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LOI GIOI THIEU

GIAI TICH 2 (TOAN CAO CAP A ,) 1a hoc phan tiép theo cac hoc phan GIAI TICH I,
DAI SO ( TOAN CAO CAP A, A,) danh cho sinh vién ndm thir nhat thudc cac nhém nganh
khdi ki thuét. Gido trinh nay dung lam tai li¢u hoc tap cho sinh vién dai hoc véi hinh thue dao tao
tr xa. Gido trinh dugc bién soan theo chuong trinh qui dinh ndm 2001 cua B Gido duc- Pao tao
va theo dé cuong chuong trinh ciia Hoc vién Cong nghé Buu chinh Vién thong phé duyét nim
2006 cho h¢ dao tao chinh qui.

O Viét nam, hinh thirc dao tao tir xa tuy da trién khai va nhan rong tir 10 nim nay nhung
van con khd méi mé. Vi cach hoc nay, doi hoi nguoi hoc phai lam viée doc 1ap nhidu hon, lay ty
hoc, tu nghién cuu la chinh. Do d6 tai li¢u hoc tap, cu thé 1a cac gido trinh phai dugc coi la
phuong tién co ban va quan trong nhat. Cac yéu té trén dugc chung toi cha ¥ khi viét gido trinh
nay, cu thé 1a: Noi dung duge trinh bay ngin gon, chinh xac. Trir mot sé dinh 1i ¢6 ching minh
nham rén luyén tu duy va cling ¢d kién thirc, con hau hét cac dinh li dua ra dugc thira nhan véi
muc dich 4p dung. Tuong tmg mdi ndi dung kién thirc déu c6 vi du minh hoa nham huéng ngudi
hoc hiéu sau sic va biét cach ap dung. Trong mdi chuong déu c6 muyc dich, yéu cau va phan tém
tat noi dung dé ngudi hoc dé doc, d& thudce. Cac cau hoi mang tinh tric nghiém cubi mdi chuong
1a co s¢ danh gia kién thire c6 duge ciia ngudi hoc vé ndi dung chuong do.

Gi4o trinh gdm 5 chuong, trong tmg véi 4 don vi hoc trinh (60 tiét).

Chuong 1 .Phép tinh vi phan ham s6 nhiéu bién s6.
Chuong 2. Tich phan bgi.

Chuong 3. Tich phan duong va tich phan mat.
Chuong 4. Ly thuyét truong.

Chuong 5. Phuong trinh vi phén.

Mic du c¢b ging rat nhiéu, song khong tranh khoi cac so suit vé ndi dung ciing nhu cac 15i
vé 4n loat, chung toi rat mong duoc sy gop v kién va rat cam on vé diéu do.

Nhan day, ching t6i chan thanh cdam on Ban Giam déc Hoc vién Cong nghé Buu chinh
Vién thong, Trung tAm Dao tao Buu chinh Vién thong 1, dic biét Phong Dao tao Pai hoc tir xa va
céc ban dong nghiép da tao diéu kién, dong vién, giup d& chung t6i hoan thanh gido trinh nay.

Ha Néi, 7-2006

Tac gia
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

CHUONG 1. PHEP TiNH VI PHAN HAM SO NHIEU BIEN SO

GIOI THIEU

Phép tinh vi phan ham s6 nhiéu bién s6 1a sy mé rong mot cach ty nhién va can thiét cia
phép tinh vi phan ham s6 mot bién sd. Cac bai toan thuc té thuong xuét hién su phu thuéc mdt
bién sb vao hai bién s6 hodc nhiéu hon, chéng han nhiét do T cuia mot chat long bién dbi theo do
sau z va thoi gian t theo cong thitc 7 = e 'z, nhiét lugng toa ra trén day dan phu thudc vao dién
trg cua day, cuong do cia dong va thoi gian dan dién theo cong thie O =0,24RI°t \v.v...Vi vy,
khao sat ham sd nhiéu bién s6 vira mang tinh tong quat vira mang tinh thuc tién. Dé hoc tbt
chuong nay, ngoai viéc nim ving cac phép tinh dao ham cta ham mét bién s6, ngudi hoc phai c¢6
cac kién thuce vé hinh hoc khong gian (xem [2] ).Trong chuong nay, yéu cu nguoi hoc nam virng
cac ndi dung chinh sau:

1. Céc khai niém chung cua khong gianR" (n chiéu).

M0 ta duge mién x4c dinh va d6 thi ctia ham hai bién.

2. Phép tinh dao ham riéng va vi phan toan phan.

Nim ving cac qui tic tinh dao ham riéng trén co so tinh dao ham ciia ham mot bién. Cong
thire tinh dao ham riéng ctia ham s6 an. Cong thtrc vi phan toan phﬁn va biét cach ap dung vao
phép tinh gan dung.

3. Niam virng khai niém va cach tinh dao ham theo huéng. Giai thich dugc dao ham riéng
theo cac bién x, y, z chinh 14 dao ham theo hudng cac truc Ox, Oy, Oz.

4. Bai toan tim cuec tri.

Qui tic tim cyec tri tu do, phwong phép nhan tir Lagrange.
NOI DUNG

1.1. Cac khai niém chung
1.1.1. Khong gian n chiéu

* Ta da biét moi diém trong khong gian 3 chiéu dugc dic trung hoan toan bai b 3 86 (x, y,
z) 1a 3 toa do Descartes cua n6: x 1a hoanh dg, y 1a tung d6 va z 1a cao do.

Tong quét nhu sau: M&i bd c6 tht tw n s6 thue (X,,X,,...,X,) goi la mot diém n chiéu. Ki
hi¢u M(xl,xz,...,xn)cé nghia 1a diém n chiéu M c6 céc toa do X, 5X,,..,X, . Tap cac diém
M(X,,X,,...,X, ) goi 1a khong gian Euclide n chiéu. Ki hiéu tap nay la R".

* Cho M(x,,X,,...,x,) eR", N(¥,,,,....»,) €R". Goi khoang cach gitra M va N, ki
hiéu d(M, N), 14 s6 thyc tinh theo cong thirc:
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Tuong tu nhu trong R,R*,R’ ta nhan dugc bat dang thirc tam giac trong R". Tirc 1a véi 3
diém A, B, C bat ky trong R” ta c6:

d(A4,C)<d(4,B)+d(B,C)

* Cho M, (x/,X;,....,X,) eR"vag > 0. TapQ (M,)={MeR":d(M,M,) <&} goi la
& - 1an can hodc 1an can ban kinh & ciia My hodc hinh cdu mé tim M, ban kinh & (H.1.1a).

* Cho EcR". Diém M € E goi 1a diém trong cta E néu c6 Q (M) c E(J¢ >0).
Diém NeR" goi 14 diém bién cua E néu bat ky Q_(M') déu chira nhitng diém thuoc E va diém
khong thude E(Ve > 0). Tap E goi 1a mo néu moi diém ctia né déu 1a diém trong, goi 1a dong
néu no chira moi diém bién ciia né. Tap cac diém bién cua E ki hiéu OF . Bao dong cua E hay tap
E déng ky hidu E vaco E = E U OE (H.1.1a).

* Tap E goi 1a bi chan hay gi¢i ndi néu nhu ton tai s6 N sao cho E < Q(0).

* Téap E goi 1a lién thong néu moi cap diém M;, M, trong E déu duoc ndi voi nhau boi mot
dudng cong lién tuc nao d6 nam tron trong E. Tép lién thong E goi 1 don lién néu n6 bi gidi han
boi mot mit kin (mot duong cong kin trong R*; mot mat cong kin trong R*) (H.1.1a). Tap lién
thong E goi 14 da lién néu né bi gidi han boi tir hai mat kin trd 1én roi nhau timg d6i mot (H.1.1b).

Vi du 1: Xét cac tap sau trong R*.
Az{(x,y):x2 +y? <4}
B ={(1,2),(~1,0),(0,0)} va R’
Giai:
04 ={(x,y): x* + > = 4} - duong tron tam O bén kinh 2, 4 = {(x,y): x” + y> <4} - hinh
tron ké ca bién.

A, R® 1a cac tap lién thong, B khong lién thong (gom 3 diém roi rac).
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

A, B 1a cac tap gioi noi, R khong gidi ndi (ca mat phéng Oxy).
1.1.2. Pinh nghia ham nhiéu bién s6

Cho D cR". Goi 4nh xa:
f:D—>R
Hay 1a M(X,,X,,....,.X,) € D> u=f(M)=1(X,,X,,....,X,) €R 12 mot ham s6 cia n bién
s6 xé4c dinh trén D. D goi la mién xé4c dinh ctia ham s f X;,Xy,...., X, 12 clC bién s doc lap, con u

goi la bién s6 phu thude.
1.1.3. Mién xac dinh ciia ham nhiéu bién so0

Nguoi ta quy ude: Néu cho ham sb u = f(M) ma khong néi gi vé mién xac dinh D cta n thi
phai hiéu rang mién xac dinh D cta ham s6 14 tip hop cac diém M sao cho biéu thirc fiM) ¢
nghia.

Mién xac dinh ciia ham sb thuong 1a tap lién thong. Sau ddy 1a mot sd vi du vé mién xac
dinh ctia ham sb 2 bién s, 3 bién sb.

Vidu 2: Tim mién xé4c dinh ctia cac ham sé sau va mo ta hinh hoc cac mién do:

Y
\/9 N

2

a) z=+1-x" -y, b)z=In(x+y), C) u=

Giai:
a. Mién xéc dinh 13 tip (x,y) eR*sao cho 1 - x> —y* >0 hay x* + y* <1. D6 l1a hinh tron
dong tam O ban kinh bang 1 (H.1.2a). Hinh tron dong nay c6 thé mo ta boi hé bat phuong trinh:

-1<x<1
—V1-x% < y < V1-x?
b. Mién xac dinh 1a tap (x,y)eR® thoa min x +y > 0 hay y > -x. D6 13 nira mat phang c6
bién 1a dudong y = -x (H.1.2b). Ntra mit phang niay duoc md ta boi hé bat phuong trinh:
—00 < X < +00
—X < y<+0©
¢. Mién xac dinh la tap (x,y,2) eR’thoa man x* +y2 +2z? <9.P6 13 hinh cdu md tm O
ban kinh bang 3 (H.1.2c). Hinh cau m& nay mé ta boi hé bat phuong trinh:

-3<x<3

—V9—x? SyS\/9—x2
—\/9—x2 —y2 SzSV9—x2 —y2
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

y=-x

H.1.2b

1.1.4. Y nghia hinh hoc ciia ham hai bién s6

Cho ham 2 bién z = f(x,y) véi (x, )€ D. Tap cic diém (x,y,z) eR’ véi z = f(x,y) goi la
d6 thi cia ham s6 da cho. Nhu thé d6 thi ctia ham 2 bién thuong 1a mot mat cong trong khong
gian 3 chiéu Oxyz. Do thi cia ham s6 mo td mét cach tryc quan ham so thé hién dugc y nghia hinh
hoc ctia ham s6. Dudi day ta xét cac mat cong dac biét va don gian, thong dung trong toan hoc va
ung dung.

A. Mt phang:

Mit phéang 1a do thi cia ham hai bién tuyén tinh, néi cach khac phuong trinh mat phing co
dang: Ax + By + Cz + D = 0 trong d6 A°+B*+C*>0. Chang han C#0 c¢6

z= —%(D + Ax + By), ham s6 nay xéc dinh trén R*.

B. Ellipsoid
Ellipsoid 1a mét cong, phuong trinh chinh tic ciia né c6 dang (H.1.3)

xz yz ZZ
—2+—2+—2=1
a~ b ¢

Pay 1a ham hai bién cho dudi dang khong tuong minh (dang an). Ham sé 1a da tri.

Ching han coi z 1a bién phu thudc vao x va y thi mién xac dinh 1a hinh ellipse ¢ cac ban truc
2 2

avab: x—2+y—<1

a b
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Chirong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Khia=b=c=Rtacémétc§utémgéctoad(’jvébémkinhléR: x’ +y2 +z' =R?

z

C. Paraboloid elliptic

Phuong trinh chinh tic cua paraboloid elliptic c6 dang (H.1.4): = +Z—2 =
a’
Mién xac dinh cia ham sb trén 1a R®. Khi a = b tic 13 phuong trinh c6 dang:
x*+y’=a’z

Goi d6 1a paraboloid tron xoay.

D. Mt tru bac 2

* Mit tru elliptic (H.1.5) c6 phuong trinh chinh tic:
x2 y2
P
* Mat try hyperbolic (H.1.6) c6 phwong trinh chinh tic:

x2 y2

R
a’ b?
* M3t tru parabolic (H.1.7) c¢6 phuong trinh chinh tic:

7
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Chirong 1. Phép tinh vi phdn ham sé nhiéu bién sé

y? =2px
E. Mat nén bac 2
Phuong trinh chinh tic cia mit nén c6 dang (H.1.8)
2 2 2
X oy oz
St =0

N
o

1.1.5. Giéi han ctia ham so6 nhiéu bién so

Khai ni€m gidi han ctia ham s6 nhi€u bién so cling dugc dua ve khai niém gidgi han cua ham
mot bién s6. O ddy mot bién s6 dong vai tro 1a khoang cach d(M,, M) gitra hai diém M, va M
trong khong gian R" . Pé don gian trong cach viét chiing ta xét trong khong gian 2 chiéu R*.

* No6i rang day diém My(X,, ya) dan dén diém Mo(xo, yo); ki hidu M, — M khi n — o

) limx, = x,
néu limd(M,,M,)=0hay1a <"~
= limy, =,

* Cho ham z = f(x,y) xac dinh & 1an can Mo(xo, Yo), ¢6 thé trir diém M. Ta néi rang ham
f(M) c6 gi6i han 13 [ khi M(x,y) dan dén Mo(xo, yo) néu moi diy diém My(Xs, Va) thudc 1an

can dan dén M, ta déu c6: lim f(x,,y,)=1
n—0

Thudng ki hieu lim f(M)=[ hay lim f(x,»)=!
M—M, (x.2)

—(3.70)

St dung ngdn ngir "&,6" c6 thé dinh nghia nhu sau: Ham sé f(M) c6 giéi han / khi
M — M, néuVe>0,35>0:0<d(My,M)<5=|f(M)-I|<e

Chii y: 1. Tat ca cac khai niém gi6i han vo han hodc cac dinh 1i vé gi6i han: tong, tich,
thuong déu giong nhu ham s6 mot bién so.

2. Tir dinh nghia ta nhan thiy: Gi6i han / cia ham s6 f(x,y) khi M - M 0

khong phu thude duong di cia M tién dén M 0> Vi thé néu chi ra hai duong di ciia M tién
dén M, oyma f(M) tién dén hai gia tri khac nhau thi ham s6 khong c6 gidi han tai M, 0

Vi du 3: Tim cac giéi han

2

. X4y ¢ Xy | xy

. lim b. 1 o1 —_—
& 00 ¥ % (x,y>12<10,0>x2+ ¥’ € 0o [x* + 3
Giai:

2
a. Taco xyz_o S|y, d(M,0)=+x"+y°
x*+y
2
Ve>0,38=¢ khi 0<\x*+)* <5 =|y[<s = = o <|y|<o=¢
X +y
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

2

A . Xy
A% lim =0
00 x +y’
b. Cho M(x,y)—>0(0,0)theo duong y = Cx, C = const (hing s)
2
thi Cx xy

__¢ - chung t6 day gia tri ham c6 gidi han khac nhau

= =lim =
4yt (1+CHX° =0 x> +y?  1+C

phu thudc vao C. Theo cht y 2,.suy ra ham khéng c6 gidi han.

xy x|

X o<
JxXP+y° = X2 4y’

1.1.6. Sw lién tuc ciia ham so nhiéu bién so

c. |y| < |y| Tuongtya.suyra lim S

(x,¥)—(0,0) Ix2+y2

A. Dinh nghia

* Ham s6 f(M) xéac dinh trén mién D va M, € D. Ta n6i rang ham s6 f(M) lién tuc tai M,
néu Jim f(M) = f(M,).

* Ham s6 f(M) xac dinh trén mién D. Néi réng ham s6 lién tuc trén mién D néu né lién tuc
taimoi diéem M €D .

* Ham s6 f(M) lién tuc trén mién dong D néu né lién tuc trén mién D va lién tuc tai moi
diém N €D theo nghia lim f(M)=f(N),MeD.

* Néu dat Af (x,,7,) = f(x, +Ax,p, + Av)— f(x,,,) £0ila sb gia toan phan clia ham s
tai (Xo,Yo) thi ham s6 f(x,y) lién tuc tai (Xo, yo) néunhu Af(x,,y,) —> 0 khi Ax -0 va Ay —0.

B. Tinh chit

Hoan toan twong tu nhu ham mot bién s ta c6 tinh chat quan trong sau day:

Pinh Iy 1.1. Néu f(x,y) lién tuc trong mién dong D gidi ndi thi nd dat gia tri 16n nhat va gia
tri bé nhét trong mién D tirc 1a: IM | € B,M , € D dé c6 bat dang thirc kép:

(M) S f(M)< f(M,), YMeD
1.2. Pao ham va vi phan
1.2.1. Pao ham riéng

Cho ham s6 u = f(x,y) xac dinh trong mién D va M (x,,¥,) € D. Thay y =y, vao ham s6

da cho s€ nhan dugc ham s6 mot bien s6 u = (X, yp). Néu ham so nay c6 dao ham tai X, thi dao
ham d6 duogc goi la dao ham riéng cua f(x, y) doi vdi x tai Mo(Xo, yo) va ki hiéu nhu sau:

' ou , 0
u.(xy,5,) hay —(x¢,y0) hay f/(x,,y,) hay l(xovyo)
ox Oox
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Chwrong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Piat A_f(xy,1,)=f(x,+Ax,y,)— f(x,,7,) goi d6 1 sb gia riéng ctia ham f(x, y) theo

bien x tai (Xo, yo) va ta co:

0 )
f(xo,yo) = lim

ax Ax—0

AL f(X4,10)
Ax

Tuong tu ta c6 dinh nghia dao ham riéng ctia ham s6 dbi véi y tai Mo(Xo, yo) va ky hi¢u:
, Ou : o
”y(xmyo) , —(x0,20)> fy(x()’yo) s —— (X9, 1)
oy oy
Chii y: C6 thé chuyén toan b cac phép tinh dao ham ctia ham mét bién sd: cong, trir, nhan,

chia, ... sang phép tinh dao ham riéng.

Vi du 4: Tinh dao ham riéng sau:
au=xy, u. (12), u, (L1).
bou=x"(x>0), u(x,y), u,(x,y).

C. u:xzzarCtgl7 u;(xﬂyﬁz)ﬁ u;(x7y7z)’ u;(xﬁyﬁz)'
z

Giai:
a. ul(x,y)=3x"y=ul(1,2)=6,
u,(x,y) =x'= u,(1,)=1.

r_ y-1 r_ Y
bou,=yx"", u,=x"Inx

c.u(x,y,z)= 2xzarctgl |
z

' 2 11 x2z?
uy(x,y,z):x zZ— Y 5 2
4 e+ Z
| LB
2
z
ulz (xay,Z)szarctgl—xzz% 5 sz(arctgl—%)'
< z Y Z y 4tz
1+—2
z

1.2.2. Vi phén toan phan

A. Dinh nghia
* Cho ham sd u = f(x, y) x4c dinh trong mién D chira (o, yo). Néu s gia toan phan ctia ham
s tai (xo, o) Gng véi sb gia Ax, Ay cua céac dbi s6 o dang:

Af (xy,y,) =AM+ B.Ay +a.Ax + B.Ay (1.1)
trong d6 A, B 1a nhiing s chi phu thudc vao (o, yo), con «, B dan dén 0 khi M — M tac 1a khi

10
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Chwrong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Ax — 0, Ay — 0 thi néi ring ham sb f(x, y) kha vi tai Mo, con biéu thirc A.Ax + B.Ay duoc goi
1a vi phan toan phan cua ham sé tai My va ki hiéu 1a df(xo, yo), hay du(xo, yo). Nhu vy
df (x,,y,) = AAx+ B.Ay

* Ham s6 u = f(x, y) dugc goi 1a kha vi trong mién D néu nd kha vi tai moi diém ctia mién
D.

B. Piéu kién cin ciia ham sd kha vi
Pinh 1y 1.2. Néu f(x, y) kha vi tai (o, yo) thi lién tuc tai do.
Tu (1.1) suy ra Af(x,,y,) = 0 khi Ax - 0,Ay = 0.

Pinh Iy 1.3. Néu f(x, y) kha vi tai (xo, yo) thi ham c6 cac dao ham riéng tai (xo, yo) va
A= fl(x4,30)s B= f](x0, 1)

Chirng minh:

Tu (1.1) suy ra:

ASCoy) _ o B Can)
Ax ’ Ay

=B+pf

Véy fx’(xmyo):As fy’(XOJyO):B Chﬁngté

df(xoayo):fx’(xoayo)Ax"'fy’(xoayo)Ay 1.2)

C. Piéu kién dii ciia ham s6 kha vi

Pinh Iy 1.4. Néu ham s u = f(x, y) c6 cac dao ham riéng f/(x,y), f,(x,y)lién tuc tai
Mo(x0,y0) thi f(x, y) kha vi tai Mo(xo, Yo).

Chirng minh:

Taco Af(xoayo) = f(xo +Ax,y0 +Ay)_f(x09y0)

=[f (g + Ax, yo +A0) = £ (X0, 30 + AN+ [f (X0, 15 + AV) = £ (x,30)]

Ap dung cong thirc sé gia hitu han (cong thirc Lagrange) cho ham mét bién sb f(x, yo + Ay)
tai lan cén x¢ va f(Xo, y) ¢ lan cén yy s€ nhan dugc:

S (ko + 8%,y +Ap) = (X0, 90 + Ay) = [(xy + G Ax, y, + Ay)Ax
S (X, Yo +A) = [ (x4, ¥0) = f1(X45¥0 + 0,A0) Ay
Trong d6 0< 6, <1,0<0, <1
Ciing theo gia thiét f'(x,y), f ,(x, ) lién tuc tai (o, yo) nén:
Ji(xg +6Ax, y, + Ay) = f{(xy,3,) + a(Ax,Ay)
fr(x0, ¥ +O,A9) = f1(x0,0) + B(Ax,Ay)
Trong d6 ¢ > 0, f# — 0 khi Ax > 0,Ay — 0.

Tur @6 nhan duoc:
11
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Chwrong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Af (x030) = [l (X0, ¥0)Ax + [ (xy, ¥, ) Ay + aAx + BAy
ching t6 ham s6 kha vi tai (xo, yo).
Néu xét cac ham sé h(x, y) = x va g(x, y) =y trong R® thi rd rang:
dh(x, y) =dx = 1.Ax
dg(x,y)=dy = 1.Ay
Vay vi phan toan phan cua ham so f(x, y) tai (xo, yo) c6 thé viét dudi dang:
df (X9, 30) = [ (Xq, yo)dx + [ (xXq, v )y 1.2y
D. Y nghia ciia vi phin toan phan
Néu ham sb f(x, y) kha vi tai (o, yo) thi rd rang:
AF (Xgs 1) = df (X0, vy) + GAX + Ay

aAx + fAy

— <|a|+|B|— 0 khi Ax —0,Ay —>0.
y

Vi rang

Suy ra df(xo, yo) khac s gia toan phan Af(xo, yo) mot vo cung bé co bac cao hon vo ciing bé

P =+Ax* +Ay® khi Ax — 0, Ay — 0. Vay v6i [Ax
Af ~df (1.3)

Cong thire (1.3) thudng dugce sir dung dé tinh gan dung gia tri ciia ham sd.

2

Ay| kha bé s€ nhan duoc:

Chii y: Tinh kha vi ctia tong, tich, thuong hai ham ciing gidng nhu ham mét bién s6.

Vi du 5: Thuc hién phép tinh vi phan cac ham sb:

a. Cho f(x,y) = x cos Xy, tinh df(l,%} véi Ax =0,01 , Ay =0,02.

b. Cho f(x,y) = xy%, (x —»)e™ . Tinh df(x.y).

Giai:
a. fi(x,y)=cosxy—xysinxy, f/ LE =£ -~ ,
4 2 4
. 2
fi(x,y)==x*sinxy, f! 155 —_£’
y y 4 2
df 151 =£ l_ﬁ .O,OI—Q,O,OQ,:—Q 1_|_£ 0’01
4 2 4 2 2 4

b fl(x,p) ="+’ (x—)e”,
[ y) == +2px(x - y)e

df (x,y) =™ {1+ 37 (x = y) i + 2y (x — )~ 1]y},

12
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Vi du 6:
5 1,05
a. Tinh gan dang arctg ——.
g g g 0.97
b. Mot hinh tru béng kim loai ¢6 chiéu cao h = 20 c¢m va ban kinh day r = 4 cm. Khi néng
1én h va r né thém cac doan Ah = Ar = 0,1 cm. Hay tinh gan dting thé tich hinh tru khi nong 1én.

Giai:

£ 1,05 140,05
a. Ta viét arctg——=arctg

, X
. Xéthamso f(x,y)=arctg—
0.97 120,03 S oy) =arcig 2

2

0,97

RO rang arctg = f(x, + Ax, y, + Ay), trong d6 xo = yo = 1, Ax = 0,05 va Ay=-0,03.

Ap dung cong thirc xap xi (1.3) ta co:
f(xg+Ax,v9 +Ay) = f(x9,v0)+df (x0,y0) = LD+ f1(1,1).0,05+ f)', (1,1).(-0,03)

, 1 1 , x* X
fix,y)=— 2 = 2i}_x2 ’ fy(x’y):__z ) - 7,2
1+— Y 4 I+— Y/

y Y

F(x, +Ax, y, +Ay) ~ arctg%+%.0,05+%.0,03 =%+o,o4 =0,785+0,04 = 0,825.

b. TacoV=mw’hV =2mhV =m’
Ap dung cong thirc (1.3):

V(r+Ar,h+ Ah) ~ 2 h + 2mhAr + w2 Ah ~ 7.4%.20 + 27.4.20.0,1 + 7.4%.0,1 ~ 7.337,6 cm®

RY/4 1

~ —_—
~

. . . . 0
Chtng t6 sai s0 tuyét doi khong qua 0,37 cm’ va sai s6 twong d6i khong qua — .
3377 100

1.2.3. Pao ham riéng cip cao

Pao ham riéng cap hai cua mot ham la dao ham riéng cac dao ham riéng cap mot cta no.
Ham hai bién f(x,y) c6 4 dao ham riéng cap hai sau day:

p O 2O O[O O[O
f*—ax[axj’ { ay(axj’ I 6x(ay} & ay(ayJ

o f Of O f Of
Y ot axdy dyox 0y

Hoan toan tuong ty ta cling c6 cac dinh nghia dao ham riéng cap cao hon cua ham nhicéu
bién hon.

Vi du 7: Tinh cac dao ham riéng fx(3) (3) fx(yS) biét f(x,y,z) =",

2 b XYX > VA
y 3z

13
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Giai:

1 x—2y+4z n o _x—2y+4z 3) _ x-2y+4z
fl=e , fh=e ,fxzy——Ze

X

fr/ — Y 2y+4z f(3) 2 x-2y+4z f(3) _8ex—2y+4z

Xy Xyx Xyz

Nhén xét: Trong vi du trén c6 fv(fy) = {3,

o
Pinh Iy 1.5(Schwarz). Néu f(x,y) c6 cac dao ham riéng hdn hop S va f). trong lan cén
Q,(M,) va lién tuc tai Mo(Xo, yo) thi cac dao ham hdn hop bang nhau tai Moy
LMy = f1.(M,).
Chirng minh: Léy t, s du bé. Lap cac ham s sau day trong 1an can My:
gx, y) =fx+ty)-fix,y)
h(x,y) =f(x,y +5) - f(x, y)
R rang g(Xo, Yo + s) — g(Xo0, Yo) = h(Xo+ t, yo) — h(Xo, Yo)
Ap dung dinh 1y Lagrange cho ham g(x, y) tai y, nhan dugc:

8(xy, vy +5)—g(x5¥0) :S~g;(x05yo +0,5)
= 5|1 (xo + 130+ 0,5) = £1(Xg:, + O3]

Tiép tuc ap dung dinh ly Lagrange cho ham f (X, ¥, +6s) tai xo nhan duoc:

g(xg, v +5)—=8&(xq, ) = stf | (x, + 0,1, ¥, + O,5)
Hoan toan tuong tu cling c6:

h(x, +1,y0) —h(xy,y0) = Stfx;(xo + 06 Yo +7,S)
Cho t,5 — 0, do tinh lién tye nhan dugc 7 (xy, ) = f1 (X0, ¥o)
Chii y: Dinh 1y trén ciing mo rong cho cac dao ham cép cao hon va ham nhiéu bién hon.

1.2.4. Vi phén cép cao

Ta nhan thdy df(x,y)= Sfo(x,y)dx+ f](x,y)dy cling la mot ham sd cla X, y nén co thé

xét vi phan ciia n6. Néu df(x,y) kha vi thi vi phan ctia né goi la vi phan cép hai cua f(x, y), ki hiéu
d’ f(x,y)=d(df(x,y)) vanéirang f(x, y) kha vi dén cép 2 tai (x, y).

Tong quat vi phan cap n, néu c6 s& ki hiéu: d” f(x,y)=d(d"" f(x,y))
Cong thirc vi phan cip 2 nhu sau:

& f)=darn =2 Lace Ly v 2 Laes Ly
y

0. oy ox oy
2 2
=a{dx2+ af af dxdy + fdy2
ox OxOy 6‘y8x oy’
14
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Gia str cac dao ham riéng hon hop lién tuc, theo dinh Iy Schwarz ta co:

2
d’f(x, y)— fd +28 fdxdy+%dy2 (1.4)
oxOy 0
Nguoi ta dung ki hiéu luy thira tuong trung dé viét gon nhu sau:
0
df (x,y) = ( dX+a—dyjf (x,¥)
R 0 o Y
Tong quatcd d” f(x,y)=| —dx+—dy | f(x,y) (1.5)
ox oy

1.2.5. Pao ham ciia ham sé hop

Cho D cR" vacac anhxa ¢:D —>R™
f:p(D) >R

Anh xa tich fop:D —R cuy thé 1a u=f(e(M)), M e D, p(M)cR™ goi 1a ham s6 hop.
Dé cho don gian, sau day ta xét n =2, m = 2, khi d6 ham hop fo¢ xac dinh trén mién phiang D

Pinh ly 1.6. Cho u = f(x,y) véi x = x(s, t); y = y(s, t) thod man:

Céc bién trung gian x(s, t), y(s, t) o cac dao ham riéng cip 1 tai (a, b),

f(X, Y) kha vi tal dlém (XOa YO) = (X(aa b)’ y(as b))

Khi d6 ham hop u = u(s, t) c¢6 dao ham riéng cap 1 tai (a, b) tinh theo cong thirc:

ou

0os

ou

o

Cong thire (1.6) c6 thé viét dudi dang ma tran:

(6u auj Ou Ou of
Os ot o 8y oy

&x
s
[}
Os

_udx oudy

Ox O0s Oy Os
audr oudy

“ox ot oy or

VN Y|P

(1.6)

duoc goi la ma tran Jacobi cua x, y doi voi t, s; con dinh thirc cia ma trdn nay

goi 1a dinh thirc Jacobi ciia x, y d6i véi t, s hay Jacobian cia x, y dbi voi t, s va ky hiéu:
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

& o
Dx,y) _|os o 1.7
Dist) | &

& ot

Vi du 8: Tinh cac dao ham riéng
u=e'lny, x=st, y=s"—t.

Giai:

a—u:e)‘lny.t+e’”.l.2S:e”[lln(S2—12)+ 228 2},
os y s

ou 1 . s o 2t
—=¢e'lnys+e’".—(20)=¢e"| sln(s” —¢")— ]
o = e (20 { (s* =) Sz_tz}

1 . " 14 14
Vidu9: Cho u=—, r=1/x2 +y2 +z2. Chtrng minh Au =u, +uy2 +u, =0.
r

Giai:
A , N A l Ao I , . , 2 A , " e 5 e
Nhén xét: ham s6 u = — d6i ximg vdi X, y, z. Do d6 ta chi cén tinh u’,, sau d6 thay x boi y
r
va z.
. bx x
le—u.l"x———z.————S,
ror r
, 1 1 x 1 &
sz =——3+3x.—4—=——3 5 >
r rr i r
3 3(x*+yi+z° 3 /3
Suyra Au=-—+ ( ); )=——3+—3:(),
r r ror

Chii y: Néu u = f(x, y), y = y(x) khi d6 u 1a ham s6 hop cta mét bién x. Do vay nguoi ta
du = g + g !

dua ra khai niém dao ham toan phan va cong thirc tinh s& 1a: — Q.
dx Ox Oy

1.2.6. Vi phan cua ham hop
Xét ham hop u =1(x, y), x = x(s, t), y = y(s, t).
A 1s a . A Ou Ou
Néu ham hop c6 cic dao ham riéng o lién tuc thi n6 kha vi va ta co:
s

du = a—uds + a—udt
Os ot

Bay gio ta biéu dién du qua bién trung gian x, y theo cong thirc (1.6) cé:
P =S PN T ST
Ox Os 0Oy Os Ox Ot Oy ot

16
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

= a—u(a—xds +a—xdtj +a—u(a—yds +th)
Ox \ Os ot oy \ O0s ot

= 8—uabcwta—udy .
ox oy

Nhu vay dang ctia cong thirc vi phan cdp 1 khong dbi du x, y 1a cac bién doc 1ap hay 1a ham
clia cac bién s, t. Tinh chét nay goi 1a tinh chat bat bién dang cta vi phan cép 1.

Chii y: Ciing nhu ham mét bién sd, vi phan cap cao khong c6 tinh bat bién dang.
1.2.7. Pao ham ciia ham s6 4n

A. Ham 4n mét bién

Cho mot hé thire giira hai bién, x, y dang:  F(x,y) =0 (1.8)

trong d6 F(x, y) 1a ham hai bién xéac dinh trong mién mé D chira (xo, yo) va

F(xo, yo) = 0. Gia s riang Vxe (xo —0,xg + 5), JFy(x) sao cho (x,y(x))eD va
F(x, y(x)) = 0. Ham s6 y = y(x) goi 12 ham 4n cua x x4c dinh boi phuong trinh (1.8).

Pinh 1y 1.7. Néu F(x, y) thoa min cac diéu kién:

F lién tuc trong 1an can Q 5(M ) va F(M,) = 0.

Céc dao ham riéng %:, % lién tuc va %(xo,yo) # 0 trong lan can Q 5(M ) thi phuong

trinh (1.8) xac dinh mot ham an y(x) kha vi lién tuc trong khoang (x, —&,x, + &) vataco:

& K (1.9)
dx Fy’

Chu y: Dé nhan dugc cong thie (1.9) chung ta chi viéc 1y vi phan 2 vé cua (1.8) trong d6
¢6 y = y(x) va ap dung tinh bit bién ctia dang vi phan cép 1.

That vay dF(x, y) = 0 hay Fldx+Fdy=0 hay F/+F].y"=0. Tl do6 suy ra (1.9).

Vi du 10: Tinh y'(1) biét xy —e*siny =7

Giai:

Lay dao ham toan phan (hay vi phan) va coi y 1a ham cta x hai vé ctia phuong trinh di cho
co:

y+xy' —e'siny—ecosy.y' =0

Thay x =1 vao phuong trinh ham 4n, nhan dugc: y(1)— 7 = esin y(1) . Ding phuong phap
db thi giai phwong trinh nay, nhan duoc nghiém y(1) = .

Vay 7+y'(l)—esint—ecosz.y'(1)=0

, T
y=-"—.
I+e
Vidu 11: Tinh y’,y"biét x— y +arctgy =0

17
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Giai:
Lay dao ham toan phan hai vé coi y = y(x)

LY , 1+y?

=y +—=s=0=y'=—3— =y"y'=1+)
I+y
, , 2y/(1—y' 2(1+)"
Léydao hém tlép ta c(r) 2yy!2+y2y":2yy/:>y":M :>yﬂ:_ ( +5y )
y y

B. Ham én hai bién
DPinh ly 1.8. Cho phuong trinh ham an F(x,y,z)=0vaF(x,y, z) thod man cac diéu kién:
F(X, v, z) lién tuc trong hinh ciu mé Q (M) va F(My) = F(xo, Yo, o) = 0;
Céc dao hamriéng F/, F, F/lién tuc va F(x,,¥,,2,) # 0 trong hinh cau Qz(M,)
Khi d6 phwong trinh ham an xac dinh mot ham an z = z (x, y) ¢6 cac dao ham riéng lién tuc
trong lan can Q_(x,,y,) dong thoi:
oz _ K e _ B
o&x F' oy F

(1.10)

Tuong tu nhu dinh 1y 1.7. ta khong chimg minh dinh 1y nay.
Ciing nhu trong truong hgp ham 4n mot bién, dé tinh cac dao ham riéng ciing nhu vi phan
ctia ham an ta Iy vi phan toan phan hai vé cua phuong trinh ham an sau d6 di tim 2—2, %, dz
X oy

Vi du 12: Cho xyz=x +y + z. Coi z 1a ham s6 an, hay tinh z', 2’ , dz.

w0 Zys
Giai:
LAy vi phan toan phan phuong trinh hiam an sg co:

d(xyz) =d(x+y+2z)

yzdx +zxdy + xydz=dx + dy + dz

(xy—1)dz=(1-yz) dz + (1-zx) dy

dz = —;[(yz —Ddx+ (zx — l)dy]
xy—1

=1l -1
jz;z_yz b 4D 1z
yx —1

_xy—l '

18
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

1.2.8. Pao ham theo huwéng. Gradién (Gradient)

Az

H.1.9

A. Dinh nghia:

Cho u(x, y, z) xac dinh trén mién D <R’ va M (x,,,.2,) € D, mot huéng dugc dic
trung  boi  véc to 7 6 véc to don vi E(cosa, cosf,cosy), tuc la:
a= (&;Z),ﬂ = (@',Z), y = (07,?) . Nguoi ta goi cosa, cosf3, cosy la cac cdsin chi phuong cua

(.RG rang cos’ a +cos’ f+cos’y =1.(H.1.9)

. _ — . A M)—u(M
Lay M € D saocho M M = pl, , lap ti so .4 uM) —uM,)
P P
Néu ti sb trén co gi61 han hiru han khi p — 0 thi gidi han éy duoc goi la dao ham ctia ham
u(M) theo huéng 7 tai My va ki hiéu 1 ;—ﬁ.(MO) tire 1a:
l

0
lim M) M) _ U
p0 Y or
Chu y:
1. Ciing gidng nhu y nghia ctia dao ham, co thé coi ring dao ham theo hudng 7 biéu thi toc
d6 bién thién cua ham u(M) theo huéng ‘.
2. Néu 7 cé hudng ctia truc Ox thi £,(1,0,0). Gid st M (xg, g, 2o ) thi M (x, + s Vos2,)
khi dé:

a—ﬁ.(MO) —lim u(xy + 0, ¥9,20) —U(Xg, Yy52) _ 8_M(M0)
ol p—0 Yo, ox
Chumg t6 cdc dao ham riéng u, u’,, u_ 1a dao ham ctia ham u theo hudng cia cic truc Ox,
Oy, Oz.

B. Cong thirc tinh
19
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Pinh Iy 1.9. Néu ham sb u(x, y, z) kha vi tai Mo(xo, Yo, o) v 7 bit ky ¢6 cac cosin chi
phuong cosa, cos /3, cosy thi:

a—L_l(MO)=6—”(M0)cosa+a—u(M0)cosﬂ+a—u(M0)cosy (1.11)
ol ox oy 0z

Chirng minh:
Theo ¥ nghia ctia ham kha vi ta c6:
Au=u(M)—u(My)=u,(M,)Ax+ ”;(Mo)Ay +u (M,)Az +o(p)
trong d6 o() 1a VCB bac cao hon p khi p —0.
Mit khac Ax = pcosa, Ay = pcos f, Az = pcosy suy ra:

(%u =u,(My)cosa +u,(M,)cos B +u_.(M;)cosy +M.
Chuyén qua giéi han khi p — 0 s& c6 (1.11)
C. Gradién
Cho u(x, y, z) ¢6 cac dao ham riéng tai M(Xx,,y,,Z,) € D cR’.
Goi véc to (u (M), u,(M,),u.(M,)) la gradién cia ham u(x, y, z) tai M, va ki hi¢u 1a
grad u(My).
grad u(M ) = (u (M), u;, (M), u(M,))

= ul (M )i+ ul(My) ]+ u. (M, )k (1.12)

> = —

trong d6 i, j, k 1a cac véc to don vi cta cac truc Ox, Oy, Oz.
D. Lién hé¢ gitra gradién va dao ham theo huéng.
Pinh 1y 1.10. Néu u(M) kha vi tai M, thi tai d6 c6:

ou

— =ch- gradu . (1.13)
ag J4

Chirng minh:
Tacd , =cosai+cosf j+cosy k nén (1.11) cé thé viét nhu sau:

ou — |-
E(MO):grad u(My).l,=\l,

|grad u(M, )|cos 0

£ =1

trong d6 @ 1a goc gitra hai véc to 7 va grad u(My), ma

2

|gmd u(M, )|COSH = ch. grad u(M,) . Vay nhén dugc cong thire (1.13)

20
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Churong 1. Phép tinh vi phdn ham sé nhiéu bién sé

Chua y: Tu (1.13) suy ra max =|grad u(M0)| khi |cos9|:1, tic 1a / cung

0
(M)
ol

phuong véi grad u(M,) chimg t6 grad u(My) cho ta biét phuong theo né toc do bién thién cia u tai
My co gia tri tuyét ddi cuc dai.

Vidu 13: Cho u=x" +y* +2° +3xyz, M(1, 2, -3), £(2, 1, -2).
. . Ou
Tinh grad u(M) va —(M,).
o/
Giai:
u' =3x%+3yz, u, =3y” +3zx,u’ =327 +3xy
Vay gradu(1,2,-3)=(3-18,12-9,27+6)=(-15, 3, 33)=3(-5, 1, 11)

0(2,1,-2) =0, =@%—§j :%(1,2,—3):3[—5%“%—11.9:—31

1.3. Cue tri ciia ham nhiéu bién
1.3.1. Cyec tri tu do

A. Pinh nghia va diéu kién cin cia cue tri

Piém M 0(X05Y0) eR? goi 1a diém cyc dai (dia phuong) ciia ham f(M) néu c6 1an can du bé
ctia M dé trong 1an can do (trir M) xay ra bat dang thire f(M) < f(M,)

Tuong tu ta c6 khai niém diém cuec tiéu (dia phuong) cta ham sb f(M).

DPiém Mo(Xo, Yo) trong cac truong hgp trén goi chung la diém cuec tri.

Tuong tu nhu dinh ly Fermat ddi voi ham mot bién sd, ta c6 diéu kién can cua cuc tri dudi
day.

Pinh Iy 1.11. Néu f(x, y) dat cuc tri tai M, va c6 cac dao ham riéng tai d6 thi cac dao ham
riéng bang 0.

Ching minh: Gia st f(x, y) dat cuc tri tai (xo, yo). Theo dinh nghia suy ra ham méot bién
f(x,yo) dat cuc tri tai xo, f(xo, y) dat cuc tri tai yo. Theo dinh ly Fermat ta co:

M =0 hay g(xoayo):o
dx A Ox
df (xq,¥) =0 hay Q(Xo,yo)zo
dy _ oy
Y=Yo

Chii y: Diém ma tai d6 cac dao ham riéng bang khong goi 14 diém dimg ctia ham sb. Nhu
véy diém dimng chua chic 1a diém cuc tri. Chang han u = xy ¢ diém dimng 13 (0 0) nhung trong bét
ky 1an can nao cua goc toa do (0, 0) déu c6 cic diém (x,,p,) va (x,,y,) & f(x,,,)> f(0,0)
va f(x,,¥,) < f(0,0) (liy x, >0, y, >0,x, <0, y, >0).

B. Piéu kién du ciia cue tri
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Trong thyc té thuong gip ham hai bién f(x, y) va dé tim cuc tri cua né, ngudi ta thuong sir
dung dinh li sau day, coi nhu la diéu kién du dé ham dat cuc tri. Ta khong chiing minh dinh 1y

nay.
Pinh ly 1.12. Gia st f(x, y) c6 dao ham riéng cip hai lién tuc tai 1an c4n diém dimg (xo, yo)
va goi:
o’ f o’ f o’ f . 2
A=—5(x0,¥0), B=—"(x0,»0), C=—5(xy,»,) va A=B"—A4AC (1.14)
ox Ox0y oy

Néu A > 0 thi ham sb khong dat cyc tri tai (Xo, yo)
Néu A = 0 thi chua két luan gi dugc vé (xo, yo)
Néu A < 0 thi ham sd dat cyc tri tai (X0, ¥0)
Cu thé dat cuc dai néu A <0, dat cuc tiéu néu A > 0.
Vi du 14: Xét cuc tri cua ham s6
z=x+yt —x? =2xy—y°.
Giai:
Nhan xét: Ham sb z kha vi moi cép trén R?, ta c¢6 thé ap dung dinh 1y 1.12.

* Tim diém dung:

zl =4x’ -2x-2y =0 X} =y x=y
' 3 = == 2
z, =4y =2y-2x=0 2x° —x—y=0 x(x*=1)=0

Nhan duoc ba diém dung:
x=0 x=1 x=-1
y=0" |y=L |y=-I

A=z", =12x*-2,B=-2, C=12y" -2
A =4-4(6x> ~1)(6y* -1)
A(0,0)=0
Nhan thay z(0,0) = 0.
Voix=y= f thi z(l,lj:i(%—2j<0 véin>1

2
n n n n n

Voix = l,y=-l thi z(l,—lj=i4>0.
n n n o n n

Nhu véy trong bét ky 1an c4n nao ciia gdc toa do ta ludn tim duge cac diém (tim duge n) dé
ham ddi dau, chimg t6 ham khong dat cyc tri tai (0, 0)

A, 1D)=A(-1,-1)=-96<0vaA(l,1)=A(-1,-1)=10> 0.
Vay ham dat cyc tiéu tai (1,1) va (-1, -1)
Gia tri cuc tieu 1a z (1,1) = z(-1, -1) = -2.
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1.3.2. Cuec tri c6 diéu kién

A. Dinh nghia va diéu ki¢n cn
Diém Mo(xo, yo) €R* goi 1a diém cuc dai ciia ham sd f(x, y) voi rang budce (hodc co diéu
kién) ¢(x,y) =0 néu thoa mian @(M,) =0 dong thoi ton tai 1an can di bé caa M, trén dudng
cong rang budc @(x,y) =0, trong lan can d6 c6 bat dang thic fM)<f(Mj)
Tuong tu ta c6 khai niém diém cyc tiéu cia ham s v6i rang budc @(x,y) = 0
Pé don gian bai toan tim cuyc tri ctia ham hai bién véi diéu kién ¢(x,y) =0 duoc ki hidu
nhu sau:
extf (x,y) (1.15)
{co(x,y) =0 (1.16)
Trong do ext la viét tit cua tir extremum nghia la cyc tri.
Pinh 1y 1.13. Gia sit Mo(xo, yo) 1a diém cuc tri co diéu kién ciia ham s6 f(x,y) véi diéu kién
(1.16) va thoa man:
Cac ham f(x, y) va ¢(x, y) c6 cac dao ham riéng cép 1 lién tuc trong lan can ctia Mo(Xo, ¥o)
cua duong cong rang budc (1.16)
Mo(Xo, yo) khong phai 1a diém dimg ctia ham ¢(x, y). Khi d6 ton tai s6 thuc A thoa man hé
phuong trinh:

{f;(xo,y0)+/1(ﬂ;(x0aJ’o) =0 1.17)

Sy (xg,30) + A9}, (x9,9) =0

Chu y: Him sé L(x, y,A) = f(x,y) + A@(x, y) dugc goi 1a ham Lagrange va A duoc goi 1a
nhan tir Lagrange. Nhu vay véi diéu kién cho phép ta s& di tim diém dimg (xo, yo, Ao) cia ham
Lagrange (do diéu kién tién quyét @(x,,v,) = F;(Xy, s, A,)=0), tiép theo xem xét mot s6 cac
diéu kién cua bai toan (1.15) dé c6 két luan chinh xac xem diém (X0, Yo) c6 phai la diém cuec tri co
dicu kién hay khong.

Vi du 15: Tim cyc tri ctia ham s6 z = x* + y* v&i rang budc ax + by + ¢ =0, ¢ = 0,

a’+b>>0.

Giai:
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\

0 .

H.1.10 a4

V& hinh hoc, day la bai toan tim cyc tri cia binh phuong khoang cach tu géc toa do dén cac
diém trén duong thang (H.1.10). Vay bai toan co duy nhét cuc tiéu dé 1a chan dudng vudng goc
ha tir O t&i duong thang.

Lap ham Lagrange: L = x> + y* + A(ax + by + ¢)

L =2x+Aa=0

Tim diém dimg cia L: (L) =2y +Ab=0

L, =ax+by+c=0

A .
Thay x = ——a~, y= —%é vao phuong trinh cudi nhan duogc:
A 5 ., 2c
——(a +b)=——, A=
2( ) a’+b°
o x = N e B
a’+b>’ % a’+b’

ac bc
a’+b?’ a®+b?

Diém dimg duy nhit M, (— j 1a diém cuc tiéu va gia tri cuc tiéu bang

2
C

a’+b*’
B. Piéu kién di
Pinh Iy 1.14. Gia st f(x, y) va ¢(x, y) c¢6 dao ham riéng cap 2 lién tuc ¢ 1an can (Xo,yo)

va (X0, Yo, A) 12 diém dirng ctia ham Lagrange. Khi do:
* Néu  d’L(x,,p,.4)= L (x4, 0, A)dx* + 2L} (x,,y,, A)dxdy + L;’z (x4, 9, )y’
xéc dinh du ddi voi dx, dy trong mién thoa mén rang budc:
do(xy,y) = @, (xy,y0)dx + (0; (X9, Y9)dy =0, dx® +dy* #0
thi f(x,y) dat cuc tri 6 rang budc tai (xo, o). Dat cuc dai néu d*L(xo, yo,1) >0 va dat cuc tiéu
néu dzL(xo, yo,A) <0.
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* Néu d’L(xo, yo,1) khong xac dinh ddu trong mién noi trén thi ham khong dat cuc tri
rang budc tai (Xo, yo).

ext(x+y+2z)

Vi du 16: Giai bai toan § xyz =1
x>0,y>0,z>0

Giai:

* Ham Lagrange: L(x,y,z,A)=x +y +z + AMxyz - 1)

* Tim diém ding:

L =1+Ayz=0

J L, =1+A2x=0
L/Z:1+lxy:0
xyz—1=0

Nhén 2 vé ctia phuong trinh thi nhat v6i x va dé ¥ dén phuong trinh thir tu s& nhan
dugc A=-1vax=y=z=1

=0 va

x=y=z=1

* Xét ddu cua d’L(1,1,1,-1) véi dx, dy, dz thoa min d(xyz)

dx* +dy* +dz* # 0
Taco

"o nN_T" _ ™" b w i "no_
sz_O—Lyz—Lzza L,=-z, L, =—x, L, =-y

Suy ra d>L(1,1,1,-1) = —2(dxdy + dydz + dzdx)

Mat khac a’(xyz)|(1 5 (yzdx + zxdy + xydz)|(l o dx+dy+dz=0

Suyradz=-dx—dy
d*L(,1,1,-1) = =2(dxdy — (dx + dy)*) = (dx + dy)* +dx* +dy*> > Okhi dx* + dy2+dzz> 0

Vay ham sé dat cuc tiéu ¢o rang budc tai (1,1,1) va min (x +y + z) =3

TOM TAT CHUONG 1.

eGidihan: lim f(M)=1 hay limf(xn,yn)=l,d(M,MO)=\/(x—x0)2+(y—y0)2
— (x.)=(%.2)

néu Ve>0,36>0:0<d(My,M)<5=|f(M)-I|<e

e Su lién tuc cia ham s6: Ham sé (M) xé4c dinh trén mién D va M o €D . Tanoi rang ham
s6 f(M) lién tuc tai M, néu Mhrﬁ fM)=f(M,)
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e Dao hamriéng: Pat A_f(x,,v,) = f(x, +Ax,y,)— f(x,,7,) goi d6 1a sb gia riéng ciia

ham f(x, y) theo bién x tai (xo, yo) v ta c6:

0 A f(x0,50)
L o) = lim 2 LE0I) iy,

Tuong tu ta c6 dinh nghia dao ham riéng ctia ham s6 ddi véi y tai Mo(xo, yo) va ky hi¢u:
, Ju : of
”y(xmyo) , —(x0520)> fy(xmyo) s ——(X9,1p)
oy oy

C6 thé chuyén toan bd cac phép tinh dao ham ctia ham mot bién sb: cong, trir, nhén,
chia,... sang phép tinh dao ham riéng.

e Vi phan toan phén ctia ham sd f(x, y) tai (Xo, Yo) :
df@‘on)’o):fx’(xmyo)dx"'fy’(xmyo)dy
Af =df hay f(x,+Ax,y, +Ay) = f (X4, ) +df (X, ,)

e Dao ham riéng cap cao

(A () O(F) .o
f"z_ﬁx(@x} S 6y(8xj’ S 6x(8y]’ Sy 6y(8y}

o’ f o'f o f o°f
ox* " oxdy’ dyox’ oyt

e Cong thie Schwarz : 1 (M) = £ (M,).

X

hay

e Vi phan cép cao

o’ f D% o f
d? , V)= dx* +2—=dxdy + dy®
S (x.7) ox? i Ox0y ¢4 oy’ 4

Nguoi ta dung ki hidu luy thira tuong trung dé viét gon nhu sau:

d"f(x,y)z(a—idﬂgdyJ VACHY)

e Pao ham ctia ham s6 hop
ou_Oudx Oudy Ou_Oudv Oudy
ds ' OxOs . Oyobs Ot oxot Oyot

dy _ F] 0z F! oz F)

X

de  F] ox Fl'oy F

e Dao ham cua ham an

e Pao ham theo hudéng. Néu ham sb u(x, y, z) kha vi tai Mo(xo, Yo, Zo) va ¢ bat ky c6 cac
cbsin chi phuong cosa, cos S, cosy thi:

ou ou ou ou
E(MO) :a—x(MO)cosa+a(M0)cosﬂ+g(M0)cosy
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o Gradién:  grad u(M,) = (u,(M,),ul, (M), 1, (M,))

= u (My)i+u (M) +u (My)k

> = —

trong do i, j, k 1a cac véc to don vi cia cac truc Ox, Oy, Oz.
ou

— =ch- gradu
or !

fx/(xo,yo) =0

e Cuec tri: Giai hé ;
f;, (XOJ’O) = O

82 az 82 5
AZX{(%J’O)’ B:axé;(xmyo)a C:E{(Xooyo) GoiA =B - AC

Néu A > 0 thi ham s6 khong dat cuc tri tai (Xo, yo)
Néu A = 0 thi chua két luan gi duoc vé (xo, yo)
Néu A < 0 thi ham sb dat cuc tri tai (X0, Y0)
Cu thé: dat cuc dai néu A <0, dat cuc tiéunéu A >0
e Cyc trj c6 diéu kién. Phuong phap nhan tir Lagrange
[(x .,y )+Ap(x,y)=0
Tim (X,, ,,4) thoa man h¢ phuong trinh:  { f/(x ,y )+ ¢/ (x ,y )=0
p(x,y)=0

CAU HOI VA BAI TAP CHUONG 1
1.1. Mién lién thong D 1a mién c6 bién chi 1a mot duong cong kin.

Ping [l Sai [l
1.2. Néu ton tai lim f(x,, ) thi ton tai ( lim  f(x,y)va ching bang nhau.
Y=Y

)= (3,20
Pung [ Sai [
1.3. Ham s6 f(x,y) c6 dao ham riéng tai (x,,,) thi kha vi tai do.
Pung L[l Sai [l
1.4. Ham s6 f(x,y) kha vi tai (x,, ,) thi lién tuc tai d6 .
Pang [] Sai []
1.5. Ham s6 f(x,y) kha vi tai (x,, ,) thi c6 cac dao ham riéng tai do .
bung [] Sai ]
1.6. Ton tai £}, (X, Vo) o (Xgs Vo) thi £ (x5 70) = f (X5 1)

bung ] Sai ]
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1.7. Néu f(x,y) c6 dao ham riéng lién tuc dén cip hai vax = x(¢), y = y(¢) kha vi dén cép
hai thi d’f= fx/z/dx2 + 2fx/y/dx.dy Jrfy/;dy2

bung [] Sai []
1.8. Ham s6 f(x,y) dat cuc tri va kha vi tai (x,,,) thi cac dao ham riéng triét tiéu tai do.
bung [] Sai []
1.9. C4c dao ham riéng triét tiu tai (x,,y,) thi ham sb dat cuc tri tai 6
Dung N Sai N
1.10. Ham sb dat gia tri 16n nhét tai (x,5¥,) € D thi dat cyec tri tai d6
Ping L] Sai U
1.11. Tim mién xé4c dinh cta cac h{"h s6 sau:
a. z=Inxy, b. Z:\/9—x2—y2—\/x2+y2—1,

dz=1

1 1
c. Z—m—m, . y—xz'

1.12. Tinh dao ham riéng cac ham s sau:
a. z=In(x++x’+1%), b. z:yzsini,
¥

d z= arctgl.

X

3
c. z=xV,x>0,
1.13. Chimg minh cac hé thirc sau ddy véi cac diéu kién twong tng
a. xz. +yz; =2,v6i z=In(x>+xp+ ) .

b. yz,+xz, =0,v6i z = f(x* =) f(t) kha vi.

1.14. Tinh dao ham cua cac ham sb hop sau:

_ 2 2
a. z=e ,U =COSX,V=A/X™ + )7 .
X
2 2
b. z=In(u" +v°),u=xy,v=—.

1.15. Tinh vi phan toan phan cua cac ham so sau:

a. z:lntgl.

X
b. z=e"(cosy + xsiny).
1.16. Tinh dao ham cta cac ham s6 an xac dinh béi cac phuong trinh twong tng

a. X’y—yx=a’,a=const,tinh y’.
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X+
b. arctg~ =2 4= const, tinh .
a a

c. xt+ytz=e", tinh zi,zi,
d. x’+y’+z’ =3xyz, tinh 2,2/ .
1.17. Ching minh cac hé thirc sau ddy, voi cac diu kién tuong ing
" i AV X s 1ea A iR 4
A z,z,= (zy,)7, v6i z=xf(—), f(t) khd vi lién tyc den cap hai.
’ y

’u  o'u

. 1
b. —+—=0,véi u=In—,r=x"+y*.
ox” Oy r
2 2
c.. %-I—%:O,V()'i u=Inr’,r=+x*+y>.
X Y
2 2 2
1
ox~ oy oz r
ou(M
118. Cho =12, M, (1,2,-1), M, (0,4,~3) . Tinh 220)
OMl
2 2 2
1.19. Cho u="-+2_+= F=(x,,2),. Tinh OutM ) = +0i 1a véc to ban kinh.
a- b° ¢ or
M
Khi nao Ou(aa )=|gradu|
r
1 1 ~ ou(M )
1.20. Cho 4 =—=————, [ =(cosa,cosf3,cosy).Tinh —= 7
r \/x2+yz+z2 ol
Khi nao 24 _

1.21. Tim cuyc tri ctia cac ham so

o

Lz=et(x+y)(x—y+4).

b. z=a+y’ A3%y.

c. z=Q2ax—x*)2by —y*), ab#0.
d. z=x"+xy+y* —4lnx-10In y.

e. z=x"+y —x—-y.
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foz=x"+p* —2x" +4xy-2y°.

50 20 .
g z=xy+—+—, V61 x>0,y>0 .
Xy

h. z=x>+y° —=x’y.

1.22. Tinh khoang cach tir gbc toa 6 dén mit phang x + 2y + 3z = 3.

2 2

1.23. Cho ellipse xj—k% =1, tim cac diém trén d6 c6 khoang cach gan nhat dén dudng

thang 3x — 4y = 0.
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CHUONG 2. TiCH PHAN BOI

GIOI THIEU

Ta da biét, ung dung cua tich phan xac dinh, tir hinh hoc, co hoc dén vat 1y, k¥ thuat la rat
da dang. Tuy nhién cac dai luong d& cip dén chi phu thudc vao mot bién s, d6 1a su han ché dang
ké. Sy mé rong tu nhién ciia ham mot bién kéo theo sy mod rong cua tich phan don (tich phan xac
dinh) da lam ting kha nang tmg dung, ching han tinh kh6i lugng cta vat thé hai chiéu, ba chiéu,
tir d6 c6 thé tinh duoc khdi tim, cdc md men quan tinh cua vat thé, v.v...Chuong nay cho chung ta
phuong phap tinh tich phan boi hai, bdi ba va trén nguyén tic c6 thé mé rong cho tich phan boi n
(n 16p). Cac khai niém vé tich phan boi ciing gidng nhu tich phan xdc dinh, déu dwa trén so dd vi
phan (tinh yéu té vi phan réi lay tong). Su ton tai, cling nhu tinh chét cua tich phan boi giéng nhu
tich phan xac dinh. Chinh vi thé, dé hoc tét chuong nay, chiing ta can ndm viing cac phwong phap
tinh tich phan x4c dinh va mé ta dwoc mién xac dinh ctia ham nhiéu bién.

Trong chuong nay, yéu cau nam viing cac ndi dung chinh sau day:

1. Tich phan b¢i hai.

Mo ta duge mién ldy tich phan boi hai bang hinh hoc va hé cac bat phuong trinh. Tir d6 suy
ra cac can cuia cac tich phan don. Trong mot s6 truong hop nén thyc hién phép doi bién s dé tinh
dé dang hon, dic biét thudng chuyén sang toa do cuc.

2. Tich phan boi ba.

Twong tu nhu tich phan boi hai, phai mo ta dugc mién lay tich phan bdi ba. Trén co s d6
tim duoc cic can cua cac tich phan don. Tuy ting ham duéi diu tich phan va mién lay tich phan
c6 thé thuc hién phép ddi bién sb, dic biét thuong chuyén sang toa do cau hodc toa do tru dé tinh
toan cho don gian.

NOI DUNG
2.1 Tich phan bgi hai ( Tich phan kép)
2.1.1 Bai todn mé diu

Bai toan: Cho vat thé V € R’ gi01 han bdi cac mat sau day: mat phéng Oxy, mat tru co
dudng sinh song song véi truc Oz va duong chuan L 14 bién cia mién dong hiru han Dc R? va
mat cong cho boi phuong trinh z= f(x,y), (x,y) € D, trong d6 f(x,y) lién tuc va khong am trén
mién D. Hay tinh thé tich vat thé V ( thuong goi V 14 hinh tru cong).

Cach tinh:
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AZ

z=f(xy)

x

H.2.1

Chia hinh try cong V thanh n hinh try cong bang cich chia mién D thanh n manh khong
dim 1én nhau boi mot ludi cac dudng cong trong mat phang Oxy. Goi tén va dién tich cac manh

do1a AS;, (i= 1,n ). Dung cac hinh tru cong c6 cic day dudi la AS; ; day trén 1a phan clia mit
phang cong z= f(x,y) , dudng sinh song song vdi truc Oz. Goi tén va thé tich cac hinh tru cong
thanh phan 1a AV; (i=1,n).

n
Nhu vay V=Y AV,
i=1

Nhan xét: Ly tuy ¥ M, ( x;,y;) €AS; (i= 1,n ). Vimién AS; 1a nhé va ham f(x,y) lién
tuc nén trén mién AS; nén gia trj f(x,y) khac f(x;, y;) ratit, do d6 AV; =~ f(x;,y;) AS;. Nhu
n
vay V) f(xi,3:) AS;
i=1
Goi d; 1a duong kinh cua manh AS; ( i= I,_n ) (ta goi duong kinh ciia mién E 1a s6
d = Sup{d(P,0)},P € E,Q € E)

R rang su xap xi theo cong thirc trén ctia V cang chinh xac néu ta chia cang nho mién D .
Vay thé tich V s& bang gidi han néu co ciia tong & vé phai khi 7 —> 0 sao cho maxd; — 0.
V= lim f(x,,y,) AS;
maxdieoizzll ( ! yl) !
Chii y: Y tudng tinh thé tich hinh tru cong hoan toan nhu tinh dién tich hinh thang cong , &
d6 dan dén khai niém tich phan xac dinh, con & day s& din dén khai niém tich phan kép.

2.1.2 Dinh nghia tich phan kép.

Cho ham z= f(x,y) xac dinh trén mién déng Dc R®
* Chia mién D thanh n mién nho boi mot ludi cac dudng cong, goi tén va dién tich cic mién
1a As; (i=1,n ) ddng thoi ki hidu d; 1a dwong kinh manh thiti (i= 1,7 )
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* Ly tuy § M, ( x;,¥;) €As; (i=1Ln).
1 2 \
*Goil, = z f(x;,y;)AS; 1atong tich phan cua f(x,y) trén mién D ung véi mot phan
i=1
hoach va mot cach chon cic diém M, M,,...M . Khi n— o sao cho maxd; — 0 ma I, hoi tu
vé I khong phu thude vao phan hoach AS ; vacachchon M; €AS;(i= I,_n ) thi s6 I goi 1a tich

phan kép ctia f(x,y) trén mién D va ki higu la [[ £(x, )dS .
D

n
Nhuvay [[fCo)dS= Tim 3" f(x;,7)AS @.1)
D maxd,—0 o

C6 duge cong thirc trén thi néi rang f(x,y) kha tich trén mién D; f(x,y) 1a ham dué6i dau tich
phan con x, y 14 cac bién tich phén, dS 14 yéu td dién tich.

Chu y:

a. Vi tich phan kép khong phu thudc vao cach chia mién D nén c6 thé chia D boi mot ludi

cac duong thing song song vdi cac truc toa dd Ox, Oy. Khi d6 AS ; =Ax;Ay; suyradS = dx.dy.
Do d6 1a tich phan kép thuong ki hiéu la: ” f(x, y)dxdy
D

b. Ciing nhu tich phan xac dinh, ki hiéu bién ldy tich phan kép ciing khong 1am tich phan
kép thay ddi, tirc 1a: ” f(x, y)a’xdy=” f(u,v)dudv
D D

c. Néu f(x,y)>0trén D thi thé tich hinh try cong dd xét trong phan 2.1.1 dugc tinh theo
cong thire V=” £ (x, y)dxdy 2.2)

d. Néu f(x,y)=1 trén D thi s do dién tich mién D tinh theo cong thirc
S= [/ Gx.y)dvdy 2.3)
D

2.1.3. Diéu kién kha tich

Tuong ty nhu tich phan xac dinh, ta c6:

* Néu ham s6 f(x,y) kha tich trén mién D thi f(x,y) bi chin trén mién D ( diéu kién can cia
ham kha tich ).

* Néu ham s6 f(x,y) lién tyc trén mién D, tong quat hon: néu ham s6 f(x,y) chi c¢6 gian doan
loai 1 trén mot s6 hiru han cung cong cua mién D thi kha tich trén mién D.

2.1.4. Tinh chit caa tich phan kép.

Tir dinh nghia cua tich phan kép, twong tu nhu tich phan xac dinh, suy ra dugc céc tinh chat
sau:
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a. Néu D dugc chia thanh 2 mién Dy, D, ma D, nD, =¢ thi f{x,y) khd tich trén D khi va
chi khi n6 kha tich trén D, va D, dng thoi.

[[£Geoy)dxdy = [[ £ e, y)dxey + [[ £ (x, y)dxdy 2.4)
D D, D,

b..Néu f{x,y) kha tich trén D va k 14 hang s thi:
[[Fe.f Ce, )y = k. [[ £ (x, y)dxely 2.5)

D D

¢.Néu f{x,), g(x,y) kha tich trén D thi
[JUr ey + g, ) lxdy = [[ 1 (x, )y + [ 2 (x, y)dedy 2.6)

d. Néu f{x,y), g(x,y) cung kha tich trén D va f(x,y) < g(x,») Y(x,y)e D thi:

”f(x,y)dxdy < ” g(x,y)dxdy 2.7)

D D

e. Néu f{x,) kha tich thi | /(x,)| kha tich va

[[ 7o, y)dxdy

D

< “f(x,y)ldxdy (2.8)

f. Néu f{x,y) kha tich trén D va thoa man m < f(x,y) <M , V(x,y) e D thi
mS < ”f(x,y)dxdy <MS 2.9
D
trong d6 S 1a dién tich mién D.
2.2. Tinh tich phan kép.
2.2.1. Cong thirc tinh tich phan kép trong toa d¢ dé cac (Descartes).

Pinh li 2.1. Néu ham s6 f(x,y) lién tuc trén mién D cho boi hé bt phuong trinh
{a <x<b
@1 (x) <y <@, (x)

b ¢(x)
thi [[£Geyydxay = [ax [ £(x,y)dy (2.10)
D a ¢(x)
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(%) é/

Chirng minh: Trude hét xét f(x,») >0 va lién tyc trén mién D :
a<x<bh
{(pl () <y <0,(x)
Trong d6 ¢, (x),¢,(x) lién tuc trén /a,b].

Theo y nghia hinh hoc taco: V = ” f(x, y)dxdy
D

Trong d6 ¥ 1a thé tich hinh tru cong. Mat khac, ing dung tich phan xac dinh ta lai cé:
b
V= JS (x)dx Trong d6 S(x) 1a dién tich thiét dién ciia hinh tru cong do mit phang vudng goc véi

truc Ox tai diém x tao ra. (H.2.2).Tir hinh 2.2 ta thdy S(x) 1a dién tich hinh thang cong nim trén

mit phang Oyz (bang phép tinh tién) gidi han boi truc Oy, cac duong y =@, (x),y = @,(x) va
©y(x)

duong cong z = f{x,), véi x ¢b dinh. Theo ¥ nghia tich phan xac dinh ta co6: S(x) = J. f(x,y)dy

o1 (x)

b [ p2(x)
Suy ra ” f(x,y)dxdy = I[ If(x,y)dy}dx

a \ ¢(x)

Tich phén lap trén duoc qui uéc viét theo dang:

b ¢r(x) b (%)
| ( | f(x,y)dy}dx = [dx [ fCxp)dy

a\ ¢ (x) a o1(x)

Bay gio xét f{x,) lién tuc va c6 dau bat ky trén mién D.

Xét cac ham s6 phu sau:
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F ey = {f (x.») V(). f(xy)20
0 V(x,y), f(x,y) <0
{ f,y) V), f(x,y) <0
V(x, ), f(x,y) 20
Cac ham sb fi(xy). fo(xy) lién tuc va khong a4m trén mién D dong thoi
fxy)=fi(x, )= fo(x, ).

Theo tinh chét c. cua tich phan boi va két qua trén, ta dugc:

[] 7o, )y = ﬂﬁ(x,y)dxdy - j [ £, (x, )y

Jr(x,y) =

©,(x) b ¢y(x)
—jdx [ fiGe)dy=[dx [ f(x,9)dy
a o (x) a o (x)
b ¢(x)
=[x [Lfi(x.3)= £ (e 0)dy

@1(x)
?,(x)

= [dx [ f(x,)dy

@1 (x)

Vay ta nhan dugc cong thire (2.10). Nhu vay, dé tinh tich phan kép ta dwa vé tinh tich phan
lap. Cong thirc (2.10) thé hién tinh tich phan theo bién y (trong khi tinh coi x 1a hang s6) trudc va
theo bién x sau

Chuy:

a. Néu mién D cho boi hé bt phuong trinh:

{c <y<d
Vi (Y) S xS y,(y)
thi nhan dugc cong thirc tinh tich phan kép twong tu 1a:

v (»)

I/ Gy = far [ eeas @.11)

c i)

b. Cong thirc thay d6i thir ty 1ay tich phan hay goi 13 cong thirc Fubini. Trong trudng hop
nay, mién D c¢ tinh chat: Moi duong thang song song vdi cac truc toa d§ cat mién D nhi€u nhat &
hai diém. Khi d6 ton tai hinh chir nhét:

as<x<bh
{c <y<d
¢6 canh tiép xuc vai bién ciia mién D (H.2.3)

Gia st @,@ co6 phuong trinh 1a: y=¢,(x),y=¢,(x),a<x<bh, C/‘AT),E’EB co
phuong trinh la: x =y, (y),x =y, (y),c<y<d

Twr cong thure (2.10), (2.11) nhan dugc cong thirc Fubini sau day:
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b 9,(x) d v (y)
[ax [£Cey)dy=[dv [ f(xy)dx 2.12)
a o (x) c vi(y)

A y

Y <

H.2.3

¢. Khi mién D khong c6 tinh chét d3 néu trén thi c6 thé chia mién D thanh mot s6 hitu han
cac mién Dy, Ds, ..., D, ¢6 tinh chit mé ta ¢ hinh H.2.3 sau d6 ap dung tinh chét a. cua tich phan
kép.

d. Khi mién D 13 hinh chit nhat a < x <b,c < y <d vaham f(x,y)=h,(x).h,(y) thuong
0i f{x,y) 1a ham c6 bién s6 phén li thi cong thirc (2.10) trd thanh:

b d
(]G, yydxdy = [ 1y (x| y ()ely
D a c

Vi du 1: Tinh tich phan sau:
J- J. x° ydxdy
D

trong d6 D 1a mién gii han boi cac dudng y =0, y =2xvax =a, a>0

Giai: Dé co hé phuong trinh mé ta mién D trudc hét phai v& mién D (H.2.4).

<y<
0<x<a 0<y<2a
Vay D: hodac D: y
0<y<2x ESxSa

”xzydxdy = jdexzydy = ]ixz y_2
D 0 0 2

0

2 a
xdx=2_[x4dx
0 0
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N { y=2x

H.2.4

Vi du 2: Tinh tich phan: 1= J. J- xydxdy
0

v6i D gidi han boi cac duong y=x—4 va y* =2x.
Giai:  V&mién D (H.2.5)

Pé vé& duge mién D trude hét phai tim giao cta cac dudng bang cach giai hé phwong trinh:

y=x-4
> =2x
2 2 =2
x:y— y2 X=y— o
2 X == 2 y=-2
Ta suy ra: = % = =
_Y tiayogo || V7Y | 7S
y= > y yro= - y=4

Ta moé ta mién D nhu sau:

y A
4

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2. Tich phan boi

-2<y<4
D: y? hoic D=D,UD,
—<x<y+4
2
¢ D 0<x<2 b 2<x<8
voi : :
: —A2x Sy <A/2x 2 x—4<y<2x

Trong trudng hop ndy nén ap dung cong thirc (2.11) tirc 1a ldy tich phéan lap theo bién x
trude va theo bién y sau:

4 y+4 42 y+4
Izjdijydx:jy.7 y? dx
-2 ﬁ ?

-2
2

1 2 y4
=— +8y+16—=-)d
2_jzy(y y 4) y

1 1T 4, 8 4 2 y6 4

=—(—y +-y +8y" —=— =90.
2 (4 Y 3 Y 24) -2

Vi du 3: Hay thay ddi tht ti 1dy tich phén sau:

ot

I = jdx 2J‘xf(x,y)a’y

Gidi: V& mién D trén co s¢ da biet cac can cua tich phan. theo dau bai mién D gidi han boi
cac duong : x =0,x =1,y=x,y=\/2—X2.

2 2
+y =2
Puong c6 phuong trinh y =+/2—x° chinh 13 ntra dudng tron : {x N Y
y>

A y
4p)
D,
1
|
l
|
|
i
|
: X
0 1 V2 -
H.2.6

Do tinh khong tron ctia bién mién D nén ta mo ta: D = D, uD,

39

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2. Tich phan boi

trong d6: D, :

{OSySI 5 1<y<q2
0<x<y 0<x<4/2-y7

V2 2 ?

Vay 1= jdx 2rf(x,y)a’y = jdyff (x, y)dx + f dy [ f(x,)dx

Vi du 4: Tinh thé tich V cua vt thé gi61 han bdi cac mat z = 0,x* + y2 =Rl z= y2
Giai: Vat thé dugc mo ta boi hinh H.2.7. Vat thé ddi ximg qua mit toa do Oxz va Oyz. ta xét
phan vat thé trong goc phan tam thir nhat, phan vat thé nay duoc gidi han boi cac mat

z=0,x"+y*=R*,x>0,y>0 va z=".

Vay V = 4I.[y2dxdy trong d6 D 1a phan tu hinh tron x° +y* =R*,x >0,y > 0.
D

0<x<R

0<y<+vR? —x?

Rdérang D:

\

R VR-x* 4R 3
V:4Idx J‘yzdyz—j(R2 —x%)2dx
0 0 3 0

Ddi bién x = Rcost,dx = —Rsintdt
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Vi

4° 4 3
V= ——IR“ sin’ tdt = —R“J‘sin4 tdt
3) 30
2

4pem3l R
3 24! 4
(Xem cong thire Wallis, Tr.139, Toan cao cip A4))

2.2.2. Cong thire tinh tich phan kép trong toa d§ cuc

Trudc khi dua ra cong thic tinh tich phan kép trong toa do cuc, ta thira nhan dinh ly sau
lién quan dén phép doi bién tich phan kép.

Pinh ly 2.2: Gia st f{x,y) lién tyc trén mién D c Oxy dong thoi ton tai cdc ham s

{x =x(u,v) L
thod man :
y=y(u,v)
*1a song anh tir D 1én A
: . 3 : . D(x,
* ¢6 dao ham riéng lién tuc trong mieén A < Ouv va dinh thirc Jacobi % #(0 trong
u,v

mién A( hoic chi bing 0 & mot s6 diém c6 lap) khi  do:

[] £ Geyyxdy = [[ flx(w,v), v}

DEI 1y 2.13)
D(u,v)
a. H¢ toa do cuc

Dé xac dinh vi tri cua cac diém trong mat phéng, ngoai hé toa do Descartes, nguoi ta con
dung hé toa do cuc dugc dinh nghia nhu sau: Chon diém 0 tuy v goi la cuc va mot truc Ox goi la

truc cuc. Vi tri cia diém M bét ky dugc xac boi hai $6: goc ¢ gilra truc Ox va vécto OM goi la
goc cuc va r :‘OM ‘ goi 1a ban kinh vécto. Cap (r,¢) goi la toa do cuc cia M va ki kiéu

M (r,p). Tit ca cac diém trén mat phing s& ing voi ¢ bién thién tir 0 dén 27 hodc ¢ bién thién
tir - 277 d&én 0 va 7 bién thién tr 0 dén oo.

Néu chon hé truc toa do Descartes Oxy tic 1a 0 trung voi cuc, truc hoanh trung véi truc cuc
thi ta nhan duoc lién hé sau ddy giira cac toa do Descartes va toa d6 cuc cia diém M (xem H.2.8):
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A y
M (r,p), M (x,y)
ypo .
|
|
r I
|
|
@ |
I | -
0 X X
H.2.8
X=rcosQ
y=rsing
7/,2 — 2 +y2
va nguoc lai: v , x cung dau véi cos@ hodc y cung déu véi sin .
gy ==
X

b. Phwong trinh dwong cong trong hé toa d cuc

H¢ thirc F(r,¢) =0 hodc r=r(¢) hay ¢ =@(r) goi la phuong trinh duong cong trong
toa do cuc, chéng han » = a la phuong trinh duong tron ban kinh b:;ing a va tam o géc toa do,
@ = ¢, la phuong trinh ntra duong thang xudt phat tir gbc toa do va 1ap véi truc cuc mot goc 1a
P -

c. Cong thirc tich phan kép trong toa do cuc

Ta thuc hién phép doi bién sé:

X =rcose
y=rsing
cos@ —rsin
Dod():Mz . by . (D:r
D(r,p) |[sing rcose
Tr cong thirc (2.13) suy ra:
_” f(x,y)dxdy = ” f(rcoso,rsing)rdrdg (2.14)
D A
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y A
(@)
1(9)
%)
2 i
0 X
H.2.9

Thuong gip mién A duoc gi6i han boi hai tia @=¢,p=¢, va dudong cong
r=r(p),r =ry(p) (H.2.9), tic 1 trong hé¢ toa do cuc, mién D dugc mo ta bai hé bat phuong

trinh:

D,{(/)l <p<g,
(@) <r<n(p)

Khi d6 cong thuc (2.15) s€ c6 dang:

?) 7 (9)
[[£Cey)dxdy = [do [ f(rcosp,rsing)rdr (2.15)
D 4 (@)

Chu y:

* Mbi quan h¢ gifta cac dinh thirc Jacobi ctia phép bién d6i thoa méan
D(x,y) : D(u,v) 1
D(u,v) D(x,y)

* Neéu cuc la diém trong cua mién D va moi ban kinh cyc cat bién mién D tai mot dieém co
ban kinh r(¢) thi

” f(x,y)dxdy = ngor(f)f(r cos@,rsing)rdr
D 0 0

Vidy5: Tinh [[xyx” +y” dxdy = I trong d6 D 1a hinh tron (x—R)” +y* < R’
D

Giai: Puong tron (x—R)* + y* = R” chuyén sang toa dd cuc c6 phuong trinh:

(rcosp—R)* +r’sin’ ¢ = R* hay r=2Rcos¢,—%£(p£%

2

Tuong tu duong tron x°+(y—R)> =R’> chuyén sang toa do cuc c6 phuong trinh

r=2Rsinp,0<p <7z (H.2.10)
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Ay

r=2Rsing

r=2Rcos ¢
=X
Vay mién D trong hé toa d¢ cuc dugc mo ta:
Vs Va
<ol
2 v 2
0<r<2Rcosgp
Theo cong thuc (2.15) s€ co:
% 2Rcos@
I= J. do _[ r.cos @.r.rdr
=2 0
% 1 ,|2Rcos¢ 4% s
= I cosQ—r dp =8R J.cos odo
- 4 0
- 0
" 4
—sR¢ 2 P AL R
SN 39 15

(Xem cong thire Wallis, Tr139 Toan cao cip A;)

Vidu 6: Tinh / = J.J. (x+ y)dxdy trong @6 D 1a mién gi6i han boi cac duong thang:
D

y:—X,y:—x+3,y:2X—l,y:2X+1.
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A y
3
1
-/ 0 A 3 "X
-1
H.2.11

Giai: Phuong trinh cac duong thang tao ra mién D viét lai dudi dang:

x+y=0,x+y=3,2x-y=1 2x—y=-1 (xemH.2.11)

s =x+ 1 1
péibién 1“5V knide 20V _ -8
v=2x—-y D(x,y) 2 -1
.0§uS3
-1<v<l
3 1 23
Suy ra Izﬂu. —ldudV=lJ.udu.J. dV=gu— =3.
3 3 3 & 3210

Nhin xét: Néu giai vi du trén bang cach tryc tiép dung cong thirc tinh tich phan kép trong
hé toa d6 d& cac thi phai chia mién D thanh cac mién thanh phan rdi 4p dung tinh chit a cta tich
phan kép. Nhu vay s& phuc tap hon. Ta ¢6 thé kiém tra lai két qua bang cach dung cong thirc
(2.10) hoac (2.11).

2.3. Tich phan béi ba ( Tich phan 3 16p)
2.3.1. Bai toan mé& dau: Tinh khoi lwgng vt thé.

Bai toan: Cho vét thé V khong dong chat, biét khéi lugng riéng 1a

p=px.y,2), (x,y,2)eV

Hay tinh khéi lugng cua vat thé V.

Ciach tinh: Tuong tu nhu tich phan bdi hai, ta chia V tuy ¥ 1am n phan khong dim 1én
nhau bai mot hé thong cac mit cong. Goi tén va thé tich cac phan d6 1a AV, (i = I,_n) . Trong mbi
phin thtt i 1dy diém P.(x,,y,,z) tuy ¥ va goi dudng kinh ciia phan dé 1a d,,(i =1,n). Khéi

: ) n n
lugng xap xi cua vatthe la: m= Zp(Pl AV, = Z Px;, v, z;))AV; .
i=1 i=l
45
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n
Néu ton tai gii han  lim " p(x;,»;,z;)AV; thi d6 chinh 1a khdi lugng ciia vat thé da

maxd.—0 <"
i i=1

cho. Trong thuc té nhiéu bai toan dan dén viéc tim giéi han han cia téng dang trén. Chinh vi thé
can phai c6 dinh nghia toan hoc tich phan bdi ba.

2.3.2. Dinh nghia tich phan bgi ba.

Cho ham sb f{x,,z) xac dinh trén mién V cRR’

* Chia V tuy y thanh » manh nho. Goi tén va thé tich cdc manh d6 1a AV, (i =1,n), ky higu
duong kinh manh AV 1a d,.

*Lay wy y P(x;,¥,.2,) € AV, (i =1,n)

* Lap tong 1, =Y f(x,,,,z,)AV,, goi d6 la tong tich phan boi ba cua ham f{x,y,z) liy

i=l1

trén mién /' ing moi mot phan hoach va cac diem P, e AV,,(i = 1,n)

Khi n — o sao cho maxd, — 0 ma /, hdi tu vé I khong phu thudc vao phan hoach AV,

va cach chon diém P, e AV,,(i =1,n) thi s6 I goi 14 tich phan boi ba clia f{x,,z) trén mién V, ky
higu la [[[ £ (x,p,2)dV .
vV
Nhu viy: jljf(x,y,z)dV = lim ng(x,-,y,-,z,- AV, (2.16)
Tuong tu, ta ciing ndi rang f{x,y,z) kha tich trén mién V.
Chu y:
* Giéng nhu tich phan kép, yéu t6 thé tich dV dugc thay bang dxdydz va khi 6 thuong ky

hiéu tich phan bgi ba 1a: j j j f(x,y,z)dxdydz.
Vv

* Tuong tu nhu tich phan kép, tich phan bdi ba khong phu thudc vao ky hiéu bién lay tich
phan: J:U f(x,y,z)dxdydz = Hj f(u,v,®)dudvdo.
v v

* Y nghia co hoc: Néu f(x,,z)>0trén mién ¥ thi ”J-f(x,y,z)dxdydz 1a khéi luong
4

ctia vat thé ¥ khi vat thé 6 co khéi lugng riéng (mat do hay ti khdi) 1a f{x,y,z).

* RO rang thé tich ¥ ciia vat thé ¥ tinh theo cong thirc: V = j- j J- dxdydz (2.17)
Vv

* Piéu kién kha tich va tinh chat cta tich phan boi ba turong ty nhu tich phan kép.
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2.4. Tinh tich phan bgi ba
2.4.1. Céng thirc tinh tich phéin bdi ba trong hé toa dd dé cac

Pinh Iy 2.3: Néu f{x,y,z) lién tuc trong mién ¥ cho bdi hé bat phuong trinh:

a<x<b
n(x)<y<y,(x) (2.18)
z)(x,y) Sy < z,(x,p)
»n(x) z(x.y)
thi | j [ £ ey, 2)dxdydz = jdx [ay [ f(xy,2)dz (2.19)

a  yn z(xy)

Hé bat phuong trinh (2.18) md ta mién ¥ 13 mét hinh tru cong giéi han
phia trén béi mit z = z,(X,y), giéi han phia dudi boi mat z = z;(x, y) va gidi han
xung quanh béi mit tru c6 dudng sinh song song vdi truc 0z, duong chuan 13 bién
cia mién D (mién D,, 1a hinh chiéu cta V trén mat phang Oxy (H.2.12), cu thé
mién D cho béi hé bat phuong trinh:

{a <x<b
N(x)Sy<yp,(x)

__;Vz (x)

H.2.12

Cong thirc (2.19) chimg t6 dé tinh tich phan boi ba ta dua vé tinh tich phan 1ap. Khi tinh tich
phan theo bién z ta coi x,y 1a hang s6. Khi tinh tich phan theo bién y coi x 1a hang s6. Cudi cung
tinh tich phan theo bién x.

Chuy:

a. Tir cong thire (2.10) suy ra cong thire (2.119) ¢6 thé viét lai nhu sau:
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z(x,»)

I”f(x v,z)dxdydz = Hdzdy .[f(x v,z)dz (2.19y

z1(x,y)

b. Thay ddi vai tro ciia cac bién x,y,z ta cling c6 cong thire thay doi th ty 1dy tich phan boi

ba:
J‘J‘a’xdyzz(jf ;i(x v,z2)dz = ”dydzxz(f ;i(x v,z)dx (2.19)”
2(x,) x(,2)

trong do D, 1a hinh chiéu ctia mién ¥ 1én mit phang Oyz, con x = x,(y,z) va x = x,(y,z) 1a cac
mat cong dudi va trén theo hudng 0y dé tao ra mién V.

z,(x,y) 2 (x,2)

Tuong tu: ”dxdy j F(x,y,2)dz = j j dzdx j F(x,y,2)dy (2.19)”
z1(x,) D., n(x,z)
dxdydz

trong d6 mién V dugc cho gidi han bdi cac mat

Vi du 7: Tinh [:J',V”(1+x+y+z)3

phing x=0,y=0,z=0x+y=1x+y—z=0.

Giai: V& mién ¥ (H.2.13). ¥ 1a hinh chép tir gidc co dinh 1a gbc toa do, day 13 hinh chir
nhat ABCD. Mit trén cua V (tam gidc OCD) la mat phang c6 phuong trinh z = x + y. Mat dudi
cua V (tam giac OAB ) 1a mat phang c6 phuong trinh z=0.

Chiéu ¥ 1én mat phang Oxy duoc tam giac OAB cho baoi hé bt phuong trinh:

0<x<1
{O < [N

\/

X/ 1 H.2.13

Twr d6 theo cong thire (2.19) co:
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1 1-x x+y 1 1-x xX+y
dz 1 dy
0 PNy RS 2
5 o o (+x+y+z) o o (l+x+y+z) ‘0

1 1
= —_—— d J—
2-([ x'([{l+2x+2y) (1+x+y)2}dy

1-x 1

1 11 L1 1
:—j d —- e | o x
1+2x+2y) I+x+y ), 3 1+2x 29\ 2 “1+x

=L L 2] + Sinfte ]
6 8 ° 2 0

:l 1n2—lln3—l .
2 4 3

Vidu 8: Tinh [ = ”I xdxdydz véi V cho boi hé bat phuong trinh:
V

X' +y’<z<4

Giai: Mién V' cho boi H.2.14. Ta thay mit trén cia V' 1a z=4, mat dudi 1a paraboloid
tron xoay z = x* + y° . Hinh chiéu D ctia V 1én mat Oxy 1a phan tu hinh tron:

0<x<2
OSySV4—f
Z
4

i/
H.2.14

Do d6:
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4 2 4
I:”dxdy jxdz=”x(4—x2 —yz)dxdyz_[dx [x(4—x2 —yz)dy
D x+y? D 0 0
:ix(4—x2)\/4—xzdx—igy3‘;/ﬁdx
~a- SRS PP
BT A AR ;15

Tuong tu nhu tich phan kép, ta ciing c6 cong thirc ddi bién s6 trong tich phan boi ba dudi
day.
Pinh 1y 2.4: Cho ham f(x,y,z) lién tuc trén mién V < Oxyz ddng thoi ton tai cac ham

r
A

sO:
X =x(u,v,w)
y =y(u,v,w)
zZ=7(u,v,w)
(u,v,w)eQ
thoa méan cac diéu kién:
-1a song anh tir V'lén Q
- ¢6 cac dao ham riéng lién tyc trong mién QcOuvw va dinh thuc Jacobi

D(x,y,z)

# 0trong mién Q (hodc chi bang 0 & mot sé diém co lap). Khi do:
D(u,v,w)

D(x,y,2)

dudvdw  (2.20)
D(u,v,w)

j j j f(x,y,z)dxdydz = j ”f [x(u, v, W), y(u, v, W), 2(u, v, w)]‘

2.4.2. Cong thirc tinh tich phan bgi ba trong toa d¢ tru

a. Toa d9 tru : Toa do tru ciia diém M (x,y,z) € Oxyz 1a bo ba s6 sap thu tu (r,¢,z) trong
d6 (r,) 1a toa d6 cuc ctia diém M (x,y), hinh chiéu ctia M 1én mit phang Oxy (H.2.15). Vay voi

moi diém cua khong gian, taco: r>0,0<¢p <2r,—0<z<+0.
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Az
Z
M(x.y.2)
QO y Y
[} 4
X M'(x,y,0)
H.2.15

Gitra toa d6 dé cac va toa do tru ciia diem M c¢6 moi lién hé:

X=rcos¢e
y=rsing
z=z

cosp —rsing 0
D(x,y,2)

=|sin 7cos Ol=r 2.21
D(rpz) | oF ¥ @20

0 0 1

Trong truong hop nay

b. Phwong trinh mit cong trong toa d¢ tru

Hé¢ thtrc F(r,¢,z) =0 hodc giai ra dugc ddi voi cac bién sd 7= r(@,z), z=z(r,p) hoac
@ =@(r,z) goi la phuong trinh mét cong trong toa do tru. Cac truong hop dac biét thuong gap
sau day:

r =, la phuong trinh mit tru tron xoay ban kinh 1a 7, va truc ddi xtng 1a Oz (Trong hé toa
d6 Oxyz , mit tru nay c6 phuong trinh x° + y> = r%).

@ = @, la phuong trinh nira mit phang 13p véi mat phang Ozx mot goc 1a @, (tuong Ung
trong Oxyz phuong trinh 1a y = tg@,.x véi x.cosg, =0).

z =z, la phuong trinh mat phing song song v6i mit phang Oxy cét truc Oz tai diém co toa
do z,. Nhu vay mat cong dugc mo ta trong hé toa do try doi khi c6 phuong trinh rat don gian so
voi trong hé toa do Dé cac.

c. Cong thirc tinh tich phan bji ba trong toa d¢ tru

Tur cong thure (2.20) va (2.21) ta nhan duoc:

f(x,y,z)dxdydz = ||| f(rcose,rsing,z)rdrdpdz (2.22)
i I

Thong thudng mién Q trong toa do try mo ta boi hé bat phuong trinh:
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PSP,

n(@<r<nr(p)

zi(r,@)<z<zy(r,9)
Khi d6 (2.22) tré thanh:

P (@) 2 (r.p)

”If(x,y,z)dxdydz = jd(o J.rdr If(rCOS(p,rsin(o,z)dz (2.23)
Vv

o nle) z2(re)
Vi du 9: Tinh [ = J:” (x* +y*)dxdydz trong d6 V. giéi han boi cac mat
Vv

2

z=0,a%z% =x? +y2, x*+y*=R*,z>0,a>0.

X,/
H.2.16

Giai: Mién V nam trong goc phan tim thir nhat duoc cho trén hinh H.2.16 dugc gidi han
bdi mat Oxy, mat nén, mat try. Cac mat non va mat try c6 phuong trinh viét trong toa do tru la:
az=r,r=R (nhan dugc bang cich thay x = rcose, y = rsing vao phuong trinh cac mit cong
da cho).

Nhu vay mién € cho boi hé bat phwong trinh:

0<p<2r
<r<R
0<z<t
a
w oy 27 2z
Suy ra I = J-dgoj-rSer.dz =" |rtdr=""R’
0 0 0 a 0 Sa
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Chu y: Khi mién V c6 dang hinh tru va ham dudi ddu tich phan chtra cac biéu thirc
x> +y° thi thuong tinh tich phan trong toa d6 tru s& don gian hon trong toa 6 dé cac.
2.4.3. Cong thirc tinh tich phan bgi ba trong toa do ciu

a. Toa dd cau: Toa d6 cau ciia mot diém M (x,y,z) € Oxyz 1a bd ba sé (7,60,¢) trong d6

r:‘O—M,é’ la goc gitra truc 0z va OM va @pla goc gitra truc Ox va oM’ , 6 day M’ 1a hinh

chifu cia M trén Oxy (H.2.17). Vay véi moi diém cua khong gian s& co:
r>0,0<0<7,0< < 2. DEthiy giita cac toa do dé cac va toa do cau c6 mdi quan hé:

x=rsinfcos @
y=rsinfsin g

z=rcosd

sinfdcosep rcosfcosep —sin@sing

Va nhu vay %: sin@sing  rcos@cosp rsinfcosg|=—r"sind 2.29)
r’ b .
v cos@ —rsiné 0
Az
z
’, M(x,y,z)
%
b oA y Y
@
X
M'(x,.0)
X
H.2.17

b. Phwong trinh mit cong trong toa dd ciu
Hé thite F(r,0,9) =0 hoic giai ra dugc d6i v6i cac bién sb » = 1(6,0);0 = 0(p,r);p = p(r,6)
goi 1a mot phuong trinh mét cong trong toa dd cau. Cac trudng hop dic biét thudng gip sau ddy:

r =1, mo ta mat clu thm géc toa do 0 va ban kinh 7, ( trong hé toa dd Oxyz, mat ciu nay co
phuong trinh x* +y° +z* =7)).

0 = 0, 1a phuong trinh ctia mat nén tron xoay, dinh 0 va truc dbi ximg 1a 0z c6 goc mo 1a
26 (mat nén nay trong hé Oxyz c¢6 phuong trinh /x” + y° =1g6.z).

@ = ¢, la phuong trinh nira mat phing 1ap v6i mét phing Oxy mot goc @, (nura mat phing
nay trong hé toa do Oxyz co6 phuong trinh y =#g@,.x voi xcosgp, =0).
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c. Cong thirc tinh tich phan bdi ba trong toa dd ciu

Twr cong thue (2.20) va (2.24) ta nhéan duogc:
[[] 7 e, y,2)dxdydz = [[[ £ (rsinOcos g, sin Osin g, rcos 0)r” sin Gdrd6dp (2.25)
Vv Q

Ta hay gip mién Q trong toa dd cAu mo ta bai hé bt phuong trinh:

0P,
0,(p)<0<0,(p)
1(0,0)<r<r,(0,p)

Khi d6 cong thirc (2.25) tr¢ thanh:

9o 0:(9) 5 (6,0)
Jﬂ f(x,y,z)dxdydz = J do j sin 6d6 j f(rsin Ocos ¢, rsin Osin @,rcosO)r’dr  (2.26)
v o 0i(e) r (6,9)

dxdydz , trong d6 V 1a mién giéi han boi hai mit

cau x> +y*+z2=1vax’+y* +z° =4
Giai: Chuyén sang toa do cAu, hai mat cdu da cho co phuong trinh lan lugt la r=1,r=2.

Géc toa do 1a diém trong ctia mién V nén mién Q cho bai hé bat phwong trinh:

0<p<2r
0<O0<rx
1<r<2
Do do :
2n n 2, 2
I= I d(pj sin Ode_[l.rzdr =27(—cos0) ﬁlr2 =67.
50 P 02 |1

Vi du 11: Tinh [ =J.”(x2 +y3)dxdydz trong d6 V 1a mién ngoai gitra hinh try
Vv

x>+ > <R* vahinh cau x* +y* +z> <4R>.
Giai: Mot thiét dién ciia mién V cho trén hinh H.2.18. Xét trong hé toa d cau, mit cau co

R : o
phuong trinh » =2R , mat tru c¢6 phuong trinh r = o (thay x =rsinfcos@,y =rsinfsing
sin

vao phuong trinh x° + »* = R s& nhan dugc két qua trén). Dé tim sy bién thién ctua @ ta xét giao
Sz

. Suy ra sinﬁzl,:ezz,ez_
2 6 6

cla mat cau va mat tru: » =2R =

sin @

54

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2. Tich phan boi

x/:/ !

Vi V 1a vit thé tron xoay nhan Oz lam truc d6i xtng, nhan mit phang Oxy lam mit phing
dbi xtmg va ham dudi dau tich phan chin dbi véi x, y cho nén

T T
2r 2 2R 7
=2jd¢jsined9 j r* sin® Gdr =4 2R j(sz— )sin® 40
0 R p sin” @
6 sin @ 6
7Z' 7Z'
5 z
4 5 2 4 1 3 2
=—7R 32'[ sin (1 — cos~0)d O — I =—7R |32(—cosf@+—cos” 0)+cot gl
5 ~sin? @} 5 3 z
E 6 ¢
= —445\/3 R’

Chua y: Khi mién V ¢6 dang hinh ciu, ham dudi déu tich phan chira cic biéu thirc
dang X2+ y2 hodc X2+ y2 + 22 nén Chuyén sang toa do cau, hodc toa do tru dé tinh toan cho
don gian hon.Ta c6 thé kiém tra lai két qua cua vi du trén bﬁng cach dung toa do tru.

TOM TAT CHUONG 2.

e Tinh tich phan kép trong toa d6 dé cac
Néu ham s6 f(x,y) lién tuc trén mién D cho béi h¢ bit phuwong trinh

{“S"Sb jjf( Ydxd Vﬁ( d
Py <pr () | PSS T

e Tinh tich phan kép trong toa do cuc

Néu ham s6 f(x,y) lién tyc trén mién A cho boi h¢ bat phuong trinh
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P <p<g, G
f(x,y)dxdy = |de | f(rcose,rsing)rdr
{f’l (p)<r<n(p) ” (,! ,li,,)

e Thay ddi thir ty 1dy tich phan (cong thirc Fubini )

?,(x) w2 (»)

j dx [ f(x,y)dy = j dy [ f(x,y)dx

a ?1(x) c i)
e Tinh tich phan bdi ba trong toa do dé cac
Néu f{x,y,z) lién tuc trong mién ¥ cho béi hé bt phwong trinh:
a<x<bh
»(x)<y<y,(x)
7 (x,y) Sy <z,(x,y)

thi J-'”f(x v,z)dxdydz = J.d)cyzjjc;lyh(jE ?(x y,z)dz
a  nE )

e Tinh tich phan bdi ba trong toa d¢ tru

Néu f(x,y,z) lién tuc trong mién Q mo ta bdi hé bat phuong trinh:

PSP
n(@)<r<r(p)
21(r,p)<z<zy(r, )

2] (@) z(r,p)

thi ”If(x v,z)dxdydz = jdgo J. If(rCOS@,I’Sin(D,Z)dZ

? (@)  z(re)

CAU HOI VA BAI TAP CHUONG 2.

2.1. Dung tich phan bdi hai ¢6 thé x4c dinh dugc dién tich hinh phang D
bung [ ] Sai [ ]
2.2. Khi ham duéi dau tich phan bdi hai c6 dang bién s phan ly thi tich phan boi hai s& 1a
tich cua hai tich phan xac dinh.
bung [] Sai []
2.3. Khi géc toa d6 1a diém trén bién cta mién D thi chuyén sang toa do cuc ta c6 @ bién

thién tir 0 dén 27 .

bung [] Sai [ ]
2.4. Khi géc toa do 1a diém trong cia mién D thi chuyén sang toa d§ cuc tacod ¢ bién thién
tir 0 dén 27 .
bung N Sai U
2.5. C6 thé tinh khéi luong vat thé khi biét ham mat &6 p nhd vao tich phan boi 3.
bing [] Sai  []
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2.6. C6 thé tinh thé tich vat thé nho tich phan boi 3
Dung [ Sai [l
2.7. C6 thé biéu dién tich phan boi 3 qua tich phan lip gém tich phan xac dinh tich phan boi

Dung [ Sai [l
2.8. Hinh chiéu mién V 1én mat phing Oxy nhan goc toa d6 1a diém trong thi chuyén sang
toa do tru hodc toa do cau s& c6 0 < p<2r

bung [ Sai U

2.9. Hinh chiéu mién V 1én truc Oz nhan géc toa do 1a diém trong thi chuyén sang toa do
cdusdco 0<O<2rx.

Pang [] Sai U
2.10. Doi thir ty tich phan céc tich phan sau:

a. j a’xJ. f(x,y)dy,

xZ

b. [dy jy f(x,)dx,

COSX

c. jf dx j f(x,y)dy,

2.11. Tinh cac tich phan boi hai sau:

dxdy B .
a. J;;[—(x+y)3 , D—{(x,y).le,yZl,x+yg3}_

b. ”|x+y|dxdy LD& {(x,y) : |x| <1,
D

y| < 1}.

c. .” In(x+ y)dxdy, D 1a mién gioi han boi cac duong x=1, y=1, y=1+x.
D

d. ” x*(y—=x)dxdy , D 1a mién giéi han boi cac dudng y = x*, x = y°.
D

2.12. Tinh cac tich phan boi hai sau:
a. '”.\/xz + v dxdy
D

D 1a mién gi6i han boi cac duong tron x*> +y° =a’, x* +y* =4a’,a>0

b. .” (x* + y*> +dxdy, D 1a mién gi6i han boi duong x* +y> —x=0
D
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c. ” (x+2y+1)dxdy, D la giao cua hai hinh tron x* +y* <2y, x* +y* < 2x

D
d. ”\/4—)62 —yzdxdy,D:{(x,y):yZO,x2 +y° < 2x}.
D

2.13. Tinh dién tich hinh phing gidi han béi cac dudong:
a. x=4y-y’, x+y=6
b. Y’ =x", )" =8(6—x)°

C. y:2x,y=—£,y=4

2
5 1
d y=x )y ==x,x’=—y,x* =2y.
y y > 3y Y

2.14. Tinh thé tich vat thé gidi han bdi cac mat:
az=x"+y,z=x+y
b. X’ +y +2° =2z, x"+y* =2

2.15. Tinh céc tich phan boi ba sau:

a. .m.zdxdydz,Vz{(x,y,z):OSxél,xSySbc,OSZSN/l—xz—yz}
V

4

b. I”(l—x—y—z)dxdydz,V:{(x,y,z):xZO,yZO,ZZO,x+y+ZS1}
14

c. J.“|xyz|dxdydz, V= {(x,y,z):OS z<a,x’ +y* < 22}
V

FEB R
d. Iy(x2+y2 +zz)dxdydz,V:{(x,y,Z): azy +§Sl,a>0 .
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CHUONG 3. TICH PHAN DUONG VA TiCH PHAN MAT

GIOI THIEU

Tich phan dudng va tich phan mit 1a sy mé rong cua tich phan nhiéu 16p trén hai phuong
dién: 13y tich phan trén cic cung cong thay cho trén doan thang, tich phan trén mit cong thay cho
mién phang, dic biét dé y dén viéc dinh hudng ciia dudng cong va mit cong. Chinh vi thé ¥ nghia
thuc tién cua tich phan dudng, tich phan mat 1 rat I6n. Hau hét cac bai toan k¥ thuét lién quan
dén truong vécto déu lién quan dén tich phan dudng, tich phan mit: tinh cong cua luc, tinh théng
luong cua truong. Tinh tich phan dudng din dén tinh tich phan xac dinh, tinh tich phan mat din
dén tinh tich phan boi hai, vdy mot 1an nita yéu cau nguoi hoc phai ¢6 ki ning tinh tich phan xac
dinh.

Trong chuong nay yéu ciu nim viing cac ndi dung chinh sau day:

1. Tich phan duong loai 1

Trude hét nhé lai cong thirc vi phan cung (xem cong thirc 4.26, muc 4.4.2, TOAN CAO
CAP A ) va dé y rang can trén luén luon 16n hon can dudi.

2. Tich phan duong loai 2

Khi tinh phai lvu y &én hudng cua duong cong tiiy theo hudng di dinh ma tim can trén, cin
dudi cta tich phan xac dinh. Trudng hgp dudng cong kin nén van dung cong thirc Green néu cac
diéu kién cua dinh li dugc thoa mian, tong quat hon phai sir dung cong thirc Xtc.

3. Tich phan mat loai 1

Chu ¥ dén cong thic tinh yéu té dién tich cia mit cong cho boi phuong trinh dang tudong
minh (chang han z =z (x,y)) dé tir d6 dwra vé tinh tich phan bdi hai trén hinh chiéu cua mit cong
1én mat phing toa do twong Gmg (mat phang toa do Oxy).

4. Tich phan mat loai 2

Dé tinh tich phan mat loai hai, trudc hét phai xac dinh cac phia cia mit cong da dinh huéng
thong qua cac cosin chi phuong ciia vécto phap tuyén. Tiép theo, tim hinh chiéu ctia mat cong 1én
cac mit phang toa do. Khi mit cong kin thuong sir dung cong thirc Oxtrogratxki.
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NOI DUNG.
3.1. Tich phan duwong loai mot.

3.1.1. Dinh nghia

\

H.3.1

Cho ham s6 f(x, ) xac dinh trén mot cung phang AB (H.3.1)

* Chia cung AB lan cung nho béi cac diém chia 4, = A4, A4,,...,A._,A4,,...A =B goi do

*o i—1°

—

dai cung 4;_14;1a As,,(i=1,n)

* Lay tuy § M;(x;, ;) € 4145, (i=1,n)

n
* Lap tong 1, = Z f(x;,y;)As; goi la tong tich phan duong loai mot ciia ham f'(x, y) liy

i=l

trén cung AB g véi mot phan hoach va mot cch chon tuy ¥ cic diém M; e m ,(i=1n).
Néu khi 7 — o0 sao cho max As, —> 0,7, hoi tu vé sb I khong phu thude cach chia cung AB va
cach chon M; e m ,(i= I,_n) thi s6 7 goi 1a tich phan duong loai mot cua f{x,y) doc theo cung
AB vi ky hiéu I f(x,y)ds

AB

n
Vay I=_lim 3 f(q0)As = [ f(x,)ds @3.1)
max As;—0°7; 1B

Néu ¢6 tich phan (3.1) thi néi ring f{x,y) kha tich trén AB .Trong tich phan (3.1), ds ky
hiéu do dai yéu t6 ciia cung AB hay vi phéan cta cung AB.

Mo rong: Néu f{x,y,z) kha tich trén cung AB R thi tich phan duong loai mét cua f(X,y,z)
trén cung AB ky hiéu la
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= [ fCey,2)ds (32)
4B
Chuy:
a. Tir dinh nghia trén ta thdy chiéu di cua cung 4B khong dong vai tro gi ca vi 1, khong
phu thudc vao hudng ctia cung 4B. Vay '[ f(x,y)ds = J. f(x,y)ds 3.3)
4B BA
b. R rang néu goi /12 d9 dai cung 4B thi = [ ds (3.4)
4B

c. Néu mot day vat chat c6 dang cung 4B va mat do khoéi luong 13- p(x, y) thi khéi luong
ctia ddy vat chat d6 tinh theo cong thic: m = J. p(x,y)ds @3.5)
AB
d. Nguoi ta d ching minh duoc: néu cung 4B 1a cung tron (tiép tuyén cua cung bién thién
lién tyc) hoac tron tirng khuc (chia cung 4B thanh hiru han cac cung thanh phan, cac cung thanh
phan 14 cac cung tron) va f{x,y) lién tuc trén cung AB thi f(x,y) kha tich trén cung 4B.

e. Vi dinh nghia trén tuong ty voi tich phan xac dinh, tich phan boi nén tich phan duong
loai mot ¢6 céc tinh chét gidng nhu tich phan x4c dinh.

3.1.2. Cong thirc tinh tich phan dwong loai mgt

Pinh ly 3.1. Gia str cung 4B tron cho boi phuong trinh:
y=y(x), a<x<b

va ham sd f{x,y) lién tuc trén cung 4B . Khi do:
b
[ £Ce)ds=] £ y(1+y? (x)dx (3.6)
4B a

Chirng minh: Thuc hién phép chia cung AB béi cac didm A (x;,p,),0 =1,n nhu dinh

nghia da trinh bay. Goi Ax, =x, —x,_,Ay, =
bé thi:

=y, =y, (i=Ln) (xem H.3.1). V&i Ax,,Ay, kha

/ 2 2

i)2.|Ax,.|

Ay, :
Theo cong thirc Lagrange, ta c6 —— Ax. ~=y'&), & e(x,_.x;),1=1L..,n

Suy ra \Il + y (fl

Sau khi thuc hién phép chia cung 4B, ta chon M, (&L y(E) e Al 14;, i=Ln

E(x l’xl)
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Viy tong tich phan tuong tmg sé 1a:
n n
L= (& yENAS; = 3 F (& yEINT+ ' (&)|Ax;|
i=l i=l

Cho n — oo sao cho max Ax; — 0 hay maxAs, — 0 thi do su ton tai cua tich phan duong

loai mot nén vé trai dan dén I f(x,y)ds , con vé phai chinh Ia tich phan xac dinh ctia ham )
AB

S, y(x)4J1+ y'2 (x) trén [a,b] nghia 1a ta nhan dugc cong thire (3.6).

Néu cung 4B cho boi phuong trinh tham sé:

{X:X(t) , 1, <t<t,
y=y(t)

thi y'(x)= y—(;),dx = Xx'(1)dt,\/1+ 1" (x) =

x'()

|x.1(t)| X0 +y" (1)

Vi a <b va t, <t,nén cong thirc (3.6) tré thanh :

)
J S Gypds = [ Fx@.yOWx 20+ y2(00di 3.7
AB

4
bac biét khi 4B cho trong toa do cuc r=r(@), ¢, <P < @,.

Ta c6 thé coi rang AB cho dudi dang tham sb:

x =r(@p)cosp

. PO,
y=r(p)sing

Khi d6 x"*(@)+ y"* (@) = > (@) + (@) . Suy ra (3.6) c6 dang:

P2

_[ f(x,y)ds = I f[r(®)cos @, r(¢)sin@]y/r* (¢) + 1" (p)de (3.8)

AB Lo
x=x(¢)
Téng quat cung AB cR> cho boi phuong trinh tham s6 { y = (1) ¢, <t < t,
z=1z(1)

va néu f{x,y,z) kha tich trén cung do thi:

)
[ 76ey2ds = [ 100020032020+ 0d s (39)

AB 4

Vidu 1: Tinh I(x + y)ds , C la bién tam giac vai cac dinh O (0,0), A (1,0), B (0,1).
C
Giai: Buong C cho bdi H (3.2)
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Ay
B
1
& X
0 1
H.3.2

Theo tinh chét cta tich phan ta co:

J=l ]|
C 04 AB BO
Doan OA c6 phuong trinhy =0, 0<x <1

1 1

J.(x+y)ds :jx«/1+0dx =%x2

0A 0

A,
of 2

Doan AB c6 phuong trinh: y=1-x,0<x <1
1
J.(x+y)ds :J.I«/1+1dx =2
AB 0

Doan BO c6 phuong trinh: x=0,0<y <1

1 1
I(x—i—y)ds:jy\/l—i-Ody:lyz
BO 0 2

1
¥y 2
(Str dung cong thuc (3.6) trong d6 thay d6i vai tro cac bién x va y cho nhau)

j(x+y)ds:1+\/5.

C

Vidu 2: Tinh [ = Iqlxz + y*ds , L 1a duong tron x° +y° = 2x.
E

Giai: Buong tron L cho bé1 H 3.3.

Ay
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Trong toa do cuc phuong trinh duong L c6 dang » =2cos@, — £y <@ <—. Theo cong thuc

(3.8) thi:

2coscp\/4cos @+ 4sin” pdo = SICOS(pd([) 8s1n(p2 =8.

P—1
'—;I\)\?—l

|
A

Ban doc c6 thé giai vi du 2 bang cach viét phuong trinh duong tron x> + y* = 2x du6i dang

X =1+cost
-t

tham sb: )
y=sint

3.2. Tich phan duwong loai hai
3.2.1. Bai toin mé dau: Tinh cong ciia lwc bién ddi
Bai toan: Mot chit diém M di chuyén doc theo mot cung phing 4B tir diém A dén diém B

dudi tac dung cua luc F(M)=P(M );+ oM );’ =(P,0), M € AB. Hay tinh cong W cua lyc do

sinh ra.
,A, . Goi As; 1a do

Cach tinh: Chia cung 4B lamn cung nho boi cac diém chia 4,,4,,

dai cung A4;_;4; va cac thanh phan cua véc to A A 1a Ax;,Ay,;;i=1,n (H3.4)

| Ao

H.3.4

Lay tuy y M (x;, ;) € 4,1 4; . Néu cung A _14; kha nhd co thé coi né xap xi diy cung

A4, A va F(M ) khong ddi (ca chiéu va d6 16n) trén cung d6. Vi thé ¢ thé coi rang cong cua luc
sinh ra khi chit diém di chuyén tr A4, dén 4, theo cung A,_;4;s& xdp xi bang

F(M;).A;y A; = P(M ) )Ax; + Q(M;)Ay;

Suy ra cong W cua lyc sinh ra s€ xap xi la:
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W zZP(xnyi)Axi +0(x;, )4y,

i=1

Nhu vy gi6i han cia téng trén khi 7 —> 0 sao cho maxAs, — 0 chinh 14 cong cta lyc:

W= Ilim ZP(xl,yl )Ax; +O(x,,y,)Ay,

max As; >0

Y tudng tinh cong cua lyc din dén khai niém tich phan dudng loai hai.
3.2.2. Dinh nghia

Cho hai ham s P(x,y), O(x,y) xac dinh trén cung L (hay cung AB )
* Chia cung L thanh n cung nho béi cac diém chia: A=A, 4,,..4_,A.,..,A =B

i—1°

Goi toa do cua vecto 4, |4, 1a Ax,,Ay, va do dai cung A q4;1a As;i=1n.

*LaytuyyM(xl,yl)eA 44;, z—l n.

* Lap tong 1, = » P(M,)Ax, + Q(M,)Ay, , goi d6 1a téng tich phan dudng loai hai cia

i=1

ham s P(x,y),0(x,y)doc theo L di tir A dén B tmg véi mot phan hoach cta L va mot cach
chon M; e 4,_4; .

* Khi n— c0sao cho maxAs, — 0hay maxAx; —0 va maxAy, =0 ma 7, hoi tu vé

s6 I khong phu thude cach chia cung L va cach chon tuy y M ; €444, thi s6 1 goi 1a tich phan

duong loai hai cua cac ham P(x,y),O(x,y) doc theo cung AB di tir 4 dén B va ky hi¢u la
[ PG, y)dx+0(x, y)dy .
4B

n
* Nhu vay I P(x,y)dx+Q(x,y)dy=A}Cin_1>OZP(x,-,y,-)Ax,- +0(x;, y)Ay;  (3.10)
~— i i=1

AB Ayi—)Ol

Chu y:
a. Khac vdi tich phan duong loai mot, ¢ tich phan duong loai hai, hudng 13y tich phan cua

L 1a quan trong. Néu ta doc theo cung AB di tir B dén A thi céc vecto A 14 d6i hudng, tic 1a

cac thanh phan cua vecto do 1a — Ax,,—Ay,,(i =1,1n). Viy tong tich phan s& d6i dau, suy ra:

[ PG, y)dx+Q(x, y)dy =~ [ P(x,y)dx+Q(x,y)dy  (3.11)
4B BA

b. Cong sinh ra do lyc F= P(x,y)f+ Q(x,y)} dé chat diém dich chuyén tir 4 &én B theo

cung AB & 1a: W= I P(x,y)dx + Q(x, y)dy 3.12)
4B
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c.Néu 4B 1a duong cong trong khong gian c6 ba ham sé P(x,y,z),0(x,,z),R(x,y,z) xac dinh
trén cung AB thi tich phan duong loai hai ctia ba ham s6 d6 ciing duoc ky hiéu la:

.[ P(x,y,z)dx+Q(x,y,z)dy+ R(x, y,z)dz (3.13)
AB

d. Cho L 13 duong cong phang (nam trén mit phiang Oxy) va kin. Ngudi ta qui uwéc goi
huéng duong cua dudng cong L 1a huéng sao cho mot nguoi di doc L theo hudng do thi thiy
mién giéi han boi L gin minh nhét & bén trai. Tich phan iy theo hudéng duong thuong ky hiéu 1a

§P(x, y)dx +O(x, y)dy

I

Con tich phén lay theo hudng ngugc lai s& dung diu ft;

e. Tuong ty tich phan duong loai mot, ngudi ta ciing ching minh vé sy ton tai tich phan
duong loai hai: Néu cung 4B tron hodc tron tung khtc va cac ham P(x,y), O(x,y) lién tuc trén
cung d6 thi ton tai tich phan duong loai hai ctia hai ham P(x,y), Q(x,y) lay theo cung AB.

f. Tich phan duong loai hai ciing c6 cac tinh chét twong tu nhu tich phan xac dinh.

3.2.2. Cong thire tinh tich phan dwong loai hai.

Pinh Iy 3.2. Gia sir hai ham s6 P(x,), O(x,) lién tuc trén cung AB tron cho béi phuong
. x =x(1)
trinh tham so:

y=y()
Diém A (mg véi gi tri tham s6 ¢ =, B (mg véi gia tri tham s6 7. Khi d6:

Ip
i P(x, y)dx+O(x, y)dy = I [P(x(2), y(1)x'(1) + Q(x(2), (1)) y'(1))dt (3.14)
AB Iy

Chirng minh: Ta thuc hi¢n phép chia cung AB nhu di trinh bay trong phan dinh nghia.
Khi d6 doan [t A,tB] trong ung duoc chia thanh n doan boi cac sd # tuong Ung voi cac diém

A,i=1n t,=t,,t; =t, vatheo dinh ly Lagrange ta co:

Ax, = x(1;)—x(t,,) = x'(ti*)Ati
Ay, = y(t) = y(t_,) = ')A,
trong d6 t .t la diém nam trong khoang (¢

L), At =t —t . Dé lap tong tich phan
ZP(x[,yi)Axl. , ta chon cac diém M, (x;,y;) € A4, sao cho x, = x(¢,),y, = y(t,). Khi d6
i=1

n
. * * Lk
[ PCoyyae= Tim 3 POe(t), y(t))x'(6)A,
- max|Af;| -0 ;=
AB =
66
CuuDuongThanCong.com

https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 3: Tich phdan dwong va tich phan mat

Vi diéu kién du ton tai tich phan da thod man nén véi cach chon M, nhu trén ta co:

lp
[ PCey)dx= [ P(x(e), y(e)x ()t (3.15)
4B N
Ip
Ly luén tuong ty ta co: j O(x,y)dy = J. O(x(t), y(t))y'(t)dt (3.16)
:473 ty

Vay cudi cing ta nhan duoc cong thirc (3.14).

Truong hop dudng cong AB trong khong gian Oxyz cho bai phuong trinh tham sd:

x=x(¢)
y=y()
z=2z(¢)

Céc diém A,B tuong ung véi cac tham so ¢,,¢,khi d6 ching minh hoan toan twong tu, ta

co:

Ip
| PGy )+ O(x,y.2)dy + R(x, . 2)dz = [ PO, y(0:20)' 0+ 0.0y (0 + R(.)Z () e
AB 1y

(3.17)

Khi cung AB phang cho boi phuong trinh dang twdng minh y=y(x), 4,8 ¢6 hoanh do twong
ung 1a a, b thi theo cong thuc (3.14), coi x 1a tham sé, ta nhan duoc:

.

b
[ PG, y)de+0(x, y)dy = [ P, 3(x)) + O(x, (x))y (x)] dx (3.18)
AB a

hodc néu 4B cho bsi phuong trinh x=x(y) , 4,B c6 tung d6 tuong ung la c,d thi

.

d
[ PG, y)dx+ 0, p)dy = [[P(x(2), )x' (1) + O(x(3), )] dy (3.19)
AB c

iR . R 2 2
Vi du 3: Tinh cong sinh boi luc F'=—yi+ xj sinh ra doc theo ellipsex—2 + ;;—2 = 1va theo
a

hudng duong cua no.
Giai: Phuong trinh tham s6 cua duong ellipse da cho la:
X =acost
{ y =bsint

0<t<2x

t tang tir 0 dén 27 ng v6i huéng duong ciia dudng ellipse. Do d6 cong sinh boi luc F s&

la:
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2n
A= CJ.) xdy —ydx = I (acost.bcost + bsint.asint)dt
L 0
2n
=ab I dt = 2mab.
0

Vidu 4: Tinh [ = I(2xy —x*)dx+(x+ y*)dy trong 46 L 1a cung cua parabon y =1-x’
L

di tir diém A(0,+1) d&én diém B(-1,0).
Giai: y=1-x" =dy=-2xdx

I= ]'1[2)((1—)(2)—X2 +(x+1-2x> +x4)(—2x)]dx

0

-1
= J‘ (-2x° +2x° =3x%)dx = %

0
3.3. Cong thirc Grin (Green)

Gia sir D 1a mién lién thong, bi chin c¢6 bién 1a L gdm mot hay nhiéu dudng cong kin tron
hodc tron tirng khtic. Sau day ta s€ dua ra cong thure lién hé gitra tich phan dudong loai hai doc theo
L va tich phan bdi hai trén mién D c6 tinh chit di néu ra.

Pinh 1y 3.3. Cho cac ham sb P(x,y), O(x,y) lién tuc ciing cac dao ham riéng cap mot trong
mién D c6 bién 1a duong L, khi dé:

] Q2 _ Py iay = § Pdx + Ody (3.20)
S Ox 0Oy *
Ay N(x)
B
A
Cc
0| a b -
H.3.5
Chirng minh:

a. Trude hét xét mién D don lién va don gian theo nghia né duoc mo ta boi hé bat phuong
trinh: (Xem H.3.5)

{a <x<b
(X)) <y <y, (x)
5 {cﬁyﬁd
hoac
X (¥)<x<x,(y)
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L=ABUBCUCA
AC ¢6 phuong trinh: y =y,(x), a<x<b
BC ¢6 phuong trinh x =b, y,(b) <y <y,(b)

AB co phuong trinh  y=y,(x), a<x<b

Theo cong thure tinh tich phan kép ta co:
oP tonap
ggdxdy = J-dx I 5dy = ;[P(x,y)

a n(x)

Y (X)dx
(%)

b b
= [ P(x,y,(x)dx = [ P(x, y, (x))dx
Theo cong thure tinh tich phan duong loai hai (3.18) va chu y a. ta co:

b b
jP(x,yz (x))dx = I P(x, y)dx,jP(x, 1(x))dx = I P(x, y)dx ,suy ra

g n & 4

AB a AC

a
(I Z—dedy= [ PG yydx+ [ P, y)dx
DY AB cA

Mat khac I P(x,y)dx=0 vi BC ¢6 phuong trinh x=b nén dx=0. Vay

BC

(2= [ P [ e | Pt = s
T O 3 BC & L

Tuong tu ta c6: Ha—dedy = iﬁQ(x,y)dy
D 8x L

Tir céc két qua nay suy ra cong thirc Green (3.20)

b. Xét D 13 mién don lién bat ky (H.3.6). Ta ludn c6 thé phan hoach mién D thanh hitu han
cac mién don gian, chang han c6 thé chia D thanh 3 mién c¢6 chung bién 1a doan AB va BC. Theo
tinh chét cua tich phan boi hai va két qua da ching minh phan trén, ta co

Ay
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JIG -5 = Il

Ij(é—Q—é—P)d dy = j Pdx+ Qdy + I Pdx +Qdy + J. Pdx + Qdy

BC CmA

jj(a—Q—a—P)dd [ Pdx+Qdy+ [ Pdx+Qdy
CB BpC

H(a—Q—a—P)dxd = j Pdx+Qdy+ | Pdx+Qdy

AnB

Cong céac vé vai cac hé thirc trén va dé y dén chi y a. cta tich phan duong loai hai, ta nhan
dugc dugc cong thirc Green (3.20).

c. Truong hop D 1a mién da lién, chang han D 1a mién nhi lién (H.2.7), bién L gdm hai
dudng L; va L, roi nhau. Ta c¢6 thé chia mién D thanh 4 mién nho. Ap dung cong thirc Green cho
ca 4 mién va st dung chu ¥ a, ta cling nhan dugc cong thire (3.20). Trong trudng hop ndy can luu
y: Tich phan doc theo L; c¢6 huéng nguoc chiéu kim ddng ho, con tich phan doc theo L, c¢6 hudng

thuan chiéu kim dong ho. Nhu véy tich phan §de +Qdy ding 13 iy theo hudng duong cua

bién L nhu da qui uwdc ¢ chu y d.

=)

A

=

H.3.7

Chii y: Cong thirc Green (3.20) cho ta cong thirc tinh dién tich mién phang D nhd vao tich
phan duong loai hai nhu sau:

. P
Lay trong (3.20) cac ham P(x,y) =—y va Q(x,y) = x thi P _ =-1,— 0 =1
oy ox
1 .
Suy ra: SIS ] iﬁxdy — ydx trong d6 S'1a dién tich mién D. 3.21)

ity

Vi du 5: Tinh dién tich ellipse v6i cac ban truc a,b.

2 2
Giai: Co thé coi ellipse c6 phuong trinh x_z + 2}—2 =1 hay dang tham s6
a

x=acost, y=bsint, 0<t<2r.
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27
Ap dung (3.21) c6 S = %_fxdy — ydx = % J‘(abcos2 t +absin® t)dt = mab
L 0
Vidu 6: Tinh [ = §(xarctgx +yH)dx + (x +2xy + yze‘y3 )dy
L+

L 13 bién nira hinh tron cho béi bit phuong trinh x* + y* <2y, x>0.

(=
v><

H.3.8

Gidi: Puong L cho trén hinh H.3.8 d6 1a bién ctia ntra hinh tron ban kinh 1a 1. Dat:
P
P = xarctgx + y* = & =2y

oy
Q=x+2yx+yze_y3 :2—Q=2y+1
X

vay: 1= [ Q2 _OP, ey = [[dxdy == (nira dién tich hinh tron ban kinh 1a 1).
S Ox Oy 4 2

Vi du 7: Tinh J = J.(xarctgx+ Y )dx +(x+2yx + yze_y3 )dy voi C la ntra dudong tron
C

bén phai di tir gbc toa d6 dén 4(0,2): x> + y> =2y, x>0.
Giai: Goi L 1a duong cong gom nira dudng tron C va doan OA. RS rang :
3
I=J+ j (xarctgx + y?)dx + (x+ 2yx+ y2e ™ )dy
40

trong do o la tich phan cua vi du 6.
Poan thang AO ¢ phuong trinh x =0, 0<y<2=dx=0.

Ap dung cong thirc tinh tich phan duong (3.19) ta co:
2 2 - 02y Lp 3
'[ (xarctgx+y )dx+(x+2yx+y“e )dy:J-y e’ dyz—gje Y d(=y”)

A0 2 2

310
tepora

3 2 3.8

, n 1 1
Cudicung J=—+—(1—-—).
gJ=7 3( eg)
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Chu y: Trong vi du 7 ta dd thém mot duong thang thich hop dé ap dung cong thic Green,
duong nhién sau d6 phai bét di tich phan lay doc theo doan thang d6 (hay cong vdi tich phéan ldy
theo hudng ngugc lai). Nhiéu bai toan phai 1am nhu vay béi vi néu tinh truc tiép s& rat kho khan.

3.4. Pinh Iy bon ménh dé twong dwong

Xuit phat tir cong thire Green (3.20), sau déy ta s& nhan duogc cac diéu kién dé biéu thuc
P(x,y)dx +Q(x,y)dy la vi phan toan phan cta ham u(x,y) nao do; dé tich phan duong cia mot
biéu thirc khong phu thudc vao dang dudng cong lay tich phan. Trong cac truong hop niy, mién
lién thong D phai 1a don lién (bién c6 duy nhat mot duong cong kin).

Pinh ly 3.4: Gia sir cac ham P(x,y), O(x,p) lién tuc cting véi cac dao ham riéng cdp mot caa
chung trong mién don lién D. Khi d6 bon ménh dé sau day tuong duong véi nhau:
oP 00

PN v(xay)ED

(1. > o

(2). §de +Qdy =0, L 1a duong cong kin bat ky nim trong mién D.
L

(3). I Pdx+Qdy, trong d6 cung 4B nim trong mién D, chi phu thudc vao 2 diém 4,B

AB
ma khong phu thudc dang cung 4B.
(4). Biéu thitc Pdx + Qdy 13 vi phan toan phan ctia ham u(x,y) nao do6 trén mién D.

Chirng minh: Dinh ly dugc chimg minh theo so d6 sau: (1) = (2) = (3) = (4) = (1)

(1) = (2): Goi D; 1a mién gi6i han béi L, L = D suy ra D, = D. Ap dung cong thirc
Green (3.20) cho mién D, ta cé:
0Q oP

<£[>de +Qdy = g(g—g)dxdy = gocixdy =0

Suy ra dex+Qdy:0, VYLc D
L

(2)= (3):Lidy Ae D,Be Dva AmB c D,m < D (dang cua cac cung la tuy y. H.3.9)

Suy ra duong cong kin AmBnA — D . Theo (2) ta c6: gS Pdx+ Qdy =0 hay :
AmBnA

j Pdx + Qdy + j Pdx+Qdy =0

AmB BnA
Suyra: j Pdx+ Qdy = j Pdx + Qdy.
AmB AnB

Ching to6 cac tich phan khong phu thudc vao dang cung 4B .
(3) = (4) : Ta sé xay dung ham u(x,y) dudi day sao cho: du(x,y) = Pdx + Qdy
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y A

A(xg,¥9) j
|

LA

H.3.9 H.3.10

Lay A(xy,ye) c6 dinh thudc D va diém M(x,y) chay trong mién D (H.3.10).

Xét ham sb
u(x,y)= [ Pdx+Qdy+C voi AM < D, C 13 hing s6 tuy . (3.22)
AM

R& rang ham sé nay phu thudc vao diém M(x,y) chir khong phu thudc dang cung AM va
u(x,,y,)=C. Ta s& chimg minh Z_u = P(x,y). That vay, theo dinh nghia dao ham riéng tai
X

(x,y) ta cod

QU _ i MR ) mu ) e 1 [ Pax+ody— | Pdx+Qdy)
ox h—0 h h—0h < ~
AM, AM

trong d6 M; va M cing c6 tung do 13y, con hoanh d6 cia M; 1a x+h véi h di bé dé
M, eD.

Theo (3) ¢6 thé 1ay AM 1 gdm cung AM vi doan thang nim ngang MM,. Vay

Poan MM, vudng goc véi truc Oy va hudng di tir M(x,y) &én M;(x+h,y), suy ra dy=0

. ol "\ ¢
Vay: 7 %1113; !P(x, V)dx

Theo dinh Iy vé gia tri trung binh cua tich phan xéac dinh thi:

x+h

J.P(x, y)dx = P(x*,y)h

trongd6 x" =x+60.h, 0<O<1,trd6 taco:
ou =limP(x",y)

a_x h—0
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Do tinh lién tuc cua ham P(x,y) vay Z—u =P(x,y).
x

Tuong ty ta chung minh duoc Z—u = O(x, ). Vay ton tai ham u(x,y) cho béi (3.22) dé c6
v

du = P(x,y)dx+Q(x,y)dy
ou ou

=P,—=0.Suyra:

(4)= (1) : Ju(x,y) & du = Pdx+Qdy hay —
ox oy

’u 0P 0'u _0Q
oxdy Oy Oyox  Ox

2

Do cic dao ham riéng cia P,Q lién tuc trén mién D nén cac dao ham hén hop e va
xXoy
2 2 2
Ou cling lién tuc trén D. Theo dinh ly Schwarz, ta c6 AL 3 Ou hay la:
0yox oxoy  Oyox
P_0 xyeD
oy Ox
Hé qua 1: Néu du(x, y) = Pdx + Qdy trong mién D thi :
j Pdx +Qdy = u(B) —u(A) (3.23)
4B
Chirng minh: j Pdx +Qdy = I du(x,y)

AB AB

Gia st AB cho boi phuong trinh y=y(x) va A(x4,y4),B(xpyg) 10 rang y,=y(x4),ys=y(xs).
Chuyén tich phan dudng vé tich phan x4c dinh theo cong thirc (3.18), ta cé:

| dutx.y)= | du(x,y(0)) = u(x.y(x) i’j =u(B)~u(4)
AB Xy

Hé qua 2: Néu Pdx + Qdy 1a vi phan toan phan ciia ham u(x,y) trén toan mat phang R’ thi

ham u(x,y) cho béi cong thire:

x y
u(x, ) = | PG, y)dx + [ Q(xq, y)dy +C (3.24)
xO y(]
hoac
x v
u(x,y)= jP(x, Vo )dx + jQ(x, yydy +C (3.25)
X0 Yo

trong d6 A(x,,y,) € R>,M(x,y) € R’
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—

YA
L M
y —_——
Vol _ _
0 AT > |N
0 X, X X
H.3.11

Chirng minh: Lap ham sd u(x,y) theo cong thic (3.22). Vi tich phan khong phu thudc dang

AM i thé ¢6 thé chon AM 1a duong gap khiic ANM hodc ALM (H.3.11)

CuuDuongThanCong.com

Doan AL song song véi truc 0y nén doc theo n6 dx=0.

Poan LM song song véi truc Ox nén doc theo nd dy=0.

u(x,y)= j Pdx+Qdy+C = Jde+Qdy+ I Pdx+Qdy+C

AM AL LM
= | 0. p)dy+ [ P(x,y)dy+C
AL M

Ap dung cong thirc (3.18) c6:

u(x,y) = [ O(xy, )y + [ P(x, y)dx +C

Yo %
Tuong tu, l4y tich phan theo dudng ANM sé& nhan duoc cong thirc (3.25)
Chuy:
a. Cac ham u(x,y) néu ton tai sé sai khdc nhau hang s6 cong C.
b. Thong thuong 1ay (x,,y,) = (0,0) thi tinh tich phan (3.24) hodc (3.25) s& don gian hon.
Vi du 8: Chirng minh biéu thirc:
(x* =2xp* +3)dx + (y” —2x°y+3)dy
14 vi phan toan phan ctia ham u(x,y) trén R’ va hiy tim ham do.

Gidi: Dat:

P(x,y)=x"—-2xy” +3 :(;_P =—4xy
y

O(x,y) =y2 —2x2y+3:>a—Q: —4xy :a—P,‘v’(x,y) eR’?
ox oy

Vay ¢6 ham sb u(x,y) dé du=Pdx+Qdy.

Ta co:
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u(x,y) = [ P(x, y)dx + [ Q(0, p)dy + C

y
(" =2xp> +3)dx + [ (»* +3)dy +C
0

W= o=

(x3+y3)—x2y2+3(x+y)+C

Vidu 9: Tinh 7 = j%,

AABx+y

A(1,1),B(2,4)

a. Cung 4B cho bai phuong trinh: y=x?, 1<x<2,
b. Cung 4B bit ky tao véi doan AB thanh dudng cong kin khéng bao gdc toa do.

c. Cung AB bat ky tao v6i doan AB thanh dudng cong kin bao gbc toa do

X
P
Giai: Pat
2 2
pP=- 2y 236_P=%
PRI A P
2 2 2
0= 1 0 ymx Py e 00)

_x2+y2 8x_(x2+y2)2:8y

a. y=x’> = dy = 2xdx ,(cung AnB)

2 2_ 2 2 2
Izjzx 3 dx:I 2dx2 abc=arctgx1 :arctg2—%

x?+x* 1+ x

1
b. Vi cac ham P, Q thoa mian dinh li 4 ménh d& twong duong trén bat ki mot mién don lién

khong chtra gdc toa do ,do dé tich phan dé cho khong phu thudc vao dang cung AB ,sa0 cho cung

d6 tao v6i doan AB mot dudng cong kin khong bao goc toa do (H.3.12). Vay 1= arctg?2 —%.

c. Khi cung AB tao v6i doan AB mot dudng cong kin bao gdc tao do thi khong thé ap
dung dinh 1y 4 ménh dé tuong duong duoc nita do P,Q khéng lién tuc trong mién don lién chira
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gbc toa d0. Trude hét, tir cong thire Green suy ra: Tich phan khong phu thudce dang cung AB ,
mién 14 cung d6 tao v6i doan AB thanh duong cong kin bao gbc toa do. Bay gid ta vé duong tron
C tam gdc toa do, ban kinh da bé ». Xét mién lién théng nhi lién D c6 bién 1a C va dudng cong
kin. Theo cong thitc Green ta co:

O:“(a—Q—a—P)dxdy: [ Pdx+Qdy+ [ Pdx+Qdy+ § Pdx+Qdy
. J 1

Ox ay AnB BmA C”

Suy ra:
Cﬁ Pdx+Qdy = arctg?2 - % — I Pdx + Qdy
c* AmB

C cho boi phuong trinh tham sé:

X=rcosQ
o, 0ZeL2n
y=rsing
27 2 2 2 2
Ide+Qdy:Ir cos (pJ;r i (pdgo:27z

c’ 0 r

Vay I = J Pdx+ Qdy = arcth—gjﬂ.
AmB

3.5. Tich phan mat loai mot
3.5.1. Dinh nghia

Cho ham s6 f(M) = f(x, y,z) x4c dinh trén mit cong S.
* Chia mit cong S thanh » manh khong dam 1én nhau, goi tén va dién tich ctia manh th i 1a

AS;,i=1,n vaky hiéu duong kinh cia manh thit i 1a d,,i=1,n.

*Léytu}‘/y M;(x;,y;,2z;)€AS;,i=Ln

n
* Lap tong 0= z f(M;)AS; goi la téng tich phan mat loai mot tng voi mot cach chia
i=1

mat cong S va mot cach chon M; e AS;,i=Ln

Néu khi n — o« sao cho max d ; —~>0ma 7, hoitu vésd I khong phu thudc cach chia mat

cong S va cach liy diém M; € AS;,i=1,n this6 I goi la tich phan mit loai mot cua f{M) trén mit

cong Sky higu [[ f(x,7,2)dS .
N

n
Nhuvay [[fCny,2dS= Tim > f(x;,9;,2,)AS, (3.26)
S max d,—0 i
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Chu y:
a. Tir dinh nghia ta thiy cong thic tinh dién tich mat cong S nho vao tich phan mit loai
mot: S = ” ds (3.27)
S

b. Néu S 1a mat cong vat chit c6 ham mat do khéi luong 13 p(x, v, z) thi khdi lugng cua
mat cong vat chét do sé la:

m= ” p(x, ,2)dS (3.28)
S

¢. Nguoi ta da chimg minh duoc rang: Néu mat cong S tron (mit cong S ¢6 phap tuyén bién
thién lién tuc) hodc 1a tron timg manh (chia S thanh hiru han cac mat cong tron) va ham sd
f(x,y,z)lién tuc hodc lién tuc tirng manh trén mat cong S thi ton tai tich phan mat loai mot cua
ham s6 d6 trén S.

d. Tuong ty, tich phan mat loai mot ¢ cac tinh chét giéng nhu tich phan kép.
3.5.2. Cong thirc tinh tich phan mat loai mét

Pinh 1y 3.5: Gia sir ham s f{x,y,z) lién tuc trén miat cong S tron cho bdi phwong trinh
z=2z(x,y),(x,y)e D .Khi do:

([ £ Ceye2)dS = [[ £ 2,200 1+ 22 () + 22 (p)dxdy - (3:29)
S D

Chirng minh: Trudc hét, ta thira nhan cac két qua sau:
Néu mat cong S cho bdi phuong trinh F(x, y,z) =0 thi cac cosin chi phuong cta vécto

phap tuyén tai M(x,y,z) dugc tinh theo cong thirc:

[
1

- F

cosa =+ = ,cos f=+ J
JF2AF 2 NS
(3.30)
FZ
cosy==%

1/F')2€+F'§+F'§

Trong cong thic (3.30), a, S,y la goc lap boi vécto phap tuyén cia mit cong S tai
M(x,y,z) voi céac truc toa do Ox,0y,0z (H.3.13)
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H.3.13

Do d6 néu mit cong S cho boi phuong trinh z=z(x, y),(x,y)€ D thi cac cdsin chi
phuong cta vécto phap tuyén sé la:

' Z' 1
cosa=iz—x,cosﬁ=i—y,cosy=i— 3.31)

A1+ Z'i +Z'f, 1+ Z')ZC +Z'§/ 1+ Z')ZC +Z'i
Khi vécto phéap tuyén 7 xdc dinh thi géc «, 5,7 xac dinh va nhu vay trong cac cong thirc
trén chi c6 dau + hodc dau -. Bay gio ta chia S thanh #n manh nho AS,,i= I,_n , tuong tng nhén
duoc n hinh chiéu cac manh do trén mit phing Oxy 1a AD,,i=1,n. Nghia 1a ta da gian tiép chia

mién D, hinh chiéu ctia mit cong S trén mat Oxy, lam n phan AD; (H.3.14).

S I I I

H.3.14
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Liy tuy y M;(x;,y;,z;) € AS; va dung tiép dién T;(M,) cla mat S tai M; (mit phang
vudng goc véi phéap tuyén n tai M; hay 1a mat phang tiép xtic v6i mit S tai M;).
Goi AT; 1a méanh cua tiép dién c6 hinh chiéu trén Oxy tring v6i manh AD; . V61 duong kinh

i

b

cia AS; kha nho thi dién tich manh AT; xap xi dién tich manh AS; va rd rang AS; ~ |
COS;

theo cong thirc (3.31) nhan duogc:
1, :Zf(Mi)ASi ~ Zf(xiaJ’iaZi) 1+ 2" +2" AD;
i=1 i=1
Vé phai chinh 14 tong tich phan kép lay trén mién D ctia ham s6:

Sy, 2 )T+ 25 425

Vay cong thuc tinh tich phan mat loai mot khi mdt cong S cho dudi dang hién
z=2z(x,),(x,y)e D dugc cho boi cong thic (3.29).

Chuy:

a. Néu mat cong S cho boi phwong trinh y = y(z, x) hodc x = x(y, z) thi ta phai chiéu S 1én
mit phing 0zx hodc Oyz dé tim mién tinh tich phan kép twong ting.

b. Néu mit cong kin, ta phai chia thanh hiru han cac phan thoa mén dinh 1y trén, sau d6 ap
dung cong thuc (3.29).

Vi du 10 : Tinh dién tich phan phia trén mit cau x?+ y2 +2z%2 =44” nim trong hinh tru

x? +y2 <2ay,a>0.

Gidi : Xem H.3.15

x
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Do tinh ddi xung, ta chi can tinh dién tich mot phﬁn hai cua phﬁn mit cu trén.. Phan mat

cdu trén c6 phuong trinh : z = \/4a2 —x?- y2 .

Hinh chiéu trén mat Oxy la ntra hinh tron D c6 bét phuong trinh :

X’ +(y-a)Y<a’,x>0
Vay S=HdS=2” 1+ 2'2+2'2 dxdy
S D

2 2
2 X 2 Yy

X Z’Zy_

z

2

_4a2—x2—y 4a2—x2—y

2a
S=2 dxd
J;Sl.\/4a2—x2—y2 -

Chuyén sang toa d6 cuc ta duoc :

S= 4a? d(PZaan,—rdr - —2a? d(pzaTmp 41

0 0 4212—1'2 0 0 \/432—1'2
%

= —4aj Vda® —r’
0

2a sin@ %
0 do =4a I (2a-2a cos@)do
0

T
=8a2(L —sing A) —8a2(Z_1).
2 0 2

3.6. Tich phan mat loai hai

3.6.1. Mat dinh hudéng

Mit cong S tron goi 13 dinh huéng dugc néu vécto phap tuyén don vi Z(M ) hoan toan xac
dinh tai moi M €S8 (co thé trir bién cia S) va bién d6i lién tuc khi M chay trén S. Tap hop
;1(M ), VM € § cua mat cong c6 dinh hudng xac dinh phia duong ciia médt cong, 1a phia ma nguoi
ta ding do thi Z(M ) huéng tir chan 1én dau. Vi ring — Z(M ) ciing 1a vécto phép tuyén nén mat
dinh hudng ludn co hai phia.

Khi mat cong S khong kin dinh hudng dugce, nguoi ta thuong dung tir phia trén va phia dudi
dé chi huéng di xac dinh bai Z(M ). Phia trén ctia mat S la phia ma ;(M ) 1ap véi truc 0z goc

nhon, con phia dudi la phia ma ;(M ) lap véi truc 0z goc tu.
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Phia trén Phia ngoai
-

Khi miat cong S kin dinh huéng duoc, ngudi ta dung tir phia trong va phia ngoai dé mé ta
hudng da xac dinh. Phia ngoai la phia ma ;(M ) huéng ra phia ngoai vat thé ¥ bao quanh boi mat
cong S, phia trong la phia nguoc lai. (H.3.16).

Co6 mat cong khong dinh hudng dugc, chéng han mat cong sau day goi la 14 Mobius duoc
tao nhu sau : LAy chit nhat ABCD vin cong dé hai dau gan nhau sao cho 4 tring véi C va B tring

voi D (H.3.17). Xac dinh mot vécto Z(M ) tai M nao d6 cua la Mobius va cho M di chuyén theo 14
khong cht bién mot vong vé lai diém ban dau thi #(M) dbi huong. Chimg t6 n(M) khong bién

thién lién tuc. Vay 14 Mobius la mat mét phia.

3.6.2. Dinh nghia

Cho mit cong S di dinh hudng theo phia trén hodc phia dudi. Tac 1a vécto phap tuyén
2(M ) 1ap vo6i truc 0z mot goc nhon (hodc goc tu) va ham R(x,y,z) xac dinh trén S.
Chia mit cong S thanh » manh khong dam 1én nhau AS;,i= I,_n Ky hiéu duong kinh cua

manh tht i la d;,i= I,_n Goi AD; la hinh chiéu cua AS ; 1én mat toa d§ Oxy kem theo dau xac
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dinh theo quy tic : S dinh hudng theo phia trén thi AD; c¢6 diu duong, con S dinh huéng theo

phia dudi thi AD; c6 dauam, i=1,n.

Liy twy y M, (x;,7;:,2,) €AS;,i=1n

n
Lap tong 1, = Z R(x;,y;,2;)AD; goi la tong tich phan mat loai hai cia ham R(x, y, z) lay
i=l1

trén mdt cong S da dinh hudng tmg v61 mot cach chia va mot cach chon M, € AS,,i=1n.

Néu khi n — o sao cho maxd ; = 0ma I, hoitu vésdl khong phu thudc cach chia S va
cach chon M; € AS; thi $s6 1 goi 1a tich phan mat loai hai cua biéu thire R(x, y, z)dxdy trén mat
cong S da dinh huéng va ky hi¢u :

JzﬂRu;%@wm; (3.32)
S
Tuong tu, néu chiéu 1én cac mat phang Oyz va Ozx va thém cac ham P(x,y,z), O(x,y,z) Xac
dinh trén S thi ta goi :
IZHP@JJMMT%XL%@&M+R@JJMMy (3.33)
S

la tich phan mat loai hai cia cac ham P, O, R, chinh xac hon la cuia biéu thuc
Pdydz+Qdzdx+Rdxdy lay trén mat cong S da dinh hudng.

Chuy:

a. Theo dinh nghia, néu d6i huéng (phia nguoc lai cia S) thi tich phan mat loai hai s& doi
dau.

- - - -
b. Cong thirc (3.33) mo ta thong luong cua truong vécto F =P i+Q j+ Rk qua

mat cong S da dinh hudng.

@z”P@&+Q&W+R&@) (3.34)
S

V) N

H.3.18
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Dé thiy 1d ¥ nghia thuc té cua tich phan mat loai hai va tir “thong luong ” ta xét bai toan
sau ddy : Gia sir c6 mot dong chét 1ong chay trong mién V < R3 va trong mién ¥ ¢6 mot mit
cong S dinh huéng véi vécto phap tuyén ;Z(M ),M €S . Gia sir tbc do cua dong chét long 1a
;(M ) (H.3.18). Hay tinh lwong chat long chay qua S trong mot don vi thoi gian.

Trudc hét ta tinh trong mot thoi gian, lugng chét long chay qua yéu té dién tich dS cuia mat
cong S. Vi manh dS 1 rit bé nén c6 thé coi vécto Z(M ) va vécto van toc ;/(M )1a vécto hang tai

moi diém M e dS . Vay lugng chit 1ong chay qua dS sé& 1a (cot chat 1ong) d¢ = vnds .

Goi cac thanh phén cua v la Ve VysVzs con cac thanh phﬁn cua n la cosa,cos f3,cosy
thi :
D= H(vx cosa +v,, cos B+ v, cosy)dS
S

= ” vydydz + v, dzdx + v _dxdy
S

(3.35)

do chinh 1a tich phan mat loai hai ciia cdc ham v, v yaVz trén S da dinh hudng.

Cong thirc (3.35) ¢ mo ta mdi lién hé giita tich phan mat loai mot va loai hai.

Trong trudng hop téng quat khi ¢o trudng vécto F (P,QO,R) thi thong lugng clia nd qua
mdt cong S dinh hudng cho bdi cong thuc (3.34).

¢. Nguoi ta cling chimg minh rang, néu mit S dinh hudng dugc, tron hodc tron timg manh
va cac ham P,Q,R lién tuc trén S thi tich phan mat loai hai (3.33) tdn tai.

d. Tich phan mit loai hai ciing ¢6 céc tinh chit nhu tich phan duong loai hai.
3.6.3. Cong thirc tinh

Pinh ly 3.6 : Gia st R(x,y,z) lién tuc trén mat cong dinh hudéng S tron cho bdi phuong
trinh z=z(x,y),(x,y)eD.

Khi do j j R(x, v, z)dzdy = J_rjj R(x, v, z(x, y))dxdy (3.36)
N D

Dau + khi ldy tich phin mit loai hai theo phia trén ctia mit S.
Dau — khi 1ay tich phan mat loai hai theo phia duéi cua S.
Chirng minh : Tur cong thuce (3.35) va (3.29)

dxdy

néu cosy #0
|cos 7|

.”R(x, v, z)dxdy = ”R(x, v,z)cos y.dS = J.J.R(x, v,z(x,y))cos y
S S S

va “R(x,y, z)=0 néu cosy =0.
S
Vay khi 1iy theo phia trén ctia mat S tic 1a cos A >0 thi cosy = |cos 7/| .Dodo:
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”R(x, v, z)dxdy = ”R(x, v, z(x, y))dxdy
S D

con khi 14y theo phia dudi ctia mét S tirc 1a cos y <0 thi cos y = —|cos y|. Do d6 :

”R(x, v, z)dxdy = —”R(x, v, z(x, y))dxdy
D

S
Tuong tu ta c6 : ” P(x,y,z)dxdy = i” P(x(y,z),y,z)dydz 3.37)
S D,
” O(x,y,z)dxdy =+ ” O(x, y(z,x), z)dzdx (3.38)
S Dz)c

Trong d6 D,. 1a hinh chiéu cia S 1én mit Oyz va mit S c6 phuong trinh :
x=x(y,z2),(y,z)eD
D., 12 hinh chiéu cua S 1én mat Ozx va mat S c6 phuong trinh :
v=y(z,x),(z,x)eD.

Chi y : Khi ldy tich phan mat loai hai, phai dic biét luu y dén viéc dinh hudng cta mit S,
tuc 1a hudng cua ;(M ). Tuy theo ;(M ) 1ap véi cac truc toa d6 goc nhon hay ti ma xac dinh dau
cong hay trur trong cac cong thuc (3.36), (3.37), (3.38).

Vi du 11: Tim thong lugng cua truong vécto F= (z,0, x2) qua phia trén cia mat
z=x’ +y2,—ISxS1,—ISy£1.

Giai : Mat cong z = x2+ y2 1a paraboloid tron xoay .H.3.19 md ta phin mat cong nam &
géc phan tam thtr nhat. Thong luong tinh theo cong cong thirc (3.35).

o= J.J. zdydz + x? dxdy
S
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ZA

y<

H.3.19

—-2x

S dugc dinh hudng 1én trén nén cosy >0,cosa =
Vax? +4y2 +1

xUing qua cac mat toa do Oyz,0zx nén ” zdydz =0 va
S

. Do mit cong S ddi

”xzdxdy = 4”xzdxdy = 4jx2dxj dy =i
S D 0 0 3

D12 hinh 40 0<x<l1
(D 14 hinh vudng OSysl)

Vidu 12 : Tinh / :szxdy v6i S 1a phia ngoai ciia mit cau x?+ y2 +z2 =R?
S

Giai : Mit cau cho boi H.3.20.
Chia mit cAu thanh nira trén S, va nira dudi S_ c¢6 phuong trinh 1an lugt 1a :

z=4R? - x* —y2 va z=—R? — x* —y2
Chiéu cac nira mat cau 1én Oxy ta duoc hinh tron :

D- )chryzSR2
z=0
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H.3.20

1= .[ J- zdxdy + ” zdxdy
S S

Tich phan ldy theo phia trén cua S + vatich phan liy theo phia dudi cua S .
Tur ong thuc (3.36) ta co :

”zdxdy:”\/Rz —x? —yzdxdy
S, D
”dedy——”( JR? = x? 2jdxafy
Vay I:2J‘J‘\/R2 —x? —yzdxdy
S

Chuyén sang toa do cuc ta co :

2r R 3
1=2[dp[VR* —r* rdr=2z —%(Rz —r?)2
0 0

0 3
3.7. Cong thirc Stokes

Duéi day ta s& co cong thirc mo rong cong thire Green, d6 1a mdi lién hé giita tich phan
duong loai hai trong khong gian véi tich phan mat loai hai.

Pinh ly 3.7(Stokes) : Gia st mat cong S dinh hudng dugc, tron ting manh c6 bién la
duong L tron timg khtic. Néu cac ham sé P,Q,R lién tuc ciing vé6i cac dao ham riéng cip mot ctia
chung trén mat cong S thi :

oR 00 oP oR o0 oP
j Pdx + Qdy + Rdz = ”(— - a—zjdydz (E - a}d dx + (a - 5jdxdy (3.39)

trong d6 tich phan duong ¢ vé trai 1y theo hudng dwong quy wdc nhu sau : Di theo huéng duong
cua L sao cho mdt cong S ¢ phia tay trai, khi d6 mat cong S dugc dinh hudng boi vécto phap

tuyén n huéng tir chan 1én dau (H.3.21).

87

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 3: Tich phdn dwong va tich phan mat

Goi (3.39) la cong thirc Stokes.

H.3.21

Chu y:
a. Cong thuc Green la truong hop riéng cua céng thuc Stokes ( khi thay
z=0,R(x,y,z)=0 vao (3.39) nhan dugc cong thic (3.20)).

b. Tinh tich phan duong loai hai khi L R? thuong rat khé khan (ta moi chi dua ra cong
thirc tinh khi L cho bai phwong trinh tham s, xem cong thie (3.17)). Do d6 cong thirc Stokes to
ra rat hiéu luc khi ma L 1a bién cia cac mit cong nao d6 ma tich phan mat loai hai trén né c6 thé
tinh dé dang.

¢. Xuat phat tir cong thire Stokes, ta nhan duge dinh 1y bén ménh dé twong dwong xét trong
khong gian R’ tuong ty nhu dinh 1y 3.4.

DPinh ly 3.8: Gia st cac ham P(x, y,z),0(x,y,z),R(x,y,z) lién tuc cung vdi cac dao ham
riéng cap mot ctia ching trén mién don lién V. Khi d6 bdn ménh dé sau day 1a twong dwong voi
nhau:

OR 0Q OP OR 0 oP

(1). —:—Q,—:—,—Q:—,V(x,y,z) eV
oy 0z 0z Ox Ox Oy

(2). §de + Qdy + Rdz =0, L 1a duong cong kin bat ky ndm trong mién V.
L

(3). I Pdx +Qdy+ Rdz , trong d6 ABcV , chi phu thudc vao hai diém 4,B ma khong
4B

phu thudc dang cung ;{_l;’ 4
(4). Biéu thuc Pdx + Qdy + Rdz 1a vi phan toan phan ctia ham u(x,y,z) nao d6 trén mién
V. Truong hop mién ¥ 1a khong gian thi ham u(x,y,z) c6 thé tinh theo cong thirc :
X y z
u(x,,2) = [ P(x,y,2)dx+ [ O(x,, y,2)dy + [ R(x,, 3,,2)dz+C (3.40)
X Yo B

trong d6 (xq,¥0,29) €V,(x,y,2z)€V,C lahang sb tuy y va:

j Pdx + Qdy + Rdz = u(A)—u(B) (3.41)
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trong do ABcV .

Vi du 13: Tinh /= § ydx + zdy + xdz, v6i C la duong tron, giao clia mat ciu
C
x?+ y2 +z2=R%*va mit phiang x + y + z =0 va hudng cta L 1a nguoc chiéu kim dong hd néu

nhin vé phia z>0.

H.3.22

Giai : Mit phang x+ y+2z=0 di qua tim mat cau. Vay giao tuyén la dudng tron 1én .
Xem hinh H.3.22. Lay hinh tron 12 mit cong S c¢6 bién 1a C. Cac cosin chi phuong ciia p dinh

1
huéng theo hudéng cia C la cosa=cosff=cosy=—— (Xem cong thic (3.30)). Dat

NG}
P=y,0=z,R=ux, ap dung cong thic Stokes va cong thic lién h¢ gitra tich phan mat loai hai va

loai mot theo cong thuc (3.35), ta cé :

I= —” dydz + dzdx +dxdy = —\/5'”. dS=-n/3R2.
S S

3.8. Cong thirc Gauss — Ostrogradski

Dudi day ta c6 cong thue lién hé gitra tich phan bdi ba va tich phan mat loai hai, goi do la
cong thirc Gauss — Ostrogradski.

Pinh 1y 3.9 (Gauss — Ostrogradski) : Gia sir 7 1a mién giéi ndi trong R® c6 bién 1a mit S
tron timg manh. Néu cac ham s6 P,Q,R lién tuc cing vdi cac dao ham riéng cip mot cia ching
trong mién ¥ thi :

op 8_Q + a—Rjdxa’ydz (3.42)

ijdedz + Qdzdx + Rdxdy = j_ij{ =t T

trong d6 mit 1iy tich phan dinh hudng ra phia ngoai mién V.
Chuy:
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a. Néu trong cong thuc (3.41) dit P=x,0 = y,R =z thi ta nhan dugc cong thuc tinh thé

tich vét thé ¥ nho vao tich phan mit loai hai :
V= % I J‘ xdydz + ydzdx + zdxdy
S
trong d6 S duoc dinh huéng ra phai ngoai mién V.
b. C6 thé coi rang cong thirc Gauss — Ostrogradski 14 mo rong cong thirc Green tir khong
gian hai chi€u ra ba chiéu. Vi the doi khi tinh tich phan trén mat S khong kin, ta c6 the thém mat

cong nao d6 dé ap dung cong thirc Gauss —Ostrogradski.

-

Vi dy 14 : Tinh thong lugng cita truomg dién tir F =22 trong d6 ¢ 1a dién tich dat tai géc
r

toadd, r=xi+ yj+zk, r:\/xz +y2 + 22 qua phia ngoai mit ciu :

x2 +y2 +22 =R2

Gidi: Pit P=q5,0=¢ 5, R=q-7.V(x.7.2)#(00.0).
r r r
Vi thé ta khong thé ap dung cong thirc Gauss — Ostrogradski

Ta co O=gqg '[ J-L3 (xdydz + ydzdx + zdxdy) .
ST

Do mat cau doi xtig qua goc toa do va biéu thirc dudi dau tich phan doi xtg doi voi x,y,z

z ] 1 \ .
dodo: ®= 24qﬂ—3dxdy , S 1a phan mat cau goc phan tam thir nhat dinh hudng 1én trén.
r
S
/Rz Xy
Dl

D, 13 phan tu hinh tron tim 0, ban kinh R. Chuyén sang toa d6 cuc ta c6 :

q nLx T 1 2R
®=24FId¢J‘VR2—r2rdr=24q (_E(Rz_rz)sz
0 0

=4nq.

2R’
Vidu 15: Tinh / = I J- xzdydz +yxdzdx + zydxdy 1iy theo phia ngoai ctia S 13 bién ctia hinh

S
chop x20,y>20,z20,x+y+z<1.

Giai : Hinh chép V cho trén hinh H.3.23
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X
Ap dung cong thirc (3.41) c6: [ = J‘J‘J‘(z + x + y)dxdydz
v
» . . x+y<1
Chiéu V 1én mat phang Oxy duoc tam giac :
x20,y20
1 l-x l-x—y
I:jdxj.dy J.(x+y+z)dz
0 0 0
1 1-x 1 1-x
1— x.2
=jdxfl(x+y+z) K ydy:fdx.[l[l—(x-i-yf]dy
2 0 2
0 0 0% 0
1 1 2
1 1 sfl—x I x“[1 1 1 4]
=—| |d=x)dx——|(x+ dx |=———| ——+—
2@ ) 35( M Jz 40076 247 o

TOM TAT CHUONG 3

® Cach tinh tich phan dudng loai mot
1. Gia sit cung AB tron cho béi phuong trinh: y = ¥(x), a <x <b va ham sé f{x,) lién

tuc trén cung AB . Khi do:
b
[ FGeyyds =] 1 yWi+y2 (x)dx
1B y

2. Néu cung 4B cho boi phuong trinh tham sé:

{x:xm , 1, <t<t,:
y=y()
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)
[ £Geyyds = [ flx), yOWx? 0+ ™ ()t

g

AB 4

® Cach tinh tich phan duong loai hai

1. Gia sir hai ham s6 P(x,), O(x,y) lién tuc trén cung 4B tron cho bdi phuong trinh tham

x=x( , . .
s0: { (( )) Diém 4 ung voi gia tri tham s6 ¢ =¢,, B ing voi gid tri tham so ¢, . Khi do:
y=yl

Ip
[ PG,y + O, y)dy = [ [PG(0 30 (0) 4 Px(e), v (1) (0) )

4B Ly
2 .Khi cung AB phang cho boi phuong trinh dang twdng minh y=y(x), 4,B c6 hoanh do
twong ung la a, b, ta nhan dugc:

b
[ PG, y)dx+0(x, y)dy = [[ P(x, () + O(x, p(x))y'(x)] dx

g

AB

e . Cong thirc Green.. Cho cic ham s6 P(x,y), O(x,) lién tuc cling cac dao ham riéng cap
mot trong mién D ¢6 bién 1a duong L, khi do:

] (%Q —%‘i)dxdy = § Pdx +Qdy
p “x oy L
.e. B6n ménh d¢ sau day tuong duong trong khong gian R
. L-L Yyen
dy Ox

(2). §de +Qdy =0, L 1a duong cong kin bat ky nam trong mién D.
L

(3). I Pdx + Qdy , trong d6 cung 4B nim trong mién D, chi phu thudc vao 2 diém 4,B

AB
ma khong phu thugc dang cung AB.
(4). Biéu thirc Pdx + Qdy 1a vi phan toan phan ctia ham u(x,y) nao do trén mién D.

x y
u(x,y) = [ P(x, p)dx + [ Q(xq, y)dy + C

Xo Yo

X y
u(x,y) = [ P(x, yo)dx + [Q(x,y)dy +C  trongdé A(x,,y,) € D,M(x,y)€ D
Xo Mo

e Cong thirc tinh tich phan mat loai mot: Ham s f{x,y,z) lién tuc trén mat cong S tron cho
boi phuong trinh z = z(x, y),(x, y) € D . Khi d6:
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[[ 70,20 = [ £ (o y. 2 )1+ 22 (. 9) + 22 (5, y)edvdly
S D

e Cong thue tinh tich phan mat loai hai : Ham sb R(x,y,z) lién tuc trén mit cong dinh hudng
S tron cho bdi phuong trinh z = z(x, y),(x,y) € D.

Khi @6 ”R(x, v,z)dzdy = J_r”R(x, v, z(x, y))dxdy
S D

Dau + khi ldy tich phan mat loai hai theo phia trén ctia mit S.
Dau — khi Iy tich phan mit loai hai theo phia dudi cua S.
e Cong thuc Stokes

dex+Qdy+Rd ” 8—R—8—Qdydz O _ ORY s a—Q—a—dedy
oy 0Oz z  OX ox Oy

e B6n ménh dé trong dwong trong khong gian R’
() OR 8Q oP _0R 8Q opP

(x,y.2) el
PR R R R

j;de +Qdy + Rdz =0, L 1a dudng cong kin bit ky nam trong mién V.
L

(3). I Pdx + Qdy + Rdz , trong d6 ABcV , chi phu thudc vao hai diém 4,B ma khong
4B

phu thudc dang cung AB

(4) Biéu thitc Pdx + Qdy + Rdz 1a vi phan toan phin ciia ham u(x,y,z) nao do trén

X )/ z
u(x,y,z)= .[P(x, v, z)dx + J- O(x,,y,z)dy + I R(x,,y,,z)dz+C

Xo Yo 20

trong do (x(,v¢,29) €V,(x,y,2)eV,C la hang sb tuy ¥ va:
j Pdx+ Qdy + Rdz = u(A)—u(B)
e Cong thuc Ostrogradski

j [ Pdydz + Odzdx + Rixdy = [[ j(ap %Q + ?dedydz

Ung dung tinh thé tich 7 = % .[ J- xdydz + ydzdx + zdxdy trong d6 S dugc dinh hudng ra
S
phia ngoai mién V.
CAU HOI VA BAI TAP CHUONG 3.

3.1. C6 thé dung tich phan duong loai 1 dé tinh d6 dai mot cung

93

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 3: Tich phan dwong va tich phan mat

bung ] Sai []
3.2. Tich phan duong loai 1 phu thudc vao hudng di cia duong cong
bung [] Sai ]
3.3. C6 the dung tich phan duong loai 2 dé tinh cong ciia mét lyc.
Ding M Sai []
3.4. Tich phan duong loai 2 phu thudc vao hudng di cuia duong cong.
buang 7] Sai ]
3.5. Co6 thé dung tich phan duong loai 2 dé tinh dién tich mgt hinh phéang.
bing [] Sai []
3.6. Ide +0dy=0= Y = op trong mién D gidi han boi duong cong L
i ox Oy
Pung [ Sai []
3.7 Céng thirc Green chi diing cho mién don lién.
bing [] Sai []
3.8. Dinh 1y 4 ménh dé twong dwong dang véi mién lién thong.
Dung H Sai [
3.9. Co6 the dung tich phan mat loai 1 dé tinh dién tich mat cong.
Ding [] Sai [
3.10. Tich phan mit loai 1 khong phu thudc vao huéng iy tich phan mat
bing [ Sai [
3.11. Dung tich phan mit loai 2 d¢ tinh thong luong ciia mot truong vécto.
bung [ Sai U
3.12. C6 thé biéu dién tich phan mat loai 2 qua tich phan mit loai 1
Dung ] Sai [
3.13. C6 thé biéu dién tich phan duong loai 2 theo dudng cong kin qua tich phan mit loai 2.
Dung [] Sai []
3.14 C6 thé biéu dién tich phan mit loai 2 theo phia trong ctia mit cong qua tich phan boi 3.
bung [] Sai []
3.15. Tinh tich phan mat loai 1, mat loai 2 phai dua vé tich phan bdi 2.
bung ] Sai [

3.16. Tinh cac tich phan duong loai 1 sau:

a. jxyds , L 1a bién hinh chit nhat ABCD véi A(0,0), B(4,0), C(4,2), D(0,2)

L
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x=t
t2
b. Ixyzds , L cho boi phuong trinh § y = 5 0<¢<1
L
8
z =
3

3.17. Tinh khdi lwong cta day vat chit c6 phuong trinh y = %(e" +e "} 0<x<a véi

khdi lugng riéng p(x,y) = L
y

3.18. Tinh cac tich phan duong loai 2 sau:
a. j (x—y)dx+(x+y) dy, ABC la dudng gap khuc v6i A(0,0), B(2,2), C(4,0)

ABC

b. I ydx — (y + x*)dy, L 1a cung parabol y =2x — x> ndm & phia trén truc 0x theo chiéu
L

kim ddng hd.
3.19. Tinh .[(xy —Ddx + x> ydy tir A(1,0) dén B(0,2) theo:
L

a. duong 2x+y=2
b. dudong 4x+y° =4

X =cost

c. duong { )
y=2sint

3.20. Tinh it;xdy va j; ydx theo chiéu dwong véi L la:
L

L
a. duong tron x° +y° =a’
b. bién ctia nira hinh tron x° + y* <a’, y >0
c. tam giac ¢6 ba dinh O(0,0), A(a,0) va B(0,b)
3.21. Tinh §()c2 + 7 )dx + (x> — y*)dy véi L 1a bién clia tam giac OAB theo chiéu dwong,
L
biét 0(0,0), A(1,0), B(0,1).

a. bang cach tinh tryc tiép

b. dung cong thuc Green

3.22. Tinh §(1 —x?)ydx + x(1+ y*)dyv6i L 1a duong x° + y> = R? (theo chiéu duong)
L
bang hai cach:
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a. truc tiép

b. dung cong thuc Green

3.23. Tinh cac tich phan duong sau theo chiéu duong:

a. igxy{[y + gjdy - (x + %jdx} , L 1a bién cua tam gidc ABC, A(-1,0), B(1,-2), C(1,2).

L
b. §x{y+%)dy—y3£x+%jdx, L 1a duong x° + y* =2x
L
3.24. Tich phan duong sau ddy c6 phu thudc vao dudng ldy tich phan khong? Tinh tich

phan theo AB tuong ung:

2
a. J. (1 - y—z cos Zj dx + (sin RATIR A Zj dyvéi A(l, ), B2, ), AB khong cit tryc Oy.
X

T X X X X

2, .2 2 2 2 2
b [ (3x Y gy 4 S X dijc’yi AQLD), 3(1,2j
Xy X h% 2

x:l+coszt

:4_1\3 c6 phuong trinh { ,0<1< % va khong cit cac truc toa do.

y=1+sin’t
3.25. Ching minh rang cac biéu thitc Pdx + Ody sau day 1a vi phan toan phan cia ham

u(x,y) nao do. Tim u?
a. (x2 -2xp° + 3)dx +(y? =2x"y +3)dy

b. [e"” +cos(x— y)} dx + [e"” —cos(x—y)+ 2] dy

c. ex[ey(x—y+2)+y]dx+ex[ey(x—y)+l]dy

xdx 1—x22 f
d. + d
x> +y? xT+y° X

— ydx + xd
yax XJ’V

ye

3.26. Tinh l§ Gi:

27y X’ +y°
a.L1a dudng x° + y> =a” (theo chiéu ngugc kim dong ho)

b.L 13 bién hinh vudng v&i dinh (-1,-1), (-1,1), (1,1), (1,-1) (theo chiéu thuan kim dong hd).

3.27. Tim m, a, b dé cac bicu thirc sau la vi phan toan phan cua ham so6 u nao d6 va tim ham

sO do

. (x — y)dx +(x + y)dy
(x> + )"
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(ax2 +2xy+y° )dx —(x* +2xy + by*)dy
(x2 +y2)2
3.28. Tinh J‘J‘(x2 +y?)dS néu:
S

b.

a. Slémétnénzz=x2+y2,0SzS1
b. Slamitcau x* +y> +z> =a’
3.29. Tinh cac tich phan mat loai mot sau:

4 \ 9 N 2
a. ”(z +2x + ?deS , S la phan cua mat phang §+ % + Z =1 nam trong gbéc phan tdm
N

thtr nhét.

b. ”(yz+zx+xy)dS, S 1a phan cia mit nén z=./x>+ y’ ndm trong mit try
N

x*+y° =2ax,a>0
x2
c. ” xdS', S 1a phan cua mat try parabolic z = TN nam trong goc phan tam thu nhat cua
N
mittry x> + y> =1,
3.30. Tinh céc tich phan mat loai hai sau:

a. ” xyzdxdy , S 12 mit ngoai ctia phan hinh cau x4c dinh boi x* +y* +z> <1,x >0,y >0.
S

b. ” Xdde-i—dZdX-}-XszXdy, S 1a mit ngodi cta phan hinh cdu xic dinh bai
S

x? +y2+22S1,x20,y20,220.

2 2 2

. ” dydz . dzdx . dxdy , S 1a mat ngoai cua ellipsoid x_2 + y_2 <1
S X

y z a- b ¢

d. J.Ixzyzzdxdy, S 1a mat trén nira mat cau x> +y*> +z° =R*,z<0.
S

3.31. Tinh cac tich phan dudng sau theo hudng nguoc kim ddng hd nhin tir phia z > 0:

{xz +yz :Rz

a. §x2y3dx+dy+zdz,Llé duong tron 0
z =

L
xz+y2+zz=R2

b. § vdx + zdy + xdz , L 1a duong tron
v x+y+z=0

3.32. Tinh céc tich phan mat theo phia ngoai ctia vat thé bao boi mit cong S.

a. ” xzdydz + yxdzdx + zydxdy, S 1a bién cua hinh chép x>0,y>0,z>0,x+y+z<I.
S
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b. ” x’dydz + y’dzdx + z'dxdy, S 1a mat cau x* +y° +z> =R?.
S

c. J‘J. x’dydz+y’dzdx +z’dxdy, S & bién cia hinh 1ap  phuong
S

0<x<a,0<y<a,0<z<a.
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CHUONG 4. LY THUYET TRUONG

GIOI THIEU

Trong vat ly, dic biét trong k¥ thuat thuong gap khai ni€ém truong: Truong nhiét do, tu
truong, dién truong,.... Khai niém trudng trong toan hoc 13 téng quat hoa cac trudng hop cu thé
d6. Mién Q eR® xac dinh mot trudng v6 hudng u(x,y,z) néu tai moi diém M (x, y,z) € Q déu xac
dinh dai luong v huéng u(M). Chang han truong nhiét do 1a mot trudng vo hudng. Vay dic
trung cta truong vo hudng 1a mot ham vo hudng. Mién Q eR’ xac dinh mot truong vécto

f(x, ¥, z) néu tai moi diém M (x, y,z) € Q déu xac dinh dai lugng vécto:

F(x,9,2) = P(x,7,2)i + Q(x,7,2).] + R(x, 7, 2).k = (P, 0, R)

Chang han tir truong 1a mot truong véc to. Vay dic trung cta truong vécto 14 mot ham
vécto. Mot trudng vécto xac dinh khi biét ba thanh phin cua vécto dic trung cho trudng do:
P(x,v,2),0(x,,2),R(x, y,2), tic 1a biét ba truong v hudng. Tlr nay vé sau ta dung cac ky
hiéu: = (x,y,z) thay cho oM , trong d6 M c6 toa d0 (x,3,2), dr = (dx,dy,dz)
dS = (dydz, dzdx, dxdy) .

Pé hoc tét chuong nay, ngudi hoc can thong thao phép tinh vi tich phan ham nhiéu bién.

Trong chuong nay, yéu cdu nam viing cac ndi dung chinh sau day:

1. Céac déc trung cua truong vo huong.

Mit mirc, Gradién va y nghia vét li cua cac dai lugng do.

2. Céc dac trung cua truong vécto.

Duong dong, thong lugng, do phan ki, hoan luu, vécto xody va y nghia vat li cua cac dai
luong do.

3. Cac truong dac biét

Diéu kién nhan biét va tinh chét cua cac truong dic biét: truong Ong, trudng diéu hoa,
truong thé.

NOI DUNG
4.1. Cac dic trung cia truong vo huéng
4.1.1. Mat mirc

Cho truong v6 hudng u(x,y.z), (x, v,z) € Q. Tap cac diém (x,y,z) € Q thoa man phuong
trinh: u(x,y,z)=C, Clahang sb “4.1)
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£oi 1a mat muare cua truong vo hudng tng véi gid tri C. RO rang cdc mat mirc khac nhau (cac gia tri
C khac nhau) khong giao nhau va mién Q bi phi kin béi cac mat mirc. Néu Q cR? thi ta c6 khai
niém dudng mirc (dudng dang tri) cho boi phuwong trinh:

u(x,y)=C
Chang han, modt dién tich ¢ dit & goc toa d0 gdy nén mot truong dién thé
1
u(x,y,z)= . Khi @6 mat mirc ¢6 phuong trinh: g e C
2, .2 2 [ om 2 B2
X+ y +R Xty +z

q2 s s

hay x?+ yz +z% = 5= R?. D¢ 1a cac mat cau dong tam 0.
C

4.1.2.Gradién (Gradient)

Cho truong v6 hudng u =u(x,y,z),(x,y,z) € Q va u(x,y,z) kha vi trén Q. Khi d6
ou ou ou
ox’ oy’ ox

(Xem muyc 1.2.8,Chuong 1.) Vay mét truong vo hudng u(x, y,z)da sinh ra mot truong vécto

gradu(x,y,z) = ( ], (x,y,2) e Q. 4.2)

gradu(x, y,z) .

Tir tinh chat cta phép tinh dao ham, ta ¢ cac tinh chit sau day cua Gradién
grad(Au) = Agradu , A 1a hiang s6.

grad(u +v) = gradu + gradv
grad(u.v) = v.gradu +u.gradv

grad% = &(Vgradu —ugradv), néu v =0
gradf(u) = f '(u)gradu.
4.2. Cac dic trung cua truong vécto
4.2.1. Puong dong
Cho truong vécto F(M) = P(x,y, z);' + Q(x,y,z).} + R(x,y,z)ié , (x,y,z) e Q. Puong

cong C = Q goi la dudng dong cua truong vécto F(M)néu tai mdi diém M trén dudng cong C,

tiép tuyén cua C tai d6 c6 cung phuong vé6i vécto F(M). Ching han cac dudng stic trong tir

truong hodc dién trudng 1a cac duong dong. Néu dudng dong c6 phuong trinh :

x=x(t)
y =y
z=2z(1)

_)
va P,Q,R 1a cac thanh phan ctia F thi ta c6 h¢ thuc:
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X0 YO 20
P(x,y.2)  0(s.2) R(x..2)

Goi (4.3) 1a h¢ phuong trinh vi phan cua ho duong dong cuia truong vécto F (x,v,2).

“4.3)

Chéng han moét dién tich ¢ dat tai géc toa d tao ra mot di¢n truong £, theo dinh luat
Culong thi :

i

3 37 322 3
(x2 +y2 +22)2 (x2 +y2 +zz)2 ()c2 +y2 +22)2

Zo4r_ gx qy gz

r

Khi d6 hé phuong trinh vi phan cia ho duong dong 1a :
& _dv_ds
x y oz

Dé giai hé phuong trinh ndy, ban doc c6 thé xem trong [2],[6].Két qua ho duong dong
( trong vat li, thuong goi la cac duong stc) cho boi phuong trinh :
x=kit,y=kot,z=kst, ky,ky,k; 1acachingsb tuy y.

D6 13 ho dudng thang di qua gde toa do.

4.2.2. Thong lwgng cuaa truong vécto

Trong muc 3.6.2 ta da dua ra dinh nghia thong lugng cia truong vécto F(x, ¥,Z) qua mat

cong dinh hudng S xac dinh theo cong thuc (3.35) :

o= ] FndS = [[ Pdydz + Qdzdx + Raxdy = | FdS (4.4)
S S S

Trong d6 n(cosa,cos B,cosy) la vécto don vi clia vécto phap tuyén cua mit S dugc dinh

huéng, P, O, R 1a cic thanh phéan cia F.

4.2.3. Dive (Divergence, d¢ phan ky)

Ta goi d6 phan ky hay goi tit 13 dive cua trudng vécto F(x, v,z) tai diém M(x,y,z) 1a dai
luwong vo hudng, ky hig¢u divf(x, v,z), xac dinh theo cong thiic :

o, 00 R

divF(x,y,z) = ™ + o 4.5)

Vay mét truong vécto F' da sinh ra mot truong vo hudng divF .

Néu mién ¥ < Q c6 bién 13 S thi cong thirc Gauss —Ostrogradski (3.42) c6 dang :

FndsS = ([[divF(x, y,z)dxdvdz (4.6)
([7nas -
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Nghia la thong lugng cua truong vécto F qua phia ngoai mit S bao mién ¥ bang tong do
phan ky tai tat ca cac diém trong mién ¥ cua trudng vécto. Theo ¥ nghia co hoc cua tich phan boi
ba, suy ra divF(x, ¥,z) chinh la mat d¢ thong luong tai diém M(x,y,z) ctia truong. Tir ¥ nghia vat
1y ctia truong van tdc ta thdy thong lugng cla trudng véan tde qua mit kin S ra phia ngoai 1a hiéu
ctia lugng vat chat tir trong chay ra va tir ngoai vao qua S (ching han luong nudc). Néu thong
lugng @ > 0, tir y nghia vat 1y, cling nhu tir tinh chét cta tich phan ta thdy trong mién ¥ bao boi S

phai c6 diém ngudn. Chinh vi thé ta goi M 1a diém ngudn cia truong néu divF (M) > 0, ngugc

lai néu divF (M) <0 thi M 1 diém hut.
4.2.4. Hoan luu
Cho truong vécto F(x, v,z)=(P,0,R) va mot duong cong L trong truong vécto. Ta goi :
C=dex+Qdy+Rdz=der @.7)
L L
1a hoan luu hay luu sb cua truong ]?(x, v,z) theo duong cong L. Theo y nghia co hoc cua tich

phan dudng loai hai ta thiy néu ﬁ(x, v,z) la truong luc thi hoan luu cta nd theo L 1a cong do luc

I?(x, ,z) sinh ra khi vat di chuyén doc theo L.
4.2.5. Réta (Rotation,Véc to xoay)

Cho truong vécto F(x, v,z) =(P,0,R), vécto xody cua truong, ky hi€u la rotF , Xac dinh

theo cong thirc :

ot =| R QN 5_P_5_Rjj+ 0Q_P\
oy 0z 0z OX ox Oy
i iy k 4.8)
_|& M B
ox Oy 0z
P Q R

Vay mdt truong vécto F da sinh ra mét truong vécto rotF(x, y,z).

Gia st c6 mat cong S trong truong dugc dinh hudng va bién cta no la dudong L tron ting
khue. Khi d6 cong thure Stokes (3.39) ¢6 dang :

9517“ dr= ” rotEn.dsS = ” rotE.dS 4.9)
L S S

Nghia 13 hoan luu cia trudng vécto F doc theo chu tuyén L ciia mit cong S chinh bang
thong Iugng ctia vécto xody qua mat cong S cua truong.
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> o _ )
Tir ¥ nghia co hoc, ta thay IF .d r 1a cong cua truong luc F(x,y,z)khi di chuyén doc
L
theo L. Néu L 1a duong cong kin thi cong sinh ra thudng bang khong vi cong san ra trén phan

1

”thudn chiéu” ctia duong cong kin L can bang véi cong san ra trén phan “ngugc chiéu”, néu

khong ¢6 “xoay” (rotF = 0). Do d6, tir cong thirc Stokes ta thay hoan luu theo chu tuyén kin L
dic trung cho tinh xody ctia truong trén mat S ¢6 chu tuyén L, néi cach khac 13 tinh chat “xody”

ctia truong theo chu tuyén d6. Do d6, néu rotF(M) # 0 ta ndi rang M 1a diém xody cua trudng va

rotl_i(M ) =0 ta noi rang M 1a diém khong xoay.
4.3. Mt s truwong dic biét.
4.3.1. Truong thé

a. Pinh nghia : Trudong vécto F(M)goi 1a truong thé néu ton tai mot trudng vo hudng
u(M) sao cho :

F(M) = gradu(M),YM eV (4.10)

Khi d6 ham w(M)duoc goi 1a ham thé hay ham thé vi cua truong f'(M ), con
V(M) =-u(M) goila thé ning cua trudng.
Gia st F(M) = (P,0,R) 1a truong thé voi ham thé 13 u(M).
Khi do Pza—u,Qza—u,RZa—u,
ox oy 0z
Pdx + Qdy + Rdz 14 vi phan toan phan ctia ham u(M) .

tec la: du= Pdx+Qdy+ Rdz nghia la

b. Tinh chit : Xuit phat tir dinh ly bén ménh dé twong dwong (muc 3.4,Chuong3.), suy ra :
1. Dé truong F (M)1a trudong thé, diéu kién can va di 13 truong F (M) khdéng xoay
(rotF(M)=0,YM eV).

2. Hoan luu cua trudong F (M) theo moi chu tuyén kin, tron timg khuc trong ¥ déu bang 0

[ff.d; = o}.

Vi du 1 : Chig té rang truong luc hip dan tao boi trai dat tac dong 1én vé tinh 14 truong
thé va tim ham thé cua no.
Giai : Theo dinh luat Newton, truong luc hép danséla:

M.m-~
P

F(xayaz) ==Y
I
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trong d6 M 1a khéi luong trai dat, m 1a khdi lugng vé tinh. ¥ 1a hé s6 hdp dan, P(x,y,z)1a vi tri
cda vé tinh, con géc toa do coi 12 vi tri trai dt. Ta c6 :
rotF =0, VP(x,y,z) eR’\{0,0,0} (xem vi du 14 chuong 3)

Vay truong luc hap dan 13 truong thé. Ham thé tinh theo cong thirc (3.40) :

u(P)= j Fdr+ulM,)=-yMm Xdy+ydy+Zc;z
Moht gt (X7 + ¥ + 222
1 yMm
:]/Mm J d(;)+u(M0): +u(M0)

MM

trong d6 cac diém P,,P khong trung gdc toa do.
4.3.2. Truomg dng

a. Pinh nghia : Truong vécto F (M) goi la truong 6ng néu divF(M )=0,YM €V hay:
8—P+@+8—R=0 4.11)
ox Oy 0Oz

Ta goi dng dong cua truong vécto 1a phan khong gian trong ¥ tao boi cac duong dong tua
trén bién cia mot mat cong S nao do trong truong. Ban than mit S ciing nhu cac thiét dién ngang
ctia 6ng goi 1a thiét dién ctia ong dong.

b. Tinh chét : Tir cong thirc Gauss — Ostrogradski ta suy ra cac tinh chét sau day cia
truong ong

* Thong lugng ciia truong 6ng qua mat cong kin S bat ky trong truong déu bang khong.

That vay, ® = [[F.dS = [[[divFdxdydz=0.
S Q

* Néu ¥ 1a don lién thi thong lugng cia truong 6ng qua mat S c¢6 bién L trong truong chi
phu thudc vao bién L ma khong phu thugc vao mat S. That vay, gid st S; va S, la hai mat cung
cing boi bién L. Goi Q 1a mién gidi han boi hai mat nay thi :

0= [[[aivFdxdyaz = [[F.ds - [[F.ds
9) S S,
Suy ra J‘J.I?dg 4 ”ng .
Sl SZ

* Thong luong qua moi thiét dién cua mot dng dong trong trudng 6ng déu bang khong.

That vdy, gia sit S; va S, 1a hai thiét dién cua ong dong (H.4.1). Goi S, 1a mit xung
S1,8,.

quanh cua éng dong gilta S| va S, va Q 1a vat thé giéi han boi S xq>
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H.4.1

Theo tinh chit 1,taco: 0 = ”F%dS + ”F;dS + ”Fi_;dS .
S, s, S

o day n dinh hudng ra phia ngoai ctia Q.

Theo dinh nghia cia dudong dong, nén trén bién S, thi Fn=0. Mit khéc, trén bién §;

thi n; ngugc hudéng véi n, thcla F.n=—-F.n;.
Con trén bién S, thi n, cung hudng véi n.

Tudosuyra: 0= —”F.adS + ”F.;zzdS.
Sl SZ
Hay la ”[?dg = ”ng .
N S,

D@ dang kiém tra thay duoc trudng hap din (vi du 1) hay dién trudng (vi du 14 chuong 3)
déu 1a cac trudng dng va truong thé trir gbe toa d6. Do d6 thong lugng qua moi mit cong kin
khong bao gbc toa d6 déu bang 0.

Vi du 2 : Tim thong luong clia dién trudng sinh ra boi dién tich ¢ dat & gdc toa do qua phia
ngoai mit cong kin S bat ky bao gdc toa do.

=y

H.4.2

Giai : Tu vi du 14 chuong 3 ta c6 dién truong :

—

r
E=qg—
3
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va thong luong qua mit cu ban kinh R 13 4.7.g nghia 12 khong phy thudc ban kinh R. Gia sir S 1a
mat cong kin nao d6 bao géc toa do. Goi Sy 1a mat ciu tim & géc toa d6 va ban kinh R du 16n
sao cho S bao ca §(H.4.2). Goi Q mién gi6i han boi S va Sg. Khi d6 :

[ EndS = [] divEdxdydz = 0
SUS, Q

Suy ra ”E;zdS =— ”EZdS , trong d6 vécto n cia S hudng vao gdc toa d6. Vay thong
S, S
lwong qua phia ngoai mat cong S chinh bang thong lugng qua phia ngoai mat cau S, va bang

4.7.q

4.3.3. Trudong diéu hoa

a. Pinh nghia : Truong vécto F(M)goi 1a trudng diéu hoa néu nod vira 1a trudong dng vira

1a truong thé, tirc 13 :
rotF =0
— 4.12)
divF =0
b. Tinh chat : Ham thé u(M) cua truong diéu hoa 1?(M ) 1a ham diéu hoa, néi cach khac
ham thé u(M) thoa man phuong trinh Laplace : Au =0

o%u  o%u azu_

Hay + =0 4.13)
o oy o2
That vay, ]?(M) 1a truong thé nén ham thé u thoa méan ou = P,a—u = ,a—u =R.
ox oy oz
Mat khac F(M) 1a truong 6ng nén A, + 0 + R =0.
ox oy Oz
2 2 2
Do d6 0K T L

= =
ax? 8y2 oz
Theo dinh nghia thi truong hip dan va dién truong 1a cac truong diéu hoa trong mién ¥
. g C .
khong chtra gbc toa d6. Ham thé cua truong do c6 dang —-+ C ». Trong do C;,C, la cac hang
r

0. Cac vi du sau s€ chi ra cac ham diéu hoa tong quat hon.

Vi du 3. Ching minh ham s6 :

u(M) =%+C2,r=\/(x—xo)2 +(y-y,)’ +(z-2,)*, C,,C,lacachangsb tuyy

1a ham diéu hoa trong moi mién ¥ khong chira diém M, (xy, vo.20) -
Giai : Ta chirng minh ham u(M') thoa man phuong trinh Laplace (4.13).
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0 Cr X—Xx
That vay —uz—%z—Cl 3 0
X v r
o%u r? —3(x—x0)2
2 -G 5
ox r

Tuong ty :

d’u _C r’ _3()’_)’0)2

ayz 1 rS

o’u r?=3(z-z,)°

R
4 r

3r? = 3|(x = x)° +()")’0)2+(Z—Zo)2|:0

I"S

Do d6 : Au=-C;

2 r A 1 A
Tuong ty kiém tra thay rang ham u(x,y)=In—,r = \/(x —xo)2 +(y —yo)2 la ham diéu
r

hoa trong moi mién phang D khong chira diém M, (x,,¥,), tic 1a ham u da cho thoa méin
phuong trinh Laplace trong mit phing :

o’ y oy° ]

Au

4.4. H¢ toa do cong truc giao
4.4.1..Dinh nghia:

Mbi mét diém M trong khong gian thyc dugc xac dinh bdi mot bo 3 sb sa“ip tho tu

(uq,u5,uz) vanguoc lai, duoc ki hiéu M (u,u,,u3) . Cac ) uy,u,,u3 goi chung la toa do cong
cia diém M. Cac mit cong lan lugt c6 phuong trinh: w,=uyy, Uy =uUyy, U3 =1Usy,
(uyq,uqg,u3pla cac héng sé) goi la cac mat toa do trong h¢ toa dd cong. Giao cua cac mdt toa do

goi la cac duong toa do. Néu cac duong toa do truc giao tirng do6i thi hé toa do cong dugc goi la
h¢ toa do cong truc giao. Nhu vay hé toa do dé cac, hé toa do tru (xem muc 2.4.2.), h¢ toa do cau
(xem muc 2.4.3.) 1a cac hé toa d6 truc giao (H.4.3, H4.4)
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_>
ZA k3 z4
— —»
Mﬁ kl k3 —
Nk, ik 2
r 2 ™ . .
¢ > kl
J y
0 > -
M
H.4.3 X

4.4.2. Lién hé giira toa do dé cac va toa dd cong truwc giao

M&i lién hé gitra céac toa d§ dugc cho boi h¢ phuong trinh:
x =x(uy,uy,u3)
y = y(uy,uy,uz) 4.14)

zZ= Z(Z/ll,uz,u3)
Cac duong toa do /,/,,l; cho boi hé phuong trinh:

u,(x,y,z)=u,
{’( VA=t 193 v i ], (4.15)

uj(xayaz) :ujO
Céc vécto don vi cta cac dudng toa do tai diém M 1a k,,k,,k; (H 4.5), ching thoda man:
- >

1 ) .
bat &, = ,i =1,2,3. Nguoi ta da chirng minh dugc nhitng cong

Oy Ol % 2
J(ax) - (G -2

thire sau day, cho mai lién hé gitra toa do dé cac va toa do cong.

_)
dr =(dx,dy,dz) = (hdu, hydu, ,hyduy)

d§ = (dx,dy,dz) = (h,h,du,du,, h,h,du,du,,hh,du,du,) 4.15)
dVv = dXdde = h1h2h3du1du2du3

Trong toa do cau (7, ¢,6), ta co: h =1h, =r,h, =rsinf.
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Trong toa dd tru (r,@,z),tacd: hy =1,h, =r,h, =1.
4.4.3.Cac dac trung cia truwong trong hé toa do cong truc giao

a. GradU(u,,u,,u;)

Cong thic téng quat: gradU = i6—Uk1+La—Uk2+ia—Uk3 )
h, Ou, h, Ou, h, Ou,

Trong toa do cau cho U(r, 0,0), ta co:

gradU =3_U;1+18U Zz-l— ‘1 U 23. (4.16)
or r 06 rsing Op

Trong toa d9 tru cho U(r,¢,z), ta co: gradU:a—UkHrla—Uszra—Ulm. 4.17)
or r op 0z

b. DivF(u,,u,,u,)

%
Cong thirc tong quat: div F = 1 i(Flhzh3) + i(F2h3hl) + i(F3hlh2)
h1h2h3 8u1 81/{2 8143

%
Trong toa do cau (7, ¢,60), cho F = (F.,Fp,F,), tacod:

%
divF = — i(Frrzsina)Jri(zagrsme)+i(F¢,r) (4.18)
00 og

r%sin@| or

Trong toa d¢ tru (r,¢,z), cho F = (Fr,F(p,FZ), ta co:

wE -1 2 ra O\
divF = r {ar (F.r)+ o0 (F,)+ > (Fzr)} 4.19)

c. RotF(u ,u,,u;)

Cong thirc tong quat:

B - -
k1 ko k3
hyhy h3hy  hyhy
%
rot F = 0 s 0 4.20)

aul 81/12 6u3
mEy,  hhF, hyF;

%
Trong toa d6 cau (r,¢,0), cho F = (FF,FH,F(/,) , ta co:
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2 ;1 0 ) 0 ]_€> 0 B .
rotF = > sin&{ae (Fpr sin &) o0 (Fgr)} i 9{ (F.) (F(Drsm9)}+
oE }
K519 -2 (R .21
r 00

Trong toa d¢ tru (r,¢,z),cho F = (Fr,F(p,Fz), ta co:

rotF:k—{—(F )——(F r)}rkz[—(F)——(F )}L +£{—(F )——(F )}
r
(4.22)
d. Biéu dién AU
Cong thirc tong quat:
AU = 1 0  hyhy 8U)+ o ,h 8U)+ 0 (hlhz GU)
h1h2h3 aul hl aul auz h2 8u2 8u3 h3 5u3
Trong toa dd cau cho U(r,,6), ta co:
O’V 20U 1 0°U cos@oU 1 U
AU = —t+— + +
o ror 202 2 00 rZsind o¢* (4.23)
Trong toa do tru choU (7,9, z), ta co:
2 % 2
AU:aU 1oU 10U oU 4.24)

t——t— + J
o ror r’op oz
Vi du 4. Cho ham s6 U = r(cosé +sin @), trong d6 r 1a khoang cach tir gbc toa do O dén

ﬁ
diém M, con @ 1a goc gitta OM va truc Oz.
a. Tinh gradU

. , =l o 2 . a:R . T
b. Xac dinh vécto don vi n, ctia mat phang U = Const tai diém c6 0 = E

Giai:
a. Theo gia thiét, ham s6 U c6 cac doi so 1a cac toa do cau.

Thay U vao cong thic (4.16), ta nhan dugc

- -
gradU = (cos@+sin ) k 1+ (cos@ —sinb) k »
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%
b. Ta c6 n,// gradU, theo trén | gradU | = \/5, thay € :% vao cong thuc trén suy ra:

(1+B)ki+(1=~3)Ka|.

1
n,=—=
NG
2 r 2 1 s k -
Vi du 5: Tim hang so k dé truong vécto cho trong hé toa do cau F =r" r c6 thong luong
bao toan (trudng ong).

Giai: Bidu dién = (#¥1,0,0), theo cong thic (4.18) nhan dugc:
_)
divF = — ! { pkt3 sm@)} (k+3)r* =0, suyra k=-3.
r-sinfd

> -
Vi du 6: Chung minh trudng vécto cho trong h¢ toa do cau F = PLAREY truong thé véi moi

so k.
%
r

ﬁ
Giai: Biéu dién F=rFr =(%1,0,0), theo cong thic (421) nhan duogc

_>

%

rotF = k_2 i(rkJrl) _ ks i(rkﬂ) =0, voi moi k. Vay truong vécto di cho la
rsiné| op r |06

truong thé.

Vidu7. Biét Au=0 va u=u(yx’ +y”). Tim dang tong quat ctia ham u .
Gidi : R0 rang ham u duogc cho trong toa dd tru. Theo cong thuc (4.24), ta co

2
Au=d?+ld—u:li(rﬂ) 0
dr rdr rdr dr

Suy ra r%: C,,=>du :Clg,:u =C,/Inr+C,.
r r

(C,,C,,1a cac hang sé tuy y)

Vidu8. Biét Au=0 va u=u(yx> +y° +z>). Tim dang tong quat ctia ham u
Giai :Ro rang ham u dugc cho trong toa do cau. Theo cong thirc (4.23), ta ¢6

d’u 2du 1 d  ,du

Au = +——:—— 0
dr* rdr r? a’r( )
Suyra ra r2ﬂ=cl,:>du=cld—f,:>u=—Cll+cz.
dr r r

(C,,C,,1a cic hang sé tuy y)
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TOM TAT CHUONG 4

e Phuong trinh mat dang trj :

Gradién tai diém (x,y,2).

Phuong trinh duong dong :

u(x,y,z) = C, Clahang sb

Oou Ou ou

d s Vs B N
gradu(x, y,z) (ﬁx o o

} (x,y,z) e Q

X0 _ YO 20
P(x,y.2)  O(x,.2) R(x.7,2)

H
Thong luong cua truong véc to F'(P,Q, R) qua mitcong S :

® = ([ F.nds = ([ Pdydz + Qdzds + Rdxdy = [ F.dS
S N S

_)
D6 phan ky cta truong véc to F(P,Q, R) tai diém (x,y,z):

divF(x,y,z) = L + % + R
ox 0y Oz

N
Hoan luu cua truong véc to F'(P,Q, R) doc theo dudng cong L :

C=[Pdv+Qdy+Rdz=[Fd r
L L

%
® Rota clia truong véc to F/(P,Q, R) tai diém (x,y,z).

rotlE:(a—R—a—QJI+(a—P—a—Rj.§+[a—Q—a—P]E

oy 0z 0z

ik
_|1° o5 &

ox oy o0z

P Q R

ox ox  dy

® Trudng thé : I?(M )14 truong thé néu :

Ju(M): F(M) = gradu(M),YM €V hay rotF(M)=0,YM eV .

® Trudng ong : I?(M )14 truong 6ng néu

divF(M)=0,YM eV

oP 0Q OR
— =4+ —=
ox oy oz

CuuDuongThanCong.com
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rotii =0

® Truong diéu hoa : 1?(M )14 truong diéu hoa néu _
divF =0

o’u  o%u 62u_

+ =0
ox? oyt 8zt

® Phuong trinh Laplace :

Nghiém ctia phuong trinh Laplace goi 1a ham diéu hoa.
CAU HOI VA BAI TAP CHUONG 4.

4.1. Cac mat muc ciia mdt truong vo hudng khong giao nhau.

Pung [ Sai []

4.2. gradu(x,y,z)1a mot véc to.
Pung [ Sai [

4.3. divF(x, y,z)1a mot véc to.
Pung [] Sai []

4.4. rotf(x, v,z)la mot véc to.

Pung [] Sai  []

4.5. Truong thé 13 mot truong vo hudng co gradu = 0.
bung [l Sai []

4.6. Truong thé 1a mot truong khong xody va nguoc lai
bung [ Sailk W |

4.7 Trudong diéu hoa 13 truong vo hudéng u ma u thoa méin phwong trinh Laplace.
pung [l Sai ]

4.8. Chung minh céac cong thirc
a. div(uﬁ' )= graa’u.ﬁ + udivF
b. div[@', ]3]: FrotG — GrotF

c. rot(uﬁ )= [gradu, F ]+ urotF

4.9. Cho u = arcsin . Tinh goc giita gradu tai diém (1,1) va (3.4).

X+y

4.10. Cho u = h{x + lj . Xac dinh diém tai 46 gradu = [1,— %j
y

4.11. Tim thong lugng cia cac truong véc to sau:

a. F=xyf+yzj+le€ qua phﬁn clia mit cau x’ +y2 +z° =R2,x20,y20,220

hudéng ra ngoai.

b. F=x’1 +y’j+ 2’k quamitcau x* + y* + z> = x hudng ra ngoai.
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c. ﬁzxf+yj+zl€ quamit z=1-+/x> + y”, z>0 huéng lén trén.
4.12. Tinh luu s cua truong F =(y+2)i +(z+x)j + (x + y)/g doc theo cung tron nho
nhit cia dudng tron 16n ctia mit cau x° + y° + z> =25 nbi cac diém M(3,4,0) va N(0,0,5).

4.13.Tith. 2xy’zdx + 2x° yzdy + (x> y* —2z)dz,
L

3 . 1 . i >
L c¢o6 phuong trinh x =cos¢, y = 7811’1 t,z= 5 sin¢ hudng theo chiéu tang cua t.

4.14. Chang minh rang cic trudng vecto sau day 1 nhimng truong thé, tim ham thé vi caa
chung.

-X

a. F=e"{ ! —ln(x+y)}7+ ¢
X+y X+

b. F:yz(2x+y+z);+zx(2y+z+x)]+xy(2z+x+y)1€
c. F=(y+2)i +(z+x)j+(x+ )k

4.15. Cho u va v 1a cic ham diéu hoa. Chiing minh truong véc to ugradv — vgradu 1a

truong 6ng.
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CHUONG 5. PHUWONG TRINH VI PHAN

GIOI THIEU

Ciing nhu phép tinh dao ham va vi phan, phuong trinh vi phan (PTVP) ¢6 tam quan trong
rat 16n va co ung dung rong rai trong moi linh vuc khoa hoc k¥ thuat va kinh té. Cu thé 1a nhiéu
bai toan kinh té, ky thuat dién tr, y hoc,... déu din dén phuong trinh vi phan. Trong toan hoc,
phuong trinh vi phan 1a mot chuyén nganh rat phat trién. Chuong nay cung cép nhing kién thirc
co ban vé phuong trinh vi phan thudng ( goi véin tit 1a phuong trinh vi phan). Bé hoc tét chuong
nay, yéu cau ngudi hoc phai nhan dang dwoc timg loai phwong trinh vi phan, qua d6 méi c6 thé
tich phan duoc (tim dugc nghiém), boi vi khong c6 mot phwong phép chung nao dé giai phuong
trinh vi phan. Giai PTVP 1a mot qué trinh tinh tich phén, vi thé yéu cau ngudi hoc phai thong thao
phép tinh tich phan va vi phan, d6 1a noi dung cdt 13i ctia toan hoc cao cip.

Mot PTVP 1a mot phuong trinh c6 dang F(x,y,y',...,y("))=0 hay

dy d*y d™y

— s, ) =0 trong d6 x 12 bién sb doc 1ap, y = y(x) 1a ham sb phai tim,
dx dx? dx™

F(x,y,

vy, y(") 1a cdc dao ham ctia ham s phai tim, (trong PTVP nhét thiét phai c6 mat it nhat
dao ham cip k nao d6 cta ham phai tim). Cap cao nhét ctia dao ham ctia ham sd y phai tim ¢
mat trong PTVP duogc goi la cap cua PTVP, chang han:
y'+x=0 (PTVP cap 1)
y"+(»")? =0 (PTVP cip 2)
Ham sd y = y(x) 1a mot nghiém cta PTVP néu nhu nd thoa min phuong trinh tirc 13
thay n6 vao phuong trinh s& nhan dugc dong nhit thirc. Chang han voi phuong trinh y'= x ta

2 2
co nghiém y = % ‘tham chi y = % +C trong d6 C 13 hiing s6 tuy v.

Giai hay tich phan mot PTVP 1a tim tt ca cac nghiém ctia nd. Vé mit hinh hoc, mdi
nghiém ctia PTVP 13 mot duong cong (dd thi ctia nghiém), vi thé ngudi ta goi duong cong do
la duong cong tich phan cua PTVP.

PTVP duoc goi 12 tuyén tinh cAp 7 néu ham sé F 1a bac nhat déi voi y, y',..., »™, tirc 1a
phuong trinh c6 dang:
YO 4 a )y 4t (DY, (0y = ()
trong do a;(x),...,a, (x), f(x)1a cac ham s6 cho trudc.
Néu f(x) =0 thi ngudi ta goi 1a phuong trinh tuyén tinh cap # thuan nhat.
Néu f(x)#0 thi nguoi ta goi 1a phuong trinh tuyén tinh cap n khong thuan nhét.
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Trong chuong ndy can nim vitng cic ndi dung chinh sau day:

1. Cac phuong trinh vi phan cap mot thuong gap.

Can phan biét dugc timg dang phuong trinh vi phan va phuong phép tich phan tuong
ung véi tung dang.

2. Céc tinh chét ctia PTVP tuyén tinh cap hai.

Tir cac tinh chat cia PTVP tuyén tinh 6 thé tich phan dugc khi di biét mot nghiém cua
PTVP tuyén tinh thuan nhat twong ung, hodc hai nghi€ém riéng cia phuong trinh khong thuan
nhat da cho, dac biét 1a khai thac nguyén 1i chong chat nghiém.

3. Phuong trinh vi phédn tuyén tinh cdp hai c¢6 hé s6 hang s6.

Bén canh phuong phap bién thién hiang s6 Lagrange, can nhan biét dang ham dic biét &
ve phai dé tich phan PTVP bang phuong phép h¢ s6 bat dinh.Van dung, c6 thé giai PTVP
tuyén tinh c6 hé s6 hang so cap n.

NOI DUNG

5.1. Phwong trinh vi phén cip 1

Trudc hét ta xét mot bai toan hinh hoc dan dén PTVP. Hiy tim phwong trinh duong cong L
(¥ = y(x)) co tinh chat: mdi doan cua tiép tuyén voi dudng cong C nim giira hai truc toa do déu

bi tiép diém chia thanh hai phan bang nhau.

\

H.5.1

Gia sir M (x,y) € L, khi d6 hé sb goc tiép tuyén voi dudng cong tai M 1a:
V'(x)=tga = . (xem H.5.1)
PA

Do M 14 trung diém ctia ABnén OP = PA=x,suyra y'= -2
X
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Nhu vay ham s phai tim thoa man PTVP cép 1. Sau nay chung ta s& c¢6 cach giai phuong
trinh trén, nhung trudc hét ta c6 thé thir lai rang ham sb y =§ thoa man phuong trinh véi C la
hang s6 tuy ¥. Tém lai, ho cac duong hyperbol c6 tinh chat da dit ra.

5.1.1. Cac khai niém co ban

Dang téng quat cua PTVP cép 1:

F(x,y,y")=0 hay F(x, y,%) =0 5.1
X
Néu tir (5.1) giai ra dugc y’ thi ta c6 PTVP cap 1 da giai ra dbi voi dao ham:
y'=f(xy) (5-2)
A. Pinh Iy ton tai duy nhit nghiém Cauchy-Peano
Cho phuong trinh (5.2): y'= f(x,y) va (xq,yo) €D (5.3)

Pinh 1y 5.1. Néu f{x,y) lién tuc trén mién D trong mit phiang Oxy thi ton tai nghiém:
f 20 . 3
vy = y(x) trong lan can x; thod man y, = y(x,). Ngoai ra néu a—f(x, y) ciing lién tyc trén mién
v

D thi nghiém tim duoc 1a duy nhét.
Bai toan tim nghiém ctia PTVP thoa mén diéu kién (5.3) goi la bai toan Cauchy. Diéu kién
(5.3) goi la dieu kién ban dau.
B. Nghiém tong quat, tich phin tong quat
Ta goi nghiém tong quat cia PTVP cap 1 1a ham sb
y=o(x,C) (54
trong d6 C 1a hang sb tuy ¥, thoa man céc diéu kién sau:
a. Thoa man PTVP v6i moi hang s6 C.
b. Co thé tim mot gia tri C=C, sao cho y=¢(x,C,)thoa min diéu kién ban dau
vo = ¥(x9) = @(x,Cy) Vi (Xg, o) thoa man dinh Iy ton tai va duy nhat nghiém.
Nghiém tong quat cho duéi dang an:
D(x,y,C)=0 5.5
Heé thirc nay goi 1a tich phéan tong quat cia PTVP cip 1. Vé mat hinh hoc, nghiém tong quat
hay tich phan tong quat xdc dinh mot ho duong cong trong mat phang khong cat nhau goi 1a cac
duong cong tich phan cua PTVP cap 1.
C. Nghi¢m riéng, tich phan riéng
Ham sd y = ¢(x,Cy) goi 1a mot nghiém riéng ctia PTVP, tic 1a dugc suy ra tir nghiém tong

quat (5.4) voi hing s6 C xac dinh C = C;y. Tuong tu ta c6 mot tich phan riéng ctia PTVP

CD(.X,@, Co) = 0
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Chu y: PTVP con c6 cac nghiém khac nira, khong thé nhan duge tir nghiém tong quat,
duoc goi 1a nghiém ky di.

5.1.2. Cac PTVP cip mét thuwong gip

A. Phuong trinh véi bién so phan li

a. Pinh nghia: Phuong trinh véi bién s6 phén li (phuong trinh tach bién) 1a PTVP c6 dang:

Sidx + f5(y)dy =0 (5.6)
2
Chang han: al d); 4 2l 5= 0 1a phuong trinh v6i bién s6 phan li.
l+x° 14y

b. Phwong phap tich phan
Phuong trinh (5.6) c6 dang:

Si()dx = —fr(y)dy == f(y)y' (x)dx
Lay tich phan hai vé ta c6 :

[ fiydx==[ fr@)yde+C =] f(ndy+C

Vay [ fi)dx+ [ fr(ndy=C (5.7)

D6 1a tich phan tong quat ctia (5.6)

Cha y : Phuong trinh dang : M (x)N;(y)dx +M,(x)N,(y)dy =0 c6 thé dua vé dang
tach bién. That vay, néu M,(x)#0 va Ny(»)#0 thi chia hai vé ciia phuong trinh cho
M 5 (x).Ny(p) s€ dugc :

M) . NaE)
M (x) Ni(p)

Do 1a phuong trinh véi bién sb phan li.

dy=0

Néu M,(x)=0 tai x=a hoic N;(y)=0tai y=»b thi bang cich thay truc tiép nhan
dugc x =a hoac y =b la nghiém.
Vi du 1 : Tim tich phén téng quat ciia phuong trinh :
X (+Ddx+ (x* =1)(y=2)dy =0
Gidi: Véi y+1#0va x* —1£0 taco:

3

ic dx+y_2dy:0
x =1 y-l-l
Tich phén tong quat 13 :
4
lj—d(x 1)ozx+j1——3 dy=C
4 _x4—1 y+1
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%ln‘x4 ~l+y=3my+1|=C

Ngoaira y+1=0 hay y=-1 va xt-1=0 hay x = +1 déu la cac nghiém.
Vi du 2 : Tim nghi¢m cua bai toan Cauchy

y'=cos(x+ y)+cos(x—y)

y(0)=0

Gidi: y'=cos(x+y)+cos(x—y)=2cosxcosy
, T
cosy #0 tac y¢3+k7z,keZ

Taco :
dy
cos y

= 2cosxdx

chi,} = ZIcosxdx+C
y

In

y )
to(=+—)=2sinx+C
g(2 4)|

Tur diéu kién ban dau suy ra: In

th‘zC,:CzO

Vay nghiém cua bai toan Cauchy da cho 1a In

y I )
to(=+—)=2sinx.
g(2 4)|

B.Phuong trinh ding cip cip mét

a. Pinh nghia : Phuong trinh dang cap cip mot 1a PTVP ¢6 dang
v = f(E),hayy =£(), voi t==.
X X
b. Phwong phap tich phan

Coi tzl laham cuax, t'=

Y Vot
X X

Ly _ry_
52
Thay vao phuong trinh s€ c6 :
t+xt'=f(t) hay xt'=f(t)—t
* Néu f(¢)—t#0 ta cé phuong trinh dang (5.6)
de  dt

x  f()-t

* Néu f(1)—t=0tacla f (1) pay Vay ta c6 phuong trinh tach bién dang (5.6)
X x
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dy _y

dx x

* Néu f (t) —t=0 tai =1, hay y=t,.x thibang cach thi tryc tiép ta c6 nghiém y =7,x

Vi du 3 : Giai phuong trinh
2xyy‘—y2 +x2=0
Giai : Chia hai vé cho x? ta duoc :

21— y'—(Z)2 +1=0
X X

bat = Z, y=tx= y'=t+ xt' vao phuong trinh s& nhan duogc :
X

2t x+1> +1=0

2tdt  dx
1+ 2 X
J'thtzz_ @_‘_Cl
1+¢ X
In(1+¢%) = ~In|x| + C
Hay : 1+t2:£
X
2
Trévébiéncﬁtacé:l+y—2:£
X X
2 2
C ,» C
Ha x—— 1| + -
! ( 2) Sy

D6 1a cac duong tron ¢6 tdm nam trén truc Ox
Vidu 4 : Tich phan phuong trinh :
(y—x=-Ddx =(x+y+2)dy
Giai :
dy _ y-x-1
dx x+y+3
Pay chwa phai 1 dang (5.8), tuy nhién thuc hién phép ddi bién :

{x =u+x
y=v+ro
1A A A A dy dv
c6 thé dua dugc ve dang (5.8). That vay d_ = d_ va chon (x(, () sao cho :
x U
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Vt+yg—u—xog—l=v-u
Uu+xy+v+yg+3=u+v

Hay {Xo—y0+1:0 {on—Z

Xy +Yy,+3=0, yo=—1
%
dv v-u 1 %
Khiddo — = =L = f(-)
du v+u K+l u
u

% dv
Ditt=—=—=t+ut

u du
dt t—1
U—+t=—0o
du t+1
dr_t-1 —12 -1
a’u t+1 t+1
(c+Ddt _ du (+Ddt _ du
2 .[ +C
t“+1 12 +1 u

;ln(t2 +1)+arctgt = —lr1|u| +

C
arctgt = In———
V2 +1u

Trd ve bién cii sé€ co tich phan tong quat :

y+1:1n C

+2
g ) (24

arctg

C. Phuwong trinh tuyén tinh cip 1

a. Pinh nghia : PTVP ¢6 dang sau day duoc goi 1a PTVP tuyén tinh cép 1 :
y+p(x)y = q(x) (5.9

voi p(x),q(x) lién tuc trén (a,b)

Néu g(x)#0trén (a,b) thi goi la PTVP tuyén tinh khong thudn nhat.

Néu ¢(x)=0 trén (a,b) thi goi n6 1a PTVP tuyén tinh thudn nhat.

b. Phwong phap tich phan

Cho phuong trinh khong thuan nhét (5.9). Goi phuong trinh vi phan sau dy 1a PTVP tuyén
tinh thudn nhat trong g véi (5.9) :

V+p(x).y=0 (5.10)
Trude hét, nhan thay (5.10) 1a PTVP véi bién s6 phan li. Nghiém tong quat ctia n ¢ dang :
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L4 =—p(x)dx
y

d
[% =] pdx+c,
y
y = ce Treo (5.11)
Bay gid ta tim nghiém tong quat cua (5.9) bang phuong phap coi hang s C trong (5.11) 1a
ham sb va goi d6 1a phuong phép bién thién hing sé Lagrange. Cu thé thay
y = C(x)e 17" (5.12)
vao (5.9)tacod :
C'@e 1P - Cpe 1O+ e pge IO = gy
C'() = g(pel "

C(x) = jq(x)eI POE 14 (5.13)

Nhu vay ton tai ham s6 C(x) phu thudc vao mot hang s6 cong C,tuy ¥ dé (5.12) 1 nghiém
cia PTVP (5.9). Chimg t6 nghiém tong quat cua (5.9) c6 dang :

' {= Ceijp(x)d)C + eijp(x)dqu(x)ejp(x)dxdx (5.14)

Néu trong (5.13) iy C =0 ta duoc mot nghiém riéng cta (5.9). Do d6 ciing c¢6 thé ndi rang
phuong phéap bién thién hing s6 Lagrange 1a phuong phap tim mot nghiém riéng cua phwong trinh
khong thuan nhét khi biét nghiém tong quat ctia phuong trinh thuan nhét tuong tmg. Dang nghiém
(5.14) c6 thé mo ta tong quat sau day :

y=y+y (5.15)

trong do ; 1a nghiém tong quéat cia PTVP thuan nhét tuong tng va y* la mot nghi¢m riéng cua
chinh phuong trinh khong thuan nhat.

Dang (5.15) dtng cho PTVP tuyén tinh c6 cip bét ky ndi riéng va dung cho cac hé tuyén
tinh n6i chung.

Vidu 5 : Tich phan phuong trinh :

o |
X

y X

1
Giai : Dat vao cong thuc (5.14) trong d6 p(x) =——,q(x)=x,tacod:
X

i s
y=Ce * +e xjxe * dx

Xétvoi x>0 :
y=Ce™* +elnx.[x.e_lnxdx: Cx+x_[dx: Cx + x2
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Xétvoi x <0
y= Ce™ + eln‘x‘jx.efln‘x‘dx = C|X| +|x|_[x.idx
X
=—Cx - x'[(—l)dx = -Cx+x’.
Vi C tuy y nén Vx # 0, nghiém tong quét c6 thé viét dudi dang :
y=Cx+x’.
D. Phwong trinh Bernoulli

Pay 1a PTVP khong tuyén tinh (phi tuyén) tuy nhién c6 thé dua vé dang PTVP tuyén tinh
bang cach thay d6i bién s thich hop.

a. Pinh nghia : PTVP c6 dang y'+p(x)y = y¥q(x) (5.16)
trongdd a € R va a # 0, #1, cac ham p(x),q(x) cho trude, lién tuc trén (a,b)
b. Phwong phap tich phan

Chia hai vé cua (5.16) cho y* ta s& c6:

'

|
b () —— = q(x)
y
Pt u(x) = — . dodo u'=(1-a) >, (5.17)
y

Thay vao phuong trinh trén s& nhan duoc PTVP tuyén tinh cap 1 d6i voi ham u(x) :
u+(1-a)p(x)u =(1-a)q(x) (5.18)

Sau khi tich phan phuong trinh (5.18), ta trg vé bién cii theo (5.17).

Vi du 6: Tich phan phuong trinh:

X
yty=e2\y

Giai: Chia hai vé cho \/; s€ co:

X
&2
e

bat u = \/; = — py phuong trinh duoc dua vé dang:
2y

X

1

u'+—u=—e?
2 2
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1 X 1
—|—dx —|—dx = |=dx
u==Ce Iz +e "2 J‘lezeIz dx
2
ER
=Ce 2+e 2.—|e"dx
v S|
X X

—_ 1 —
=Ce 2 +—e2
Jy )
y=C%" +%ex +C

E. Phwong trinh vi phin toan phin
a. DPinh nghia: Phuong trinh vi phan dang:
P(x, y)dx + Q(x, y)dy =0 (5.19)

Q_op

trong do ,V(x,y)eD (5.20)
ox 0oy

goi la mot PTVP toan phﬁn.
Diéu kién (5.20) ching t6 vé trai ciia phuong trinh (5.19) 1a vi phan toan phan cua ham
u(x, y)nao do.
b. Phwong phap tich phan
Diéu kién (5.20) chung to ton tai ham u(x, y) dé du = P(x, y)dx + Q(x, y)dy theo cong
thue (3.24) thi :

u(x,y) = [ P(x,y)dx+ [ Q(x, )y

Xo Yo
Nhu véy tich phan tong quét c6 dang : u(x,y)=C (5.21)
Vidu 7 : Giai PTVP
3 2% 2 3 _
(x> +3xy7)dx+(Bx“y+y )dy=0
Gidi: Pat P=x’+3x y>,Q=3x’y+y’

aQ oP oQ P
== = 6xy,— = bXxy => — = — V(X,
5 5 XY= T (x,y)

Vay phuong trinh di cho 1a PTVP toan phan.

x y
u(x,y) = J.(x3 + 3xy2)dx + '[yz’dy
0 0

1 4 3 22 1 4
=—x"+=x +—

47 T Y
Tich phan tong quat :  u(x,y)=C

Hay x*+6x°y’ +y*=C.
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c. Thira s6 tich phan
Trong mét sé trudng hop diéu kién (5.20) khong thoa méan. Khi d6 PTVP (5.19) chua phai
12 PTVP toan phan. Néu ton tai ham sé a(x, y) dé phuong trinh :
aPdx + aQdy =0 (5.19)’

1a PTVP toan phan, tirc 1a thoa man diéu kién :
0 0
—(@Q)=—(aP),¥Y(x,y) e D (5.22)
ox oy

thi ham s a(x, y) goi 1a thira s6 tich phan cua PTVP.

Ngudi ta chimg minh duge rang nghiém cia PTVP (5.19) cing 1a nghiém cua PTVP (5.19). Vi
vay dé giai PTVP (5.19) khong thoa man diéu kién (5.20) ngudi ta c6 thé tim mot thira sb tich
phan ou(x,y) va di tich phan PTVP toan phan.

Vi du 8 : Cho phuong trinh :
2sin yzdx + xycosyzdy =0
Chting t6 rang a(x,y) = x> 1a thira sb tich phan cua phuong trinh va giai phuong trinh do.
Giai : Nhan hai vé cua phuong trinh véi x> ta duogc :
2x3 sin yzdx ¥ x4ycosy2dy =0
bat
Q

) oQ oP oP
P=2x>siny?,0=x*ycos y?,—= =4x’ycosy’,— = 4x’ycos y> = — = — V(x,
y5,Q=x"ycosy - yeosy’,— yeosy = — == (x,y)

Chung t6 a(x,y) = x> 1a thira sé tich phéan. Theo cong thuc (3.24.Chuong 3), tich phan
téng quat ciia PTVP 1a

X
. 1 )
u(x,y)=C, trong d6 u = I2x3 sin yza’x = §x4 sin y2
0

Vay : x4siny2:C.

Trong mot sd trudng hop dic biét ta ¢ thé két luan vé sy ton tai thira sb tich phan phu
thudc vao mot bién x hoac y. That vay gia sit & = a(x)1a thira s6 tich phan cua PTVP khong toan

phan (5.19). Khi d6 ag[a(x).Q(x, y)] = i[Ot(x).P(x, y)]
X oy

tre 1a aa—P=a’Q+aa—Q

oy ox

Chia hai vé cho aQ va bién doi ta dugc :

1da _ 1(6Q GPJ

a dx 0
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Chimg to — i @ - 8_P chi 1a ham cua x va tich phan s€ c6 :
O\ ox Oy
da __1(00 oP
a O\ ox oy
_ 1(89_61’] '
a(x)=e S\ @ (5.23)
1 P 3 ;
Tuong ty néu —(Z—Q _Z_j chi la ham cua y thi s ton tai thtra so tich phan 1a ham cua
X oy

mot bién y va cong thirc tim:
Zeadl
a(y)=e

Vidu 9. Tich phan PTVP :

(5.24)

3
()c2 +y2)dx+ (2xy+xy2 +%)dy =0

Giai.
3

Dit P =x’ +y2,Q:2xy+xy2 +%—

oQ

oP
= o 2y+yt4xt,—=2
o y+y P y

@ _op l:1 Suy ra mt thira s6 tich phan la a(y):efdy =e”
ox Oy )P

Nhan hai vé ctia phuong trinh trén vai e s& ¢6 :
3
e’ (x% +yH)dx+ e 2xy + xp? +x?)dy =0

V& trai 1a vi phan toan phan ctia ham s6 :
B y

w(, y) = jey (x? +yH)dx + IOdy
0 0

3
u(x,y)=e” [x? + ysz

Vay tich phan tong quat cia PTVP 1a :

2
eyx[x?Jr y2] =C (Clahang sb tuy ¥).
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5.2 Phwong trinh vi phan tuyén tinh cip hai

Trude hét, ta xét mot bai toan dan dén PTVP tuyén tinh cip hai. Xét mach RLC (hinh 5.2).

L

H.5.2

Goi u(t) 14 tong dién ap trén cic phan tir ciia mach, vay u(t) = 0. i(t) 1a cuong d6 dong dién
trong mach. Trong k¥ thuét dién tur da biét hiéu dién thé trén dién tré la Ri(t), trén cudn ty cam la

di 1{ ¢ . ‘ -
Lj va trén tu la E(J. idt + 90} trong do6 qo 1a dién lugng ban dau trén tu. Vay ta c6 moi lién hé
t

0

. t
sau day: 0 =u(t) = Ri(t) + LZZ + %(Ji(t)dt + qOJ
0

Lay dao ham 2 vé ta s& ¢o :
i
u'(ty=Ri"+ Li"+—
() 3
Vay nhan dugc phuong trinh tuyén tinh cap 2 d6i véi ham sd i :
Li" +Ri' +— =0
C
Phuong trinh vi phan tuyén tinh cap 2 1a phuong trinh c6 dang :
YV'+a(x)y' +ay(x)y = f(x) (5.25)
trong do a;(x),a,(x), f(x) lién tuc trén (a,b).
Néu f(x)#0 thi(5.25) goi la PTVP tuyén tinh khong thuan nhét.

Néu f(x)=0 thi (5.25) goi 1a PTVP tuyén tinh thuan nhat.
Nguoi ta dd chimg minh rang véi cac gia thiét trén, PTVP (5.25) ludn ton tai nghiém va
nghiém ciia bai toan Cauchy sau ddy 1a duy nhét.
Tim nghiém cua PTVP (5.25) thod man:
{y(xo) =0

, , (5.26)
Y'(x9) =0
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trong d6 (Xo, yo, ¥’0) cho trudc. Cac diéu kién (5.26) goi 1a cac diéu kién ban dau. Bai toan
trén goi 1a bai toan Cauchy

Nguoi ta goi PTVP (gitt nguyén vé trai cua (5.25))

Y't+a(x)y' +a(x)y=0 (5.27)

1a PTVP tuyén tinh thuan nhét tvong ing v6i PTVP tuyén tinh khong thuan nhat (5.25).

Moi hé tuyén tinh déu c6 tinh cht chung nén tuong tu nhu PTVP cép mot, nghi€ém cua
PTVP (5.25) c¢6 quan hé v6i nghiém ctia PTVP (5.27). Vi thé true hét ta xét PTVP (5.27).
5.2.1 Tinh chit nghi¢m ciia PTVP tuyén tinh thuin nhat.

Xét PTVP tuyén tinh thuan nhét:
Vi+a(x)y' +ay(x)y=0 (5.28)
Pinh Iy 5.2. Néu y, va y, la nghiém caa PTVP (5.28) thi y,+y, va Cy, (hodc Cys) véi C la
hang s6 tuy y, cling 1a nghiém cua (5.28).
Ching minh : That vay thay y = y;+ y,, y = Cy; vao PTVP (5.28) s€ nhan thdy chiing thoa
man PTVP do :

1 +32)" +a () () + y2) +ay () (v + y7)
= [y1" +a (X)) +ay(x)y ]+ [v5 +a;(x)yh + a5 (x)y,]=0

(Cn1) +a (€)' + ay(0)Cyy = Clyf +a ()yf +az ()3 ]=0
Trudc hét ta xét khai niém hai ham phu tuyén tinh, doc 1ap tuyén tinh. Cac khai niém nay
cling tuvong tu nhu cac khai niém cua véc to trong khong gian da hoc trong toan cao cap A.

Céc ham ¢y (x), @, (x)lién tuc trén (a,b) goi 1a phu thugc tuyén tinh trong (a,b) néu ton tai 2
hing sb o, a,khong ddng thoi bang 0 sao cho :
o191 (x) + a9, (x) =0, Vx € (a,b) (5.29)
Nguoc lai, tirc 1a (5.29) chi xay ra khi a; = a, =0 thi noi ring @1 (x), 9, (x) 1a doc lap
tuyén tinh trén (a,b). D& dang chi ra rang : Hai ham s6 doc lap tuyén tinh khi va chi khi ty s6 cia
ching khong phai 14 hiang s. Hai ham s6 phy thudc tuyén tinh khi va chi khi ching ti 1¢ véi nhau
Chinghan: ¢ (x) =L ¢, (x) =x, p3(x) = x

@4 (x) = sin x, ps (x) = cosx, g (x) = €, @7 (x) = e** 1a doc 1ap tuyén tinh timg
d6i trén khoang (a,b) bat ky.
Pinh Iy 5.3. Néu cac ham ¢, (x), ¢, (x) phu thudc tuyén tinh trén (a,b) thi :

P P>
W[wl,(oz]: , =0, Vxe(a,b)
P %)
Goi W[e.p]=|" (5.30)
3 0,
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la dinh thitrc Wronski cua hai ham ¢, ¢,
Chirng minh :
Tén tai ay,0, khong ddng thoi bang khong dé o101 (x)+a,0,(x)=0

. a
Giastr ay, #0,vay @, (x) = ——1(p1 (x) suyra:
a

2

o
D _O(_I(DI(X) o o
a7 1

W . = 2 :——1 EO
[9-9.] , a a P P
D _a_(ﬁl(x)
2

Pinh Iy 5.4. Néu cac nghiém y,, y, cia PTVP tuyén tinh thuan nhat (5.28) 1a doc lap tuyén
tinh trén (a,b) thi W[y, v, ]|# 0, Vx € (a,b) (5.31)
Chung minh :
Gia stir ngugc lai W[yl (x9), 2 (xo)] =0 véi a < xyg < b. Xét hé phuong trinh dai sé véi cac
an Cy, Cy:
Ciy1(x9) +Crya(xg) =0
{Cly{ (x) +Ca¥3(xp) =0
Hé nay c6 nghiém khong tam thuong C;, C, (gia sur C, #0) vi dinh thirc cua hé bang
khong.
Mit khiac ham sb ¥ = C,y; + C,y, ciing 1a nghiém cua (5.28) (theo dinh 1y 5,2).
Theo trén thi 5(xy) =0, $'(x,) = 0. Tix tinh duy nhat nghiém suy ra ¥ =0 trén (a,b) tirc
la:
Ciyy+Cyy, =0,Vx e(a,b)
Ma C, # 0 ching t6 y,, y» phy thudc tuyén tinh, mau thuin véi gia thiét.
Pinh Iy 5.5. Néu yi, y, 14 hai nghiém doc 1ap tuyén tinh cta (5.28) thi nghiém tong quét cta
PTVP (5.28) c6 dang : y=Cy+Cyy, (5.32)
trong 46 C;,C, la cac hang s6 tuy ¥
Chirng minh :

Trudc hét ta thdy (5.32) 1a nghiém ctia (5.28) (theo dinh 1y 5.2) va phu thudc vao 2 hang sd
C, Cy tuy y.

Ngoai ra v6i didu kién dau y(xq) = v, Vi (xo) = yg thi s& tim dugc C;, C, duy nhat. That
vay hé phuong trinh :
{J’(Xo) = Cy1(xg) +Crp2(x0) =y 6
V'(xg) = Cry1(x9) + Cry3(x0) = yg

yi(xg)  ya(xp)
yi(xg)  ya(xp)

Suy ra nghiém (C;, C,) ton tai duy nhat.
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Pinh 1y 5.6 Néu biét y, # 0 1a nghiém cua (5.28) thi c6 thé tim dugc nghiém y, cta (5.28)

doc 1ap tuyén tinh véi y, dang :

1 —J'a (x)dx
Vo(X) =y ()| ——e " dx (5.33)
e Iyﬁm

Chi y : Trong tich phan trén hang s cong cua tich phan bét dinh ludn lay bang 0.
Chirng minh :

Trudce hét ta c6 thé tim nghiém y, trong dang y, (x) = y; (x)u(x)

Dit vao (5.28) sé nhan dugc PTVP dbi v6i ham u(x)

Viu+ 2yt + yu" + ay (x)yiu+ ']+ ayyu =0

/4 ! " 2 ' !
u(yy +ayy +az)’1)+)’1{“ J{ yy +a1(x)}u } =0
1

Chon u khéc hang sb thoa man phuong trinh :

u" -{zl—i- al(x)}u' =0

N

2 !
batv=u'co v’ +[—y+a](x)}v=0
N

Pay 1a PTVP tuyén tinh cap 1, do d6 :

-f |:2y,+a1 (x)}dx
v=Ce L7
oY
=Ce 2J.yl N e_.[al(x)dx

_ Ce_zmy' e—jal(x)dx

_c L i
N

Lay C =1 do d6 c6 thé chonu 1a :

mm=j;%5e4””*w

a;(x)dx

i ) . . .
Vi u'(x)=—e J # 0 nén u(x) khong phai 1a hang so, chung td y, y» doc 1ap tuyen
M

tinh.
Vi du 10 : Tim nghiém tdng quat ctia phuong trinh :

sin x

2 iy . :
y"'+=y"+y =0 biét mft nghiém riéng y, =
X
Giai : Tim y, doc 1ap tuyén tinh véi y, trong dang (5.33)
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2
—J.fdx
sinx ¢ x>e " X sinx ¢ x2.e 2Mnx
=l [

X sin” x X sIn” x

sinx ¢ dx sin X COs X
=[S ="—(-cotgn) =~
X Jsin“x X

Vay nghiém tong quat :
y= %(C1 sinx +C, cosx).
Vi du 11 : Giai phuong trinh
x*(Inx—1)y"—xy' + y = 0 biét ring né c6 mot nghiém riéng dang y = x%, @ € R
Giai : Trude hét tim «
bit y; = x¥ vao phuong trinh s& ¢6 :
(nx-Da(a-)x*? —ax® +x% =0, Vx € (a,b)

a(lnx-1I)a-1)—a+1=0,Vxe(a,b)

{a(a—l)zo
suy ra S>a=1=y =x
-a+1=0

Tim y, trong dang (5.33)

I xdx
2
~ e X (lnx—l)dx
Y2 = )CI 2
X
dlnx
o nxl Gninx-1)
= xJ. 5 dx=x —zdx
X X

Inx—1 1 dx
:xJ. 2 dxzx{—;(lnx—l)—kj‘x—z} =—Inx

Nghiém tong quat y = C;x +C, Inx

Chu y : Dé biét dwoc mot nghiém khong tim thuong ciia PTVP tuyén tinh thuan nht 1a rat
kho khan. Vi thé trong qua trinh tich phén ta phai xem xét dang phuong trinh dé suy doan dugc
nghiém hodc tim nghiém theo sy goi y cua bai toan.

5.2.2 Tinh chét nghiém ciia PTVP tuyén tinh khong thuin nhit

Xét PTVP (5.25) va PTVP thuan nhét tuong tng(5.27).

Pinh Iy 5.7. Nghiém tong quat cia PTVP (5.25) bang tong nghiém tong quat cia PTVP
(5.27) cong voi mot nghiém riéng bat ky ciia chinh phuong trinh (5.25)

y=y+y (5.34)
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O day nguoi ta ding ky hiéu :
y 1a nghiém tdng quét ctia PTVP (5.27)
y" 1a nghiém riéng ciia PTVP (5.25)

Ching minh : Thay y = ; + y* vao (5.25) ta co:

n

vy a0 +y ) a0+ =)

" "

y ta(x)y +a(x)y+y +ap(x)y +ay(x)y=r1(x)
0+ f(x)=f(x)

Chung to y=;+y* 1a nghiém cta (5.25). N6 phu thudc hai hang sé tuy y C,C,(co
trong biéu thirc ciia ; ) va vé6i diéu kién dau thi C;,C, sé& tim duogc duy nhat nhu di chimg minh
0 dinh 1y 5.5

Pinh ly 5.8 (Nguyén Iy chong chit nghiém): Néu yik ; y; lan luot 1a cac nghiém riéng cia
phuong trinh khong thuan nhét

Y'ta (x)y'tay (x)y = f1(x)
y'+a () y'+ay (x)y = fr(x)

thi y* = yl* + y; la nghiém riéng cia phwong trinh (5.25) v6i vé phai
S =fi(x)+ f2(x)

Chung minh dinh 1y nay ciing twong tu nhu trén bang cach thay y* = y{k + y; vao PTVP
(5.25) s& nhan dugc dong nhét thirc.

Y nghia ctia nguyén 1y 1a & chd: vé phai f{x) c6 thé phan tich thanh téng hitu han cac ham
s6, tng v6i moi ham sb, nghiém riéng thanh phan c6 thé tim duoc dé dang hon va nhu vay
nghiém riéng y" s& tim dugc.

Pinh Iy 5.9: Néu biét hai nghiém riéng ctia PTVP (5.25) yl* , y; thi ham s6 y = yik - y;

l1a nghiém ctaa PTVP (5.27).

Chimg minh dinh 1y nay bing céch thay y =y, — y, vao phuong trinh (5.27) va dé y dén
yf , y; 14 cac nghiém riéng cua (5.25) s& nhan dugc dong nhat thirc.

Pinh ly 5.10: Néu biét hai nghiém riéng y,,y, doc lap tuyén tinh cta (5.27) thi mot
nghiém riéng cta (5.25) c6 thé tim duoc bang phwong phap bién thién hing sé Lagrange. Nghiém

d6 co6 dang:
¥ =CEp () + Ca (%), (%) (5.35)
{c{y1 +Cly, =0
trong do: C{y{ + C/zy/z =f(x) (5.36)
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Chirng minh: Gia st biét hai nghiém doc 1ap tuyén tinh cia PTVP (5.27) 1a y,, ¥, . Khi d6
nghiém tong quat cua (5.27) 1a:
y=Ciy(x)+Cryy(x)
Noi dung ctia phuong phap bién thién hing s6 Lagrange 1a:
Coi y* =C(x)y,(x) + Cy(x)y,(x) la nghiém riéng ctia (5.25), véi su ton tai cua
C(x),C,(x).

Thatvay y =Cyy +Coyy +Cry +Cayy
Trude hét dat diéu kién:

Ciyi +Cayy =0, khido y™ =Cpyi +Cyp; *)
Bay gi¢ thay y vao (5.25) s& nhan duoc:

Cin +ay +ay) +Co(ya +aryy +aryr) +Ciyp +Coyy = f(x)
Pé y* la nghi¢m thi phai c6:

Ciyy +Coyy = f(x) (%)
Céc diéu kién (¥) va (**) bay gio la:

{Clyl +Chy, =0
Cin +Cryy = f(x)
H¢ phuong trinh nay hoan toan tim dugc CI',C'z do :W[yl,yz] #0. T d6 d6 tim duoc
C(x),Cr(x).

Vi du 12: Tim nghiém tong quét ciia phuong trinh:

2x 1

yll+ y!: .
x?+1 <

Giai: Phuong trinh thudn nhit twong tng 1a:

" 2x 1
Y+ ——']D
x° +1

Dé nhén thay phurong trinh thuan nhat nay c6 mot nghiém 1a y, =1
Nghiém thtr hai doc 1ap tuyén tinh tim theo cong thuc (5.33) s€ 1a:

2x

Yy = jej_mdxdx :I d

x2 +1

=arctgx

Nghiém riéng cia PTVP da cho tim trong dang:
y* =Cy(x) + Cy(x)arctgx
trong do:
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Cl' + C'zarctgx =0

. o1 1
C1.0+C2. 5 = 5
I+x I+x
Giai h¢ nay sé co:
Cy=1=C,=x

1 1
C =-arctgx=C| = —j arctgxdx = —x.arctgx + LY In(1 + xz)
Vay nghiém tong quat 1a:

v :%ln(l +x%)+ C, +Cyarctgx

5.3. Phuong trinh vi phin tuyén tinh cap 2 ¢6é h¢ s6 khong doi
5.3.1. Cac dang nghiém ciia phwong trinh thuin nhat

Cho phuong trinh:
y'+a,y'+a,y=0 (5.37)
trong 6 a,,a, 1a cac hang so thuc.
Tim nghiém riéng cua (5.37) dudi dang
y=e", k=const
Vay k thoa man diéu kién:
y'=ke™, y"=k’e", ek’ +ak+a,) =0 k> +ak+a, =0 (5.38)
Phuong trinh (5.38) goi 1a phuong trinh dac trung cua (5.37). Thong qua phuong trinh nay,
chung ta c6 thé biét dugc dang nghiém cua chinh (5.37).
* Néu (5.38) cho 2 nghiém thuc khic nhau k,,k, thi c6 2 nghiém riéng coa (5.37) la

N ko)
V2

y, =", y, =e"". Ching doc lap tuyén tinh vi khong phai 13 hing sb. Vay

nghiém tong quat cua (5.37) sé la:
y=Ce" +C,e"" (5.39)
* Néu (5.38) cho 2 nghiém thyc tring nhau thi (5.37) c6 1 nghiém riéng, y, = e". Nghiém
riéng y, doc lap tuyén tinh v6i y, tim duoc theo cong thirc 5.33
y, =uy, va e"u"+e" (a, + 2k)u'=0
vi k 1a nghiém kép cuia (5.38) do do a, + 2k = 0. Suy ra:
u"=0,u=Ax+ B, léyu =x.

Vay nghiém téng quat cta (5.37) :
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y=(C, +C,x)e" (5.40)
* Néu (5.38) cho 2 nghiém phitc k = +if thi hai nghiém riéng dudi dang phic sé& la:
y, =e“e™ =e™(cos fx +isin fx)
y, =e“e ™ = e™(cos fx —isin fx)
Do a,,a,la cac sb thuc, vdy cac phan thuc va phan 40 cta y,,y, ciing la nghiém cua
(5.37).
Chung ta liy 2 nghiém 12 e™ cos fBx,e® sin fx . Ching doc 1ap tuyén tinh. Vay nghiém
téng quat cua (5.37) trong truong hop nay c6 dang:
y=e"(C, cos fx+C, sin fx) (5.41)
Vidu 13: Y'+5y'+6y =0
Giai: Phuong trinh dic trung ctia né: k° + 5k + 6 = 0 cho nghiém k; =-3,k, = -2. Vay :
y=Ce > +Cre™
Vidu14: y"-2y'+y =0
Giai: Phuong trinh dic trung ctia nd k> —2k +1=0 cdnghiém k;=k,=1. Vay
yv=e"(C, +C,x)
Vi du 15: Tim nghiém cua bai toan Cosi:
y'+2y+2y =0,y(0) = y'(0) =1
Giai: Phuong trinh déc trung cua no:
k*+2k+2=0,k=—-1%i
Nghiém téng quat:
y=¢ " (C,cosx+C,sinx)
y'=e™((C,-C))cosx—(C, +C,)sinx)
y(0)=1=C,
y'(0)=1=C,-C,=C(C, =2

y=e "(cosx+2sinx).
5.3.2. Phwong phap tim nghi¢m riéng ciia phwong trinh khéong thuin nhit

Cho phuong trinh :
y'+ay'+a,y = f(x) (5.42)
trong d6 a;,a, 1a cac hang sb thyc.

Nho vao phuong phép bién thién hang sé Lagrange va cac dang nghiém cta phuong trinh
thudn nhat ta c6 thé tim duoc nghiém tong quat cia (5.42) véi f{x) 1a ham lién tuc bat ky.
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X

Vidu 16: Tich phan PTVP y"-y =— "
e +

Giai: PTVP thuan nhat twong tng:
V'-y=0
Phuong trinh dac trung ctia no:
k*—1=0=k=1=I
Nghiém tong quat cia PTVP thuan nhat twong tmg;
y= Ce " +C,e"
Biy gio tim nghiém riéng cia PTVP da cho bang phuong phap bién thién hing sb

Lagrange:
y* =C (x)e” +C,(x)e”
Ce*+Ce*=0
trong do ' , e*
—Ce " +C,e" = -
l+e
Suy ra:
2x
C'2 :lalﬁ,c'l :_l c
2¢e"+1 21+¢"
:_J.e +1
bit e* +1=¢, dx= dtl
-3l
I, t-1 1

— i 4 ——In(e” +1)+lx
2 t % 2

e I

e’ +1

ol
2 2
Viy nghiém téng quat:

“In(e* +1)+ C, |

Dudi day chung ta xét cac dang dac biét cua f{x) ung voi nd, nghi€m riéng cua (5.42) tim
duoc ma khong can phai dung dén phép tinh tich phan.

Truong hop 1: f(x)=e™ P (x)=e“(A,x" + A4, x"" +..+4,)
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trong 46 a, 4, € R,(i=0,n), 4, #0

Néu a khong phai 1a nghiém cia phuong trinh ddc trung cta phuong trinh thuan nhat
twong ung voi (5.42) :

k*+ak+a, =0 (5.43)
thi mot nghiém riéng cua (5.42) tim dudi dang:

y =e”Q, (n)=e“(B,x"+B, x"" +..+B,) voi n+1 h¢ sb B; chua biét.
Thay y" vao (5.42) thi:

0, +Qa+a))0, +(a* +aja+ay)0, =P,

Pong nhit cac hé sb cua lily thira ciing bac cua x ta s& ¢6 hé (n+1) phuong trinh tuyén tinh
v6i v6i (n+1) an s6 B; (i = 0,n). Phuong phép tim cac hé s6 ciia @, nhu trén goi 1a phuong phap

A A A . I A \ A 2
hé so bat dinh v6i hé ham s6 1, x,x~,..., x"

Néu o 13 nghiém don cua (5.43), nghiém riéng tim du6i dang:
y' =xe®Q, (x) = xe®™ (B, x" +...+ By)
Néu « 1a nghiém kép cua (5.43) thi:
y =x%e®Q, (x)=x?e®™ (B, x" +..+ By)
Vi du 17: Tim mot nghiém riéng ctia PTVP:  y"+2y+y = x(= " P, (x))
Giai: Phuong trinh dic trung ciia phuong trinh thuan nhat tuong tng:

k* + 2k +1=0 c6 nghiém kép k = -1

y* :le+Bo,y*/ ZBI,y* =0
2B, +Bx+ B, =x

B, =1
= B,==2B,=-2
2B, +B, =0
Yy =x92,

Vi du 18: Tim mdt nghiém riéng cia PTVP: y +2y'-3y =e*x(= ¢ P, (x))
Giai: Phuong trinh dac trung ciia PTVP thuan nhat:

k* +2k—3=0 conghiemk=1,k="-3

y =xe"(Byx+B,)=e"(B,x’ + Byx)

y" =e*(B,x* +(B, + 2B,)x + B,)

y" =e"(B,x> + (B, +4B,)x+ 2B, +2B,)
Thay vao phuong trinh s€ co:

8B\ x+2B, +4B, =x
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1

B, =—
8B, =1 78
2B, +4B, =0 Ly 1

. o1 1
=xe" —(x——).
y g x=5)
Vi du 19: Tim nghi¢m cua bai toan Cosi:
y'=4y +4y=e" (x+1),(0)=y'(0)=1
Giai: Phuong trinh dic trung ctia phuong trinh thuan nhat tuong tmg k> — 4k +4=0 cho
nghiém k, =k, =2.
Trude hét tim mot nghiém riéng:
y =x’e™(Byx+B,)=e"(B,x’ + B,x")
y*' =e” [Zle3 +(2B, +3B))x* + 2Box]
y" =e*(4B,x* + (4B, +12B,)x> + (8B, + 6B,)x + 2B,
6B, x+2B,=x+1
6B, =1 1
= Bl iy g 5 BO =

1
2B, =1 )

Nghiém téng quat:

y=¢e"(C, +C,x)+ % x’e™ (x+3)

y =e™(2C, +C, +C2x)+%ezx (2x° + 9% + 6x)

y(0)=C, =1
y'(0)=2C,+C, =1
C,=1,C,=-1

y=e> (1—x)+éxzez" (x+3).

Trwong hop 2: f(x)=e” [Pn (x)cos fx + Q, (x)sin ,Hx]
trong 46 a, B € R, P, (x),0Q, (x) 1 cac da thirc bac n,m cho trudc véi cac hé sb thuc.
Néu « +if khong phai 1a nghiém cua (5.43) thi mot nghiém riéng cua (5.42) duogc tim
dudi dang:
y" =e™[R,(x)cos fx + S, (x)sin fx]
trong d6 R, (x),S,(x) 1a cac da thiic bac [ =max(n,m) c6 cac hé s6 dugc tim bang phuong phéap

hé s6 bat dinh v6i cac hé ham: 1, x, x° ..., sin S, cos fx
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Néu o +if 1a nghiém cua (5.43) thi tim nghiém trong dang:
y" =e®x[R,(x)cos fix + S, (x)sin fx]

Vi du 20: Tim nghiém tong quat: y" +y =xcosx
Giai: Phuong trinh dic trung tuong tng k> + k =0 cho nghiém k= 0,k =-1
Nhan thay +i khong phai 1 nghiém ciia phuong trinh dic trung. Vay

vy =(A4,x+ A,)cosx + (B,x + B,)sin x

y*' =(B)x+ A4, +B,)cosx+(-4,x+ B, — 4,)sinx

Y =(=A,x+2B, — A,)cosx + (—B,x — 24, — B,)sin x

Vay

(B, — A)x+ A, +2B, + B, — A,)cosx + (— (A4, + B,)x+ B, =24, = A, — B, )sin x = x cos x
B,—A, =1@A +2B,+B,—-A, =0
B, +A, =0,-2A,+B,-B,—A,=0
1 1 1

Bl :E,A] :—E,AO ZI,BO :E

Nghiém tong quat: y=C, + C,e " — %(x —2)cosx + %(x +1)sin x

Vi du 21: Tim m{t nghi¢m riéng cua phuong trinh:
V'+2y' 2y =e " (1 +sinx)
Giai: Dya vao nguyén ly chong chat nghiém, ta tim cac nghiém riéng ctia cic phuwong trinh
sau:
V'+2y'+2y=e "sinx
YV'2y2y=e"
Phuong trinh dic trung tuong ing k° + 2k +2 =0 cho nghiém k =—1+

y; = xe ¥ (Ay cos x + By sin x)
yl*y =e " ((Byx — Agx + Ay)cos x + (By — Byx — Ayx)sin x)
i =e ™ ((2By - 24y — 2Byx) cosx + (~2By — 24y + 24 x)sin x)
2B, cosx—24,sinx =sinx
I . xe

B,=0,4, :_E’yl = Cos x

y; =Coe_x,y; =—Coe_x,y; =Cpe™

CO :lay; :eix
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Nghiém riéng y" =y, +y, =e (1 —gcos X)

Céc phuong phap trinh bay trén dugc ap dung cho phwong trinh vi phan tuyén tinh cap cao
¢6 hé s hang s6, chang han xét bai toan Cosi sau:
Vi du 22: Giai PTVP:

Y2y 2y =, p(0) =0, (0) = " (0) = -1
Giai: Phuong trinh ddc trung cuia PTVP thuan nhét trong Gng:
k> —2k*+2k-1=0

(k=D)(k* =k +1)=0,k, =1,k,, :%(1@\/5)

Nghiém tong quat cia phuong trinh thuan nhat twong Gmg:
_ L 3 3
y=Ce" +e? (C, COSTX +C, sinTx) C;.C,C;1a cac hang so tuy y.

Mot nghiém riéng tim dudi dang:

y* :A2x2 +A1X+AO
vy =24,x+ 4
y* =24,

m
*

Y =0, —Ayx” +(44y — A)x+24; — Ay 44, =x7
Ay =1
44, — A =0 A =—4
24, — Ay — 44, =0, Ay=—-4
Nghiém téng quat :
1
y=Cpe* +e£x(C2 cos§x+C3 singx)—x2 —4x—4

1

y'=Cpe’ +%62x((02 +C3\/§)cos§x+(C3 —Czﬁ)singx]—Zx—4
1

Y'=Cie” +;e2x((C3\/§—Cz)cos\/2§x—(C2\/§+C3)sin§x]—2

C,+C,—4=0

Cl+%(C2+C3\/§)—4=—1

Tur diéu kién ban dau co:

C, +%(C3\/§—C2)—2=—1
C,=C,=2,C,=0
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1
A M r A . 1 X 5% 3
Vay nghiém cutia bai toan Cosi la: y =2e" + 2e? COSTX

TOM TAT CHUONG 5.

® Phuong trinh c6 bién sé phan ly. Dang phuong trinh: — f; (x)dx + f5(y)dy =0

Tich phén tong quat: jfl (x)dx + Ifz (»)ydy =C
e Phuong trinh dang cép cap mot. Dang phuong trinh: > = f (Z), hay y’ = f(¢),t = L
X X

Phuong phép tich phan: Coi t 13 ham s cia x, thay vao phuong trinh sé dua vé
dx _ dt

x  f()—t
e Phuong trinh tuyén tinh cap mot. Dang phuong trinh: -~ y'+ p(x)y = g(x)

dang c6 bién s6 phan ly

Nghiém téng quat:
e CoIPE | [ p()ds f a(x)e [peod ;.
® Phuong trinh Bernoulli. Dang phuong trinh:  y'+p(x)y = y%¢g(x)

Phuong phap tich phan: Pat u(x) =

a-1"’

y
Thay vao phuong trinh trén s& nhan duoc PTVP tuyén tinh cdp 1 di voi ham wu(x):
u+(1=a) p(x)u = (1= a)q(x)
e Phuong trinh vi phan toan phan. Dang phuong trinh: P(x, y)dx + O(x,y)dy =0

Q_or

trong do ,V(x,y)eD
g oo (x, )

X y
Tich phén tong quat: I P(x,y)dx+ I O(xy,y)dy=C

X0 Yo

X p*
hodc: j P, y)dx + j O(xy,y)dy =C

X0 Yo
® Phuong trinh vi phan tuyén tinh cdp hai thuin nhat:
Y't+ap(x)y'+ay(x)y =0 *)
Tinh chit nghiém:

1. Néu y; va y, 1a nghiém ctua PTVP(*) thi y,+y, va Cy, (hodc Cy,) véi C 1a hang sb tuy ¥,
cling l1a nghiém cua(*)
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2. Néu yy, v, 13 hai nghiém doc 1ap tuyén tinh cta (*) thi nghiém tong quat né c6 dang :
y=Cin+Cyy

trong 46 C;,C, la cac hang sé tuy ¥

3. Néu biét 1 # 0 1a nghiém cua (*) thi c6 thé tim duoc nghiém y, ciia n6 doc lap tuyén
tinh vé1 y; dang :

1 —Ia (x)dx
Vo) =y ()| ———e " dx
20 =1 0]

Chu ¥ : Trong tich phan trén hang sd cong cia tich phan bat dinh ludn liy bang 0
® Phuong trinh vi phan tuyén tinh cip hai khong thuan nhét
V'+a(x)y' +ay(x)y = f(x) (**)
Tinh chit nghiém :
1. Nghiém tong quat cia PTVP (**) bang tong nghiém tong quat cia PTVP (*) cong voi
mot nghiém riéng bét ky cua chinh phuong trinh (%)
y=y+y
O day nguoi ta dung ky hiéu :
» 1a nghiém tdng quat ciia PTVP (*)
y* la nghi¢m riéng cua PTVP (**)
2. (Nguyén ly chong chit nghiém): Néu yl* , y; lan luot 13 cac nghiém riéng cua phuong
trinh khong thuan nhat
y'ap(x)y+ay(x)y = f1(x)
Y'rap(x)y'+ay (x)y = fr(x)
thi y* = yf + y; 1a nghiém riéng ctia phwong trinh (**) véi vé phai £ (x) = f1(x) + f5 (x)
3. Néu biét hai nghiém riéng y;,y, ddc lap tuyén tinh ciia (*) thi mot nghiém riéng ctia
(**) co thé tim duoc b?lng phuong phap bién thién hﬁng s6 Lagrange. Nghiém d6 c6 dang:
y =Ci(0)y1(x) + C3(x)y, (x)
/ /
Cn+G6y,=0
A /.,
Gy +Cy,=f(x)
4. Néu biét hai nghiém riéng ctia PTVP (**) yl* , y; thi ham s6 y = yr - y; la nghiém cua
PTVP (*)
e Phuong trinh vi phan tuyén tinh cip 2 thuan nhét c6 hé s6 khong doi

trong do:

y'+a y'+a,y=0, (1) a,,a, 1a cac hang so thuc
K+ alk +a,= 0 (2) goi la phuong trinh dic trung cta (1)
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Dang nghiém tong quét:
Néu (2) cho 2 nghiém thuc khac nhau k ,k, thi nghiém tong quat cua (1) sé& la:

y=Ce"" +Ce™"
Néu (2) cho 2 nghiém thyc tring nhau thi nghiém tong quat cia (1) s& la
y=(C, +C,x)e™
Néu (2) cho 2 nghiém phic k=a*if thi nghiém tong quat cua (1) s& la
y=e“(C, cos fx +C,sin fx)
® Phuong trinh vi phan tuyén tinh cap 2 khong thuan nhat c6 hé s6 khong doi
y'+a,y'+a,y = f(x), 3) a;,a; 13 cac hang s6 thuc
Truong hop 1: f(x)=e“P,(x)=e“ (A, x" + A4, _x"" +..+ 4,)
trong d6 a, A4, € R,(i = O,_n),An #0
Néu o khong phai 12 nghiém cia phwong trinh ddc trung cua phuong trinh thuan nhét
twong ung vaéi (3) thi mdt nghiém riéng cua (3) tim dudi dang
y =e®Q (n)=e“(Bx"+B,_x"" +..+B,)
Trudng hop 2: f(x)=e™ [P, (x)cos fx + O, (x)sin fx]
trong d6 @, B € R, P,(x),Q, (x) 1 cac da thirc bac n,m cho trudc véi cac hé sb thuc.
Néu o *if khong phai 1a nghiém cua (2) thi mot nghiém riéng cua (3) dugc tim dudi
dang:
y" =e™[R,(x)cos fr + S, (x)sin fx]
trong d6 R, (x),S,(x) 1a cac da thitc bac [ = max(n, m) c6 cac hé s6 dugc tim bang phuong
phap hé sb bat dinh v6i cac hé ham: 1, x,x°,...,sin fx,cos Px

Néu a *if 1a nghiém cua (2) thi tim nghiém riéng trong dang:

p' = e® x[R; (x)cos fx + S, (x)sin fx]

CAU HOI VA BAI TAP CHUONG 5

5.1. Nghiém tong quat cia PTVP cap n phy thudc vao n hang s6 tuy y.

bung 7] Sai H
5.2. Nghiém cua bai toan Cauchy luén duy nhat nghiém
bung [] Sai [
5.3. Phuong phap bién thién hang s Lagrange ap dung chi cho PTVP tuyén tinh.
Pung H Sai U
5.4. Phuong trinh Bernoulli 1a PTVP tuyén tinh
Ding [ Sai U
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5.5. PTVP toan phan 1a phuong trinh vi phan tuyén tinh thuan nhét.

Dung Sai
5.6. PTVP tuyén tinh thun nhét ludn ludn c6 nghiém
Dung Sai [

5.7. Biét 2 nghiém y, va y, ciia PTVP tuyén tinh thuan nhat thi biét dugc nghiém tong quat
cua phuong trinh do.
Dung Sai [
5.8. Biét 2 nghiém ctia PTVP tuyén tinh khong thuan nhat thi c6 thé biét duoc nghiém tong
quat cuia phuong trinh do.
Diing Sai [
5.9. Giai PTVP tuyén tinh c6 hé sb hang s khong can dung dén phép tinh tich phan
Pung [ Sai [l
5.10. PTVP tuyén tinh c6 tinh chat chong chat nghiém.
Dung [ Sai O
5.11. Giai cac phuong trinh:
, 1 b. y'=x’e"

y:
1+x

a.

xdy ydx

' Y
C. ycosx=—— d. + =0
In y JI-37 A=y
e. y'+sin(x + y)=sin(x — y) f. y'=cos(x—y)

5.12. Giai cac bai toan Cauchy:
dx N dy
x(y=1)  y(x+2)
b. (1+e*)y*dy =e*dx, y(0)=0

a.

=0, y()=1

c. sinxdy—ylnydx=0, y(0)=1
d (X*+D)y'=y"+4,y(1)=2
5.13. Giai cac phuong trinh:

a. xdy — ydx=4/x" + ydx

b. xyy'+x> =2y> =0

c. xcosl(ydx + xdy) = ysin Z(xa’y - ydx)
X X

d (y—x)dx+((y+x)dy=0
5.14. Giai cac phuong trinh vi phan tuyén tinh cép 1:
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x(1+x*)y'—(x* =)y +2x=0

o

yH2xy =xe ™

=

1+ xP)y2xy=>1+x)*

o

d. 2ydx + (y> —6x)dy =0
5.15. Giai cac bai toan Cauchy:

2 1
a. y-—L=(x+1), y(0)=—
x+1 2

b. A+x*)y+xy=1 y(0)=0

5.16. Chirng minh ham s6 y = )cJ.e’2 dt 1a mot nghiém cua phuong trinh xy'-y = xle” .
1
Hay tim nghiém cta phuong trinh thoa mén diéu kién y(1)=1
5.17. Giai cac phuong trinh:

a. y+xy=x’y’

b. Q(xzyS +xy)=1
dx

c. (yInx—2)ydx=xdy
d. ydx+(x+x’y)dy=0

5.18. Giai cac phuong trinh vi phan toan phan:

a. {y—zz—l}dx+{l—%}dy=0
(x=»)°" «x y o (x=y)

b, xdx + (2x + y)dy _0
(x+)°

1 . 1 . 1
c. —smﬁ—%cosl+1 dx + —c:osl—izsmﬁ+—2 dy=0
y yox X X Xy y oy

3

d. 3x%(1+ In y)dx —(2)} —x'jdy -0
y

5.19. Giai cac phuong trinh sau day bang cach tim thira s tich phan «

a. 2y+xy)dx+2xdy=0, a(x)
3
b. (2xy +x2y+ y?jdx + (x> +y)dy =0, a(x)

c. y(1+xy)dx—xdy=0,a(y)
d. xdy + ydx — xy*> Inxdx =0, ar(xy)
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5.20. Giai cac phuong trinh vi phan sau:

a. x*(Inx—1)y" - xy'+ y =0, biét rang n6 c6 mot nghiém riéng dang y, = x*, x € R

b. Qx+1)y"+(4x—2)y'-8y =0, biét ring nd6 c6 mot nghiém riéng dang
y,=e“,aeR

c. (x*=1)y" =6y =0, biét raing n6 c6 mot nghiém riéng y;(x) c6 dang da thirc.

d. (2x—x?)y"+2(x—1)y'-2y =2 biét ring n6 c6 hai nghiém riéng y, =1, y, = x

5.21. Giai cac phuong trinh sau khi biét mot nghiém riéng cua phuong trinh thuan nhat
tuong Ung.

a. x°y"=2xy'2y=2x",y, =x

1
b. y"+Ly'——y:x—1,y1 =e"
I-x" I-x

" 1 X 2
c. y'+— y=e'|—+Inx |y =lnx
x“Inx X

5.22. Giai cac phuong trinh:

X

14 e
a y'-y=—
e’ +1
b. y"+2y+y=3e "Vx+1
c. y'+y=tgx

1
d y"+y=——-—
COS 2x4/COS 2x

5.23. Giai cac phuong trinh:

a. y"'=7y+6y =sinx

b. y"-3y'=2-6x

c. y'=2y+3y=e""cosx

d y'+2y+y=4de”

e. y"—9y420y =xe"

f. y"+y=x’cos’ x

5.24. Giai cac bai toan Cauchy

a. y"=2y+2y=5cosx, y(0)=1,y'(0)=0

b. y"+y=cos’x,y(0)='(0)=0
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PAP SO VA GO1Y

PAP SO VA GOQI Y CHUONG 1.

1.11.
a. {(x,y),x>0,y > 0 hoac x<0,y<0}
b. Vanh tron dong gidi han boi 2 dudng tron tim gdc toa dd ban kinh 1 va 3.
¢. Mién mo nam trong 2 dudng y = x va y = -x, nam bén phai truc Oy
d. Toan mit phang trir dudng parabol y = x?
1.12.
1 : y

’
a z = ,Z, =

y
x* +y° X+ y? +4x +y?

b o = X ovsin® X
. Z,=ycos—,z, =2ysin——xcos—
y y

ro_ .3 yz—l g y31
C. z. =)y X ,Zy—X nx

d. Z;:_ 2y 20 ;: 2x 2
X" +y X" +y
1.14.
a. z = —e“’sz"_z(xz”z)(sin 2x + 4x), z; = oo’ X_z(x2+y2).4y
4
b. z :g,z; :Hz y4 -
X " +1
1.15.
o dee 2(xdy — ;dx)
x?sin =%
X

b. dz =e'[(xcosy —sin y)dy + (sin y + cos y + xsin y)dx]

1.16.
a. — J/(3x2_y2)
x(3y% —x?
[ a2
Py
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1.18. ——

1.19. 8_u:2_u khia=b=c
or r

120, 22 —M triét tiéu khi ¢ L 7
ol r

1.21.
a.  Piémding: (-2,2),(-4,2),

2
A=z) —zlz), =42 - y)e™ +2(x* - y* +8x + 4y +10)e™

A(-22)=4e™ >0, A(-22)=—-4e™® <0,z (-4,2)=—2¢” <0,

Vay zpy = 2(—4,2)=4e”"

b.  Diémding: (0,0),(LD), A(x,»)=9-36xy, A(0,0)=9>0,
AL =-27<0, z/ A1)=6>0, vay z,, =z(,))=—1

c.  C65diém dimg: (0,0),(0,2b),(2a,0),(2a,2b),(a,b),

A(x,y) =16(a = x*)(b = ¥)* - 4xy(2a - x)(2b - y),

A(0,0) = A(0,2b) = A(2a,0) = A(2a,2b) > 0, A(a, b) = —4a*b* <0
2l (a,b) =267 <0, Viy zp,, =z(a,b)=a’b’.
5

d.  DPidmdimg: (12), A(x,y)=1-4(1+ %)(1 +=), A(L2)=-26<0
X ¥

2 (12)=6>0, vy z,. =z(12)=7-10In2
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. . 1 1
e. Ton tai 4 diém ding: (f—,£t—), A(x,y)=-36xy,
ﬁ \/g y %
1 1 I 1
A =) =120, A(———,—)=12>0,
ﬁ ﬁ V33
~12<0, A(l 1)— 12<0, z/ (- —)<0,
" RN R ONE
I 1 R 1 1 4
Z)/C/x ﬁ’\/g) 0, Vay zpu _Z(_f’__3)=_3

f. Tbn tai 3 diém dimg: (0,0),(—v2,v2),(W2,~2),
A(x,»)=16-16(3x> = DB3y? 1), A(—2,v2)=A(2,—+2)=-384<0,

(N2 =2, (V2,42) =205 0, 2, = 2(-V2.42) = 2(42.+2) =8

Ngoai ra  z(0,0) =0, z(x,x) =2x* >0,Vx #0,z(x,0) = x* — 2x? <0,khi x du bé.
Vay ham sb khong dat cyc tri tai (0,0)

4000

g. Piém dimg: (5,2). A(x,y)=1- T
i Y

A(5,2)=-3<0

/ 4
5(5:2)=2> 0, 2y =2(5,2) =30,

h.  Diém ding: (0,0), A(x,y)= 4x2 - 12y(3x —y), A(0,0)=0,

Nhan xét: z(0,0)=0, z(x, x) = x>, dbi ddu khi x ddi dAu, chtng to ham s6 khong

dat cuc tri.
1.22. d=1
4 3
1.23. x=ft—F—,y=+—
5T

PAP SO VA GOQI Y CHUONG 2.

2.10.
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2oz
a. Jz.dy T f(x,y)dx+j[dy | £ y)dx
0 —arccos y J2 —arccosy

2

4 Ay
b, j dy j £ (x, y)dx
oV

C. j‘dxi f(x,y)dy + jdxi f(x,y)dy

2

1 1+W
d. Jdy [ fCep)dx
0 2-y
2.11.
1
a. —
36
b 2
3
c. 21n3—2ln2—§
4
_1
504
2.12.
2 2
3
b LT
32
c. Bl z
3
g 37 2
302 3
2.13
1
a. —
6
b. 38%
97 7
4 2In2
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a4
c. —
2
Ama’ : )
\/5 (chuyén sang toa do cau hoac toa do tru)

d.

PAP SO VA GOQI Y CHUONG 3.

3.16.

a. 24
143

3.17. 1

3.18.

32
3

b. 4
3.19.

a. 1

a.
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3.24.

a. 1+

o eef

167
3.25.

a. %xS—x2y2+3x+§y3+3y+C
b. e +sin(x—y)+2y+C
c. ex[y+ey(x—y+1)]+C
1 y°
d. —In(x*+y*)-=—+C
S +y) ==

3.26.

a. 1
b. -1

3.27.

a. m=1u =%ln(x2 +y2)+ arctglwL C
X

b. a=b=-lLu= )zc—y2+c
X +y

3.28.
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64 ,
" 15

3.30.
2

a. —
15

S 2
_+_
12 15
4

c. —(a2b2 +b°ct + czaz)
abc

;
4 27R
105
3.31.
7R®
8

b. —2R*\3

a. —

PAP SO VA GOQI Y CHUONG 4.

4.9. cosa ~0,99, o ~8°

o, [,
BR 48 3m 4

4.11.

37R*?
16
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4.13. 0 (Hudéng dan: (2xy°z,2x°yz,x>y* —2z)=grad(x*y*z—z") con L la giao cia
x* +y* +z° =1vamat y:\/gz)

4.14.

a. u=e In(x+y)+C

b. u=xyz(x+y+z)+C

c. u=xy+yz+zx+C

PAP SO VA GOQI Y CHUONG 5.

5.11.
a. y=2x —In(x + )]+ C

b. y=e'(x* —=2x+2)+C
1 X 7

c. —In*y=Intg] =+=|+C
2 g(z 4)

d [-vi—x fi-y1=)7 )= cwy

y
gXl=C
e

e. 2sinx+1n

f. x+cotgu:C
2
5.12.
a. x+y+2lnx—-Iny=2
b. y3:3arctgex—377[

¢. Moi nghiém déu théa man

B 2(x* 1)+ 4x

d.
4 1- x> +2x

5.13.
a. 1+2Cy—-C*x° =0

b. y=+xy1+C*x’

c. xycosZ:C
X
d. y*+2xy—x>=C"

5.14.
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a. y=Cx+(l+C)§

2 X2
b. y=e™ | C+—
y=er(evs

c. y=(1+x>)(x+C)
d. y* -2x=Cy’ (giaix theo y)
5.15.

2 1
a y=(x+1)2 —4x+-
y=( )[2 2)

b :ln(x+\/x2 +1)
RN

5.17.
a. (x> +1+Ce” )=1

1>

b, LoCe? — 37 +2 (gidix theoy)
X

1 1
c. Y(=lnx+—+Cx*)=1
y(2 1 )

1
d x= W (giai x theo y)

5.18.
a I -2 =c
x| x—-y
b. 1n|x+y|— * 2d
x+y
.y X 1
c. sin—=—cos—+x——=C
X y y
d x’Q+lny)-y’=C
5.19.

1
—X
2.2
a. a=e? ,xye =C

2
b. ocze)‘,yex[x2 +y?j:C
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c a:—z,—+x2:C
y
1 |
d a=——,-In’x+—=C
Xy Xy
5.20.

a. y=C,x+C, ln|x|

2x +1)°
b.y:C@2x+C{L£§)——2ﬁ

3 3x(x? =1 1
C. y=C1(x3—X)+C{1—Ex2+ x(x4 ).lnIiiIH

d y=Cx*+C,(x-1)+1
5.21.
a. y=Cx+C,x* +x°

b. y=Ce* +C,x—(x" +1)

c. y:lnx(C1 + CZJ‘I:Txerexj

5.22.

sz—m@X+n+cJ

a. yz%[x—ln(e" +l)+C1]—
4 3
b. yze‘{C1 +C2x+§(x+1)2}

c. y=C,cosx+C,sinx—cosxlIn

{53
& 2 4

d. y=C, cosx+C,sinx—+/cos2x
5.23.

5sinx + 7 cos x
74

57 6x
a. y=Ce +C,e” +

b. y=C, +C,e™ +x’

e—x

c. y:e"(C1 cos\/§)c+C2 sinﬁx)+ a0

(5cosx —4sin x)

d. y=(C, +Cyx)e™ +2x%e™
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1
e. y=Ce™ +C,e* —(§x3 +x° + 2xje4x

: ? >cos2x 4xsin2x  13cos2
f. y=Clcosx+Czsmx+x——1—x cOSZX | AXSIMEX | 30052x
2 6 9 27

5.24.
a. y=cosx+2(e’ —1)sinx
b. y=L(cosx—cos3x)+3—xsinx

3 8
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