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_’ Modular arithmetic

emodular arithmetic is a system of arithmetic for integers

*For a positive integer n, two integers a and b are said to be congruent

modulo n, and written as
a=b (mod n),

If their difference a — b is an integer multiple of n (ora — b =kn).

eLet a and n > 0 be integers. The set of all integers which have the same
remainder as a when divided by n is called the congruence class of a modulo n,
and is denoted by [a] , where

[a], ={xinZ|x = a(modn)} —x=a+kn; 0s/a/sn-1

*The set of congruence classes modulo n is Z= {[0],[1],...., [n-1]}

sLet n be a positive integer, and let a,b be any integers. Then the addition and
multiplication of congruence classes given below are well-defined :

a], + [b], = [a+b], ; [a];[b], = [ab],.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Modular arithmetic (cont)

Example: The modulo-5 addition and multiplication given by Tables:

Modulo-5 multiplication

Table 1 Modulo-5 addition
H 0 1 2 3 4
o 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

Table 2
W 0o 1 2 3 4
o o0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

CuuDuongThanCong.com

*Chu y Bang céng va nhan modulo 5 ciing
cO thé ap dung cho phép tree va phép chia:

2-4=2+(-4)=2+1=3.
(-4) la phan t&r déi ctia 4 trong phép cdng mod 5

3:2=3.(21)=3.3=4.

(2-1) 1a phan t& ngwoc cua 2 trong phép nhan mod 5

3
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Nhom
Nhom (Groups): (G..)
Nhom G la mét tap hop cac phan t&r véi mét phép tinh trong 2 ngdi thoa
man déng thdi cac tinh chét sau:
- a,beG = a*b=ceG (tinh déng kin)
- (a*b)y*c=a*(b*c) (luat két hop)
- Téntaiphantlrdonvie: a*e—e¢ *a—a
. Téntaiphdntlnguoc a ': a%a '=a ! xa=e¢
Nhom céng: phan ti trung hoa ki hiéu 0, phan t& nguwoc cla a ky hiéu —a
Nhém nhan: phan t& trung hoa ki hiéu 1, phan t& ngwoc clia a ky hiéu a™
= Nhomcong: a+(-a)=e=0
= Nhémnhan: a(a™)=e=1

Nhém giao hoan
Néu a*b=D>b *a thi nhom dwoc goi la nhém giao hoan. 4
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Nhom(cont)
Vidu 1:

eTap cac sé nguyén Z v&i phép toan cong (+) tao nén mdt nhém giao
hoan v&i phan t& don vi la 0.

eNhém <R,+> cé phan ti trung hoa la 0.

eNhém <R loai trir 0, «> c6 phan tr trung hoa la 1.

e Z, la nhom cdng theo modulo n, nhwng khéng phai nhom nhan

Khai niém Z° z,={aeZ, |(an)=1} (a,b), ged(a,b): USCLN

« Chay: Néu n la sb nguyén to thi: 1sasn-1
exam: Z;, ={1,2,3,4,5,6,7,8,9,10}
Cép ctia nhém |G| (hoic deg G)
e Con goi la luc lwong clia nhom, la sé cac phan ti trong nhém.
e Néu |G| [a hCru han thi ta ¢6 nhém hlru han cap |G|.

Thi dy: Xét nhém nhan clia z:  Z;; =4{L 2. 3, 4,5, 6, 7, 8, 9, 10}

Pay la nhém cép 10 vi |Z,[=10.

Nhom con

e Néu HeG va (H.*) tao nén mdt nhom thi H 1a nhém con cla G.

o Cép Cﬂ%’“?“f’”?é’a'ﬁ”@@mcﬂa Cép Cl:la G . https://fb.com/tailieudientucntt
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Nhom(cont)
Nhom xyclic
Xét nhom hiru han (G.e). Néu tén tai phan t&r @ € G sao cho véi méi be G

déu coé thé biéu dién duoc dudidang b =a’ (i nguyén)
Nhw vay G co6 thé mé ta nhuw sau:
G ={ai ,‘v’i}
thi G dwoc goi la nhém xyclic sinh b&i a. o dwoc goi la phan t sinh (hay
phan t& nguyén thuy) clia nhém.
Vi du:
Xét nhém nhan cta zi1  Zq; ={L. 2, 3. 4,5 6,7.8,9, 10}

Pay la nhém Cyclic véi a =2 .

Ta co: 2° =1 2°=10
2' =2 2°=9
2% =4 2" =7
2 =8 28 =3
24 =5 27 =6

Ta cd tl‘?éDW’i‘é"ha“@ITgfm {Zi mod 1 1} ] https://fb.com/tailieudientucntt
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Vanh

Vanh (Rounds): (R.+.®)
Vanh R la mét tdp hop cac phan ti&r véi hai phép toan trong hai ngéi (Phép
cdng, phép nhan) thda man cac tinh chét sau:
e (R.+) la mét nhom cong giao hoan=phai c6 0, moi phan t&r a ¢ phan
tr nguoc -a
. <R*='> khéng yéu cau tao thanh nhém nhan = Diéu nay c6 nghia la
khéng nhét thiét phai co phan t& 1, va khéng nhat thiét moi phan tir a
déu co6 phan t&r nguoc a™
Trong do: R* =R\ {0}
o Tinh chét phan phéi: (a+b)c=ac+bc

Vanh R dwoc goi la vanh giao hoan néutaco ab =ba
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Vanh(cont)

Thi du vanh:
*Tap Z v&i phép coéng va nhan thdong thuwong la mét vanh giao hoan

*Tap Z, v&i phép cdng va nhan modulo n la mét vanh giao hoan

Ideal:
|deal | la mét tap con trong vanh R ¢6 cac tinh chat sau:

e a,bel: a+bel, (L+> la m6ét nhém con dbi véi nhom cdng clda R.

e ccR : cael
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Truong
Trwéng (Fields) (F.+.e)
Trwdng F la mét tdp hop cac phan tlr véi hai phép toan trong hai ngéi thda
man:
e (F,+) la mét nhém cdng giao hoan=co6 phan ttr 0
. (F-) la moét nhom déi véi phép nhan = co phan tr 1.
Trong do: F' =F\{0}
Thi du:
*Tap R vo&i phép cdng va nhan thong thwdng la mét trwdng
Tap C v&i phép cong va nhan sb phirc 1a mot trwdng

Tap Z, v&i phép cong va nhan modulo n chi la mét tredng néu n & s
nguyén to

o Tap Z vo&i phép cdng va nhan thong thwdng la mét vanh giao hoan,
nhwng ko phai la mét trudng.

Nhan xét: Triwdng chat ché hon vanh.
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Truong(cont)

finite fields:
o Afinite field with g elements is called GF(Qq). “Galois field” Evariste Galois (1811-1832).

g is called order of finite field, and must be a power of a prime p.

« |If pis a prime number, the set of integers, {0, 1, ..., p — 1}, forms a prime
field GF(p) with p elements under modulo-p addition and multiplication,
where 0 and 1 are the zero and unit elements of the field, respectively.

Example:

Consider the special case for which p = 2. For this case, forms a field of two elements
{0, 1}, called a binary field, denoted by GF(2) under modulo-2 addition and multiplication
as given by tables:

F=GF(2)={01 ++|

+(0 |1 * | 0|1 * Chay: Trwong GF(2), trong ca phep cong
va nhan, phan t&r ngwoc cua 1 la chinh no.

0[(0]|1 00
1

10
1
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Khong gian vecto (vector spaces)

Khong gian vecto’ trén trweong F

Gia st F la mét trwdng v&i cac phan tlr coi la cac vo hwdng. Mét khong gian vecto
V trén tredng F la mot tap hop V ma trén dé pheép tinh cdng vecto va phép tinh
nhan vecto véi s6 vo hwéng dwoe dinh nghia sao cho cac tinh chat co ban sau day
dwoc théa man:

. Vla mdt nhom giao hoan vaéi phép (+)

ii. V&iathubce F, v thudc V, thi a.v thudc V .
ii. a.(utv) = a.ut+a.v; (a+b)v=a.v+b.v

iv. (a.b).v=a.(b.v)

v. V&illaphant donvictaF: 1v=v

u, v thudc V goi 1a cac vec to. Vec to 0 la phan t&r don vj cha V
a, b thudc F goi la cac vo hwéng
u + v : vector addition

a.v: Scalar multiplication 1
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Khong gian vecto (cont)

Noi cach khac, Khdng gian vecto trén trwérng F c6 cac tinh chat sau

Néuu,ve V,thiu+v e V.

Néuae Fve V,thiav e V.
Véimoiu,v,w e V,tacou+(v+w)=(u+vVv)+w.
V&imoiv,w eV, tacOv+w=w +V.

CO mot phantir 0 € V, goi la vecto khdong, sao chov + 0 = v v&i moive V.

Vé&i moi v € V, c6 mot phan tr w e V, goi la phan ngwoc cta v, sao chov +w = 0.
Véimoiae Fvav,w e V,tacoa(v+w)=av+aw.

Véimoia,be FvaveV,taco(a+b)v=av+bv.
Véimoia,be Fvav e V,tacoa (bv)=(ab) v.

V&imoiv e V,tacé1v =v, 1laphantlddon vicha phép nhan trongF.
12
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Khong gian vecto (cont)

Khong gian tuyén tinh V,, trén GF(2)
Xét tap V,, gom cac phan t&r c6 khudn dang 1a mot bé toa dd n thanh phan (n-tuple):

V=(Vy,Vy,...,V, ;) With v.eF

« Nguwoi ta dinh nghia phép céng cac phan tlr ctia V,;:

u=(ug, ..., Up_1) V=(Vg, -y Vpn_1)
u+v=(U,+Vv,,U +V,....,u ,+Vv ) with u. +v. eF Inmod-2addition

* Nguw¢i ta dinh nghia phép nhan n-tuple véi vé hwéng ae F:
av=(av,,av,...,av, ;) Wwith av, in mod -2 multiplication

Nhan xét: Bang viéc chirng minh cac tinh chat cho thay V, la mét khong gian vecto
dwdi phep cong va phép nhan véi vo hwéng nhw dinh nghta trén. Cac n-tuples dwoc
goi la cac vecto n chiéu trong khong gian V,,.
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Khong gian vecto (cont)

Exam:

Let n = 5. The vector space V. of all the 5-tuples over GF(2) consists of the
following 2° binary 5-tuples:

(00000), (00001), ... e veeee e (11111).
The vector sum of (01010) and (10110) is
(01110) + (10110) = (0 + 1,1 + 0,1 + 1, 1 + 1, 0+0) = (11000) V.
Using the rule of scalar multiplication, we obtain
0.(01110)=(0.0,0.1,0.1,0.1,0.0)=(00000) €V-.
1.(01110)=(1.0,1.1,1.1,1.1,1.0)=(01110) €V,
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Khong gian vecto (cont)

 Linear combination cua cac vecto v,,...,v,, € V, la:ayv,+ ... +a,, Vv, voicac hé
sO ay,...,a,; € F.

+ CAc vecto v,....V,, € V, trén trwong F dwoc goi la doc 1ap tuyén tinh néu t6 hop:
agVyt+ ... +a,,V,, chibang 0 khiva chikhi
=3 =..=a,=0
Hé qua:
For O < k < n, a set of k linearly independent vectors iIn V,, spans a k-glimensional
subspace of V,, (Nghia la, V&i ksn, va hé G gom k vecto doc lap tuyén tinh gq,...,0, 4

e V.. Thi tap C gébm tat ca cac td hop tuyén tinh cia G 1a mét k-dimensional
subspace of V,).

e Hé G la mét co s¢ (basic) cua C; G spans C; G khdng chira vector O.

» Vi cac vecto cua C c6 dang c= a,gy+...+a, 1 0,1 » @ thudc GF(2), do do twong
ting sé c6 2k vecto phan biét trong C.

« M6t Khong gian co tdi thiéu mét co s&, chiing déu cé sb vecto bang nhau.

15
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Khong gian vecto (cont)

Return exam:

Let n = 5. The vector space V. of all the 5-tuples over GF(2) consists of the
following 32 binary 5-tuples: (00000), (00001),....... ccccccu. ... , (11111).

The five vectors (10000), (01000), (00100), (00010), and (00001) are linearly
independent (dang chinh tac) and they form a basis of V.. This basic spans the V.
over GF(2).

The basic of 3 linearly independent vectors {(10001), (00111), (11100)} spans a
three-dimensional subspace with the following eight vectors:

(00000), (01010), (11100), (10001), (10110), (01101), (11011), (00111).

Ta c6 thé tim thay mét co s& khac cuia khéng gian con nay gédm ba vector déc
ap tuyén tinh {(11100), (01010), (10001)}.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Khdng gian vecto (cont)
G-matrix over GF(2)

e Mbéico s& G cua khong gian con k chiéu CeV, co thé anh xa thanh ma tran sinh,
trong dé mo6i hang la mét n-tuple over GF(2). G co6 hai cach biéu dién: k hang
hOaC mang k xn. gO g0,0 gO,l gO,n—l

| 9 || 90 G - G

O Ov10 Gkar - Oxana

« Khoéng gian con k chiéu C (gém 2% vector sinh b&i G) goi la row space cla G.

« Bang sw thwe hién cac phép toan hang so cap (déi chd hai hang bat ky, cdng mot
hang vao mét hang khac) ta sé dwoc mét ma tran G. Ca G va G cung sinh ra
cung mot khong gian hang C.

o Xét mot bd cac vo hwdng a=(aya,...a, ;). Phép nhan ma tran a.G sé cho 1 vector
nchiéuv e C:
Yo

g
V=(VoVy V1) =aG = (828 1) | =8Uo T a0, et A 1Oy

17
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Khdng gian vecto (cont)

* Inner Products

e Letu=(uy Uy, ..., U, and v =(vgy Vyq, ..., V) betwo n-tuples over GF(2). We
define the inner product of u and v as the following sum:
Uv=ugV, +UuV, +...+U. .V, ,

where the multiplications and additions in the sum are carried out with

multiplication and addition of GF(2). So the inner product of two n-tuples over
GF(2) is an element of GF(2), i.e., a scalar.

If u-v =0, we say that u and v are orthogonal (trwrc giao) to each other.

 Example: Consider the two 5-tuples, (10111) and (11010). The inner product of
these two binary 5-tuples is

(10111) - (11010)=11+01+10+1.1+1.0=1+0+0+1+0=0.

Since their inner product is 0, they are orthogonal to each other.

18

CuubDuongThanCong.com

. . . https://fb.com/tailieudientucntt
dinhptit@gmail.com A


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Khong gian vecto (cont)

Dual Spaces
« For 0 =k <n,let C be a k-dimensional subspace of the vector space V,,.

Let C,4 be the set of n-tuples in V, such that, foranyu € Cand v € C,,

inner product: uv=0
« Cd contains at least the vector O and hence is non-empty

 Cua is asubspace of the vector space Vn.
 Cu is called the dual (or null ) space of C and vice versa.
« Theorem: For 0 <k <n, let C be a k-dimensional subspace of the vector space
Vn. The dimension of its dual space Cd is n — k. i.e., dim(Cd) = n-k.
 Note: Néu C c6 ma tran sinh G, va C, c6 ma trén sinh H

gO g0,0 gO,l gO,nfl hO h0,0 hO,l hO,n—l
gl gl,O gl,l gl,n—l hl hl,O hl,l h1,n—l

O Ov1o Gxa1r o Gyana h 4 hn—k—l,o hn—k—l,l hn—k—l,n—l

thi bat ky hang g; nao va bat ky hang h; nao ciing tryc giao voi nhau, tirc 1a tich
vO hwéng g;.h; =0. 19
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