University of Technology and Education
Faculty of Electrical & Electronic Engineering

Lecture:
IMAGE PROCESSING

Chapter 3: Image Transforms

Wavelet Transforms

Nguyen Thanh Hai, PhD


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

University of Technology and Education

Faculty of Electrical & Electronic Engineering Wave I et Tra n Sfo r m S

Fourier Transform (FT), the analyzing function is the

complex exponential e/«t.

« Short-time FT (STFT), the analyzing function is the
complex exponential e/t and g*(t — 1)

 Wavelet Transform (WT), the analyzing function is a

wavelet .

« The WT using operators as shifting and compressing,

convoluting or stretching of a wavelet.
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Wavelet Analysis

Wavelet analysis is based on Multiresolution Analysis (MRA) in time-
frequency as shown in Fig. 3.7

Time
Fig. 3.7. Analysis of time-frequency
with MRA.
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- Wavelet analysis is considered between a signal x(f) and Wavelet
function Y (t), in which wavelet ¥ (t) is considered as mother wavelet
function.

- Wavelet function ¥ (t) is a small signal or oscillation for distinguishing
different frequencies of the input signal.

- Wavelet contains information of analysis waveform and window
size (scale) as shown in Fig. 3.8
- In practice, there are many different wavelet family.
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Fig. 3.8. Morlet Wavelet family
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Wavelet Transforms

Continuous wavelet transform (CWT) of 1D is defined as follows:

)dt

Xwrs) IS the two-variables function or called the wavelet coefficient

C (t,s), with shifting position T and scaling parameter s. Mother wavelet
function is represented Y, symbol * is described complex operator.

€ (05) = Xur(05) = = j x(e

Inverse Continuous wavelet transform (ICWT) of 1D is defined as follows:

x(t) = 6_1@ f:o f;XWT (t.5) Sizw (t - T) drds

W(t) = g(t)e I2mfet g(t) = Jrfyet /b
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Image Transforms

- Viéc tinh toan bi,én d6i Wavelet thuworng thue hién voi n,ht"fng gia tri r&i rac
trng v&i cac hé so ty 1€ s va do dich chuyén 7. Cac hé s6 Wavelet dugc goi
la chubi Wavelet. Chuoi Wavelet c6 thé dwoc tinh nhw sau

Kt = | 2Omn(©)d

—_ 2 _
1'bm,n = Sy m l/)(SO Mt — nTO)

S6 nguyén m va n diéu chinh do dich chuyén va dd gian cua séng Wavelet.
Ung v&i lwoe d6 nhi nguyén (dyadic grid), s, = 0 va 7, = 1. C4c song
Wavelet nay dwoc lwa chon sao cho trwe chuan, nghia 13, ching trie giao
v&i nhau va duwoc chuan héa dé cé mie nang lwong don vi. Viéc lwa chon
nay cho phép xay dwng lai tin hiéu gbc théng qua biéu thirc révi rac sau:

(0]

xO= ) i Xty Y (O

m=—ocon=—co
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Fig. 3.9. Input signal with different frequencies and waveforms
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« Many different wavelets can be used in CWT.

« Depending on signal features to be detected - select a
wavelet for analysis easier.
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1D Haar Wavelets

« Haar scaling and wavelet functions:

« Mother scaling function:

1 if0<x<l1

0 otherwise

¢(x) :J

 Mother wavelet function:

1 if0<x<1/2
wix)=4-1 ifl/2<x<1

0 otherwise

Nguyen Thanh Hai, PhD

o(t)

P
1

3

fa) afth

y(t)

i) le]


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

University of Technology and Education

Faculty of Electrical & Electronic Engineering

« Example: sine signal with different scales
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Wavelet Transforms
Continuous wavelet transform (CWT) Scale
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Continuous wavelet transform (CWT) Scale

« The scale works exactly th(e}same with wavelet
wit

—

Ww(t/2)

~\—

Ww(t/4)

N —
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With the 1D discrete signal f[n], the DWT is determined using the
following equation:

1
Wy Gio k) = = D F(0)5e()

1
Wy k) = = > Fbyu(n) J 2 o

In which, ¢;. (n) and y; ,(n) are functions of scaling and discrete
Wavelet determined in the interval [0, M — 1] and orthogonal together
with j, initially

- Wy (Jo, k) expresses the approximation coefficient (low

frequencies),
- Wy, (J, k) are the detail coefficients (high frequencies).

The inverse DWT is calculated as follows:

Fn) = Z We Gios ) bj () + = Z Z Wy (i)

J Jo 12
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Discrete Wavelet transform (DWT) in digital image
This is the 2D wavelet function, including scaling ¢ (x, y) and Wavelet
Y(x,y) and calculated as follows:

G mn(x,y) = 2/2¢(2/x —m, 27y —n),

Vimn(6y) = 2/29H(27x —m, 2y —n),i = (H,V, D}

3 wavelet functions Y (x, y), ¥V (x,v), Y2 (x,y) , are still called details;
and ¢A(x,y) is called approximation.

In the DWTT, one takes care 4 variables

d(x,y) = o)), P (x¥) =d(I)P(B),
Piy) =9@e0), PP y) =p)Y»),
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Discrete Wavelet transform (DWT) in digital image

Expressions of the approximation and details are described in 2D image
as follows:

M—-1N-1
1
Woiomm) = e D D F09) Bjomn(3) = (4)
x=0 y=0
1 M—-1N-1
Wy, n) = f6,¥) @5 mn(x,y),i ={H,V,D}
x=0 y=0
fx,y)

N

M-1
7
MN rrard

~1
z (]Omn) (P]Omn(x y)
y=0_
1
' MNizH,V,D JZOS‘S‘ Wlp(] m,n) ¢] mn (%, ¥)

- g

T

m n
14
Nguyen Thanh Hai, PhD

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

University of Technology and Education

Faculty of Electrical & Electronic Engineering Wave I et Tra n Sfo r m S

Diagram of the wavelet transform of an image:

= hy(-m) 4’@—' Wy G:m.n)
Rows Diagonal Detail (D)
—{ hy(n) »@—
Columns .
e A mams

Wy(+1,mn) — Rows Vertical Detail (V)

[ |A5) i
R Horizotal Detail (H)
L by | @_ OWS

Columns > By (-m) .@ Wy (mn)

Approximation

Rows
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Decomposition step
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Wavelet Transforms
Two-Dimensional DWT
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Wy(j+1,mn)

Wy g,mn)

Fig. Expression of components in an image
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Wavelet Transforms
Some wavelet functions in Matlab:

- [Lo_D,Hi_D,Lo_R,Hi_R] = wfilters('wname');

In which, Lo_D and Hi_D are the lowpass and highpass filters. Lo Rva Hi_ R
are the lowpass and highpass filters for synthesis, in which the filters must
be orthogonal.

- Function wfilters to find types of different wavelets:

[F1,F2] = wfilters('wname','type’)

- wavefun :

[phi, psi, xval] = wavefun(vname,iter)

Give approximate vector of phi and psi, and xval is vector wéc lwong; iter
describes integer numbers

- If variables are orthogonal, we have :

[phi1, psil1, phi2, psi2, xval] = wavefun(wname, iter)

In which phi1 and psi1 are decomposition, phi2 and psi2 are recontruction.
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Wavelet Transforms

Ex 3.3: Express filter, scaling and plot(xval,psi,'k',xval,xaxis,'--K');
wavelet functions of Haar. axis([0 1 -1.5 1.3]);

clear all; axis square;

[Lo D,Hi_D,Lo R,Hi R]= title("Haar Wavelet Function');
wfilters('Haar')

waveinfo('Haar") Results:
[phi,psi,xval]=wavefun('Haar',10) >>
xaxis=zeros(size(xval)); Lo D=
subplot(121); 0.7071 0.7071
plot(xval,phi,'k',xval,xaxis,'--k'); Hi D=

axis([0 1 -1.51.5]); -0.7071 0.7071
axis square; Lo R=

title('Haar Scaling Function') 0.7071 0.7071
subplot(122); Hi R=

Nguyen Thanh Hai, PhD

0.7071 -0.7071
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Some wavelet functions in Matlab:

wavedec?2:

[C, S] = wavedec2(X, N, Lo_D, Hi_D)

In which, X is the 2D matrix, N is the analysis level, Lo_D and Hi_D are the
filters. syntax:

[C,S] = wavedec2(X,N,'wname')

Output is row vector C (double) containing Wavelet coefficients and the
matrix S (double) determines coefficients in C. The relationship between C
and S is described as:

Haar Scaling Function Haar Wavelet Function
- 15
1 1
05 05
o———————— o ———|——
-0.5 -0.5
1 ] -1
-1.5 -15
0 0.5 1 0 0.5 1

Fig 3.20. Scaling and Wavelet of Haar family
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Ex 3.4: Consider wavelet transform
using wavedec2 with Haar family

clear all;
f=magic(4);
[C.Sl=wavedec2(f,1,Haar);

magic(m) function give square matrix
with the size of m# , having the value
of elements from 1 to m?.

f=
16 2 3 13
5 11 10 8
9 7 6 12

4 14 15 1

Nguyen Thanh Hai, PhD

C =

Columns 1 through 10
17.0000 17.0000
17.0000 17.0000

1.0000 -1.0000 -1.0000
1.0000 4.0000 -4.0000
Columns 11 through 16
-4.0000 4.0000
10.0000 6.0000 -6.0000
-10.0000

S =

A~ NN
A~ NN

21
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Ex 3.5: Extract Wavelet coefficients - A = appcoef2(C,S,'wname',N)

small bands with a typical level - A = appcoef2(C,S,Lo_R,Hi_R,N) is
similar to detcoef2

clear all;

f=magic(4);

[C,S]=wavedec2(f,2,'Haar");

A=appcoef2(C,S,'Haar',1)

V=detcoef2('v',C,S,2)% vD

H=detcoef2(‘h',C,S,2)% hD

D=detcoef2(‘d',C,S,2)% dD

In which appcoef2 gives
approximation coefficient, and
detcoef2 gives detail coefficients;
wavedec2 denotes decomposition
wavelet with a typical wavelet

function.
22
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Ex 3.6: Calculate DWT with the 4x4 matrix of magic function and
Haar family.
The resulat is that

16 2 3 13

f511108
9 7 6 12

4 14 15 1

With the lowpass and highpass filters (orthogonal):
1 1 N ; -1 1
LoD =7 Fvanio=|7 7

- Approximation components contain coefficients with low
frequencies using the lowpass filter.
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row_of the matrix.
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Wavelet Transforms
Convolution of the image f and the lowpass filter Lo_D cross the
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Wavelet Transforms

Buoc-(a)-xac-dinh-dwoc-cac-he so-nhu-sau: -7

0,(1,1) = 1/42 x 167

0,(1,2) = 1/42 x 29
0,(1,3) = 1/V2 x 3f

0,(1,4) = 1/v2 x 139
Tuong-tr-budc-(b)-xac-dinh-dugc:¥
0,(2,1) = 1/v2 x (16 +5)7

0,(2,2) =1/V2 x (2+11)F

0,(2,3) =1/42 x (3+10)9

0,(2,4) =1/42 x (13 +8)Y

Ngo-ra-0, -dugc-xac-dinh:Y

16
|21
0, =1/V2 x|14
13
L 4
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o~ Thue hién-giam-mau-&-nhing mau-lé-theo-hang-(loai-bo-hang 1é)Y

., = 21 13 13 21
01_1/”“[13 21 21 130

o~ Thire- hién- tich- chap- mot- lan- nira- cting- voi- ham- bo-loc-thong:
thap.-Datngdra-la-0,9

8}

-

~-1/2

3

A-1

(a)c (b)=
Ngo ra-sau-khi-tinh-toan:§
=2 21 34 26 34 21
0, =(1/v2 T
2= (UV2) x[f5 3 42 34 13

e~ Sau-do thuc-hien-giam Inau theo-cot-véinhirng cot-1é. Két- -qua-thu-
dwge-1a-cac-hé so-tan-so-thap-hay-con-goi-la-thanh-phan xap-xi.¢

= 34 341 (17 17
A=(/V2) ?"f[34 34 _lw 17l 26
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Wavelet Transforms

0
x(2)

x(4)

(M2)(N2) =

x(2)
0

x(4)
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Ex 3.7. Express wavelet with an image

clear all;
f=imread('cameraman.bmp’);
[cA1,cH1,cV1,cD1]=dwt2(f,'Haar’);

f1=[mat2gray(cA1) mat2gray(cH1);mat2gray(cV1)
mat2gray(cD1)];
[cA2,cH2,cV2,cD2]=dwt2(cA1,'Haar’);

f22=[mat2gray(cA2) mat2gray(cH2);mat2gray(cV2)
mat2gray(cD2)];

f2=[f22 mat2gray(cH1);mat2gray(cV1) mat2gray(cD1)];
imshow(f1);
figure;imshow(f2);

28
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Wavelet transform
Wavelet toolbox : dwt2 (cont)
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Ex 3.8: Express WT with noise

clear all

f=imread('cameraman.bmp’);
fn=imnoise(f,'gaussian’,0.01);
[cA,cH,cV,cD]=dwt2(fn,'Haar’);
[THR_H,SORH_H,KEEPAPP_H]=dde
ncmp('den’,'wv',cH);
cH=wthresh(cH,SORH_H,THR_H);
[THR_V,SORH_V,KEEPAPP_V]=dden
cmp('den’,'wv',cV);
cV=wthresh(cH,SORH_V,THR_V);
[THR_D,SORH_D,KEEPAPP_D]=dde
ncmp('den’,'wv',cD);
cD=wthresh(cH,SORH_D,THR_D);
fdn=uint8(idwt2(cA,cH,cV,cD,'Haar"));

30
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9 x
1
1
Hinh-3.24.-Keét-qua-thuc-hién-giam-
nhiéuw-sie-dung-phdan-tich-Wavelet¥
(a)-Anh-gécY|
(b)-Anh-bi-nhiéu-(PSNR=15.01dB)Y
(c)-Afnh-sau-khf-wfér-ﬁhiéu-
(PSNR=19.51dB)c
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- Consider functions idwt2, dwt2,
X = idwt2(cA,cH,cV,cD,'wname’)

- Image after pepper-salt noise.

- This is the noise with the high frequency affecting
details of the image. Thus the algorithm for eliminating
the noise used details components with the highpass
filter cH, cV and cD.

Nguyen Thanh Hai, PhD
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Ex: express WT of a 5x5 matrix

17 24 1 8 15
23 5 7 14 16
« FindDWToff= 4 6 13 20 22
10 12 19 21 3
11 18 25 2 9

« Using wavelet Haar, in which: Lo_D = L/% \/%] and Hi_ D =

=

33
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Wavelet Transforms

A = V=
34.5000 15.0000 31.0000| 5.5000 -7.0000 O
16.0000 36.5000 25.0000| -2.0000 -4.5000 O
29.0000 27.0000 18.0000| -7.0000 23.0000 O
H = D =
6.5000 -6.0000 -1.0000 | -12.5000 O
-6.0000 -3.5000 19.0000 0.0000 -2.5000 O
0 0 0 0 0 0

Tip: access the ‘wavedec?’ function root and compare to your answer

Nguyen Thanh Hai, PhD
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Wavelet Transforms

Example: clear all;
f=imread('cameraman.bmp’);
[cA1,cH1,cV1,cD1]=dwt2(f,'Haar’);

f1=[mat2gray(cA1) mat2gray(cH1);mat2gray(cV1)
mat2gray(cD1)];

Wavelet toolbox
[C,S] = wavedec2(X,N,'wname")
Example: clear all;
f=magic(4);
[C,S]=wavedec2(f,1,'Haar");

Nguyen Thanh Hai, PhD.
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The End

https://fb.com/tailieudientucntt

36


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

