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2.4 Poisson Laplace Equation :
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Introduction:
Charge distribution is given, E and ϕ can be found : Coulomb 

Law or Gauss Law.

In many practical problem, 
charge distribution is not known. 
But the potentials of conductors 
are measured, we can find ϕ and E 
in the surrounding space .  

And the charge disribution on the conductors can be computed 
by using the boundary conditions .  

Poisson – Laplace Equation will be discussed !
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2.4.1 Poisson- Laplace Equation : 

ρϕ
ε

∆ = − V (Poisson’s equation)

Vdiv D ρ
→

=From: , if ε = const :

There is no free charge (ρV = 0) : free space (vacuum), air, 
perfect dielectric .

0ϕ∆ = (Laplace’s equation)

If ε ≠ const, the potential is the solution of :

div[ grad( )]ε ϕ ρ= − V (or) div[ grad( )] 0ε ϕ =
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General procedure for solving P-L equ. :

i. Solve Laplace (if ρV = 0) or Poisson (if ρV ≠ 0) equation by :

Direct intergration if ϕ : one variable.

Separation variables if ϕ : more than one variable.

ii. Apply the boundary conditions to determine a unique solution.

iii. Having ϕ :  find  E grad( )  and   D εE.ϕ= − =
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Special cases for solving Laplace equation :

0ϕ∆ = (Laplace’s equation)

Cartesian: 0
x x

ϕ∂ ∂  = ∂ ∂ 
A Bxϕ = +

Cylindrical:
1 0r
r r r

ϕ∂ ∂  = ∂ ∂ 
Aln Brϕ = +

Spherical: 2
2

1 sinθ 0
sinθ

r
r r r

ϕ∂ ∂  = ∂ ∂ 

A B
r

ϕ = +

If ϕ depends only on the first variable :
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Ví duï1: Duøng ñkieän bieân cuûa ϕ
Tìm theá ñieän giöõa 2 baûn cöïc tuï phaúng , 
hieäu theá U = 1,5 V ?      Giaûi

2

20 0d
dx
ϕϕ∆ = ⇒ = Ax Bϕ→ = +Do: 

U Ux
d

ϕ⇒ = − +
(0) U
( ) 0d

ϕ
ϕ

=
 =

Coù : 

Giaû  söû ϕ chæ phuï thuoäc vaøo x : ϕ = ϕ(x).
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2.4.2 The direct intergration on D field :

b) Döïa vaøo phöông trình :                           hay Vdiv D ρ
→

= div D 0
→

=

a) Phaàn lôùn caùc vaät mang ñieän trong kyõ thuaät coù tính ñoái xöùng. 
Khi ñoù theá ñieän chæ phuï thuoäc vaøo 1 bieán toïa ñoä. Keùo theo 
caùc vectô D vaø E cuõng chæ coù moät thaønh phaàn .

Bieåu thöùc cuûa D (vaø caùc haèng soá tích phaân). 

DE
ε

=c) Vectô cñoä tröôøng ñieän : 

d) AÙp duïng :                                      suy ra caùc haèng soá tích phaân .ab a b
U Edl

→
= ∫

(Duøng ñieàu kieän bieân cuûa theá ñieän : suy ra tröôøng ñieän)

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


EM-Ch2_4 8

Ví duï1: Xaùc ñònh ϕ töø vectô D
Tìm theá ñieän giöõa 2 baûn cöïc tuï phaúng , 
hieäu theá U = 1,5 V ? Giaûi

Töø: divD = 0 xD 0
x

∂
=

∂
Dx = A = const x

x x
D AE a a
ε ε

→ → →

= =

Töø : 
d

0

A AU d
ε ε
dx= =∫

UA
d
ε

= x
UE a
d

→ →

=

Theo ñnghóa: 
d

' ' d
x

x

U U U| U
d d d
dx x xϕ = = = −∫

Do ϕ = ϕ(x) neân : D = Dx.ax . 
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