết quả chính xác của y tại x= 4 bằng 

cách thay x=4 vào biểu thức thức thứ 2. 

B3: So sánh kết quả thu được từ B1 và B2
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The graph of the function highlighting y(ti)
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Các bạn nên rút gọn biểu thức trước khi thế số sẽ tiết kiệm thời 

gian và tính toán nhanh hơn 

Ví dụ: Biểu thức ban đầu

Các bạn phải đi tìm y(t=0), y(t=1),y(t=2)…….

2 24 2 6 4= + − + + −y(t) t t t t

2 24 2 6 4 10 2 10 2= + − + + − = +  = +y(t) t t t t t y(t) t

Các bạn có thể thấy biểu thức cuối gọn hơn rất nhiều và khi bạn 

thế giá trị t vào , các bạn có thể tìm giá trị nhanh hơn và giảm 

thiểu được việc tính toán sai.

Các bạn có thể thế lần lượt các giá trị t vào biểu thức trên để 

tìm y. Bạn sẽ ra kết quả đúng nhưng sẽ tốn nhiều thời gian và 

dễ mắc sai sót khi tính toán phức tạp.

Các bạn có thể tiết kiệm thời gian và tăng việc tính toán chính 

xác bằng cách rút gọn biểu thức trước khi tính. 

CuuDuongThanCong.com https://fb.com/tailieudientucntt

cu
u d

uo
ng

 th
an

 co
ng

 . c
om

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


12/6/2020
UTE-ME-AMME_131529_VQH

with N = 10 to determine approximations, and compare these with the

exact values given by

Example: we will use an algorithm for Euler’s method to approximate the solution to
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Approximation Methods for Solving 

Differential Equations

• Higher-Order Taylor Methods
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Euler’s method was derived by using Taylor’s Theorem with n = 1 to 

approximate the solution of the differential equation.

Find methods for improving the convergence properties of difference 

methods is to extend this technique of derivation to larger values of n.
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Approximation Methods for Solving 

Differential Equations

• Higher-Order Taylor Methods
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Taylor method of order n

12/6/2020
UTE-ME-AMME_131529_VQH

CuuDuongThanCong.com https://fb.com/tailieudientucntt

cu
u d

uo
ng

 th
an

 co
ng

 . c
om

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


12/6/2020
UTE-ME-AMME_131529_VQH

Example

Apply Taylor’s method of orders 

(a) Two

(b) Four 

To find y(2) with N = 10 to the initial-value problem
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The first two stepsgive the approximations
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Approximation Methods for Solving 

Differential Equations

• Runge-Kutta Methods
The Taylor methods outlined in the previous section 

have the desirable property of high-order local truncation error, 

but the disadvantage of requiring the computation and 

evaluation of the derivatives of f (t, y).

Runge-Kutta methods have the high-order local 

truncation error of the Taylor methods but eliminate the need to 

compute and evaluate the derivatives of f (t, y).

12/6/2020
UTE-ME-AMME_131529_VQH

CuuDuongThanCong.com https://fb.com/tailieudientucntt

cu
u d

uo
ng

 th
an

 co
ng

 . c
om

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Runge-Kutta Methods of OrderTwo
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2 2+ +f(t h / ,y h / )

2 2
2

 
= + + 

 

( ) h
T (t,y) hf t h / ,y f(t,y)

Khai triển Taylor bậc 2 

CuuDuongThanCong.com https://fb.com/tailieudientucntt

cu
u d

uo
ng

 th
an

 co
ng

 . c
om

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


12/6/2020
UTE-ME-AMME_131529_VQH

Midpoint Method (Phương pháp Kutta bậc 2)

0

1 2
2

0 1 2 1

+

= 

 
= + + + 

 

= −

i i i i i i

w

h
w w hf t h / ,w f(t ,w )

for i , , , ,N
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(Phương pháp Euler cải tiến)
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0

1 2
2

0 1 2 1

+

= 

 
= + + + 

 

= −

i i i i i i

w

h
w w hf t h / ,w f(t ,w )

for i , , , ,N
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Example

CuuDuongThanCong.com https://fb.com/tailieudientucntt

cu
u d

uo
ng

 th
an

 co
ng

 . c
om

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


12/6/2020
UTE-ME-AMME_131529_VQH

The Midpoint method is superior to the Modified Euler method in this example
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• Higher-Order Runge-Kutta Methods

12/6/2020

Approximation Methods for Solving 

Differential Equations
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Example
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READ Runge-Kutta-Fehlberg method
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1. Use the Modified Euler method, Runge-Kutta method to approximate the solutions to 

each of the following initial-value problems, and compare the results to the actual values.
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Use the Modified Euler method, Runge-Kutta method to approximate the solutions to 

each of the following initial-value problems, and compare the results to the actual values.
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