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LO'1 NOI PAU

Toan cao cip A, A,, Az 1a chuong trinh toan dai cwong danh cho sinh vién cac nhém nganh
toan va nhom nganh thudc khdi k¥ thuat. Noi dung cua toan cao cdp A;, As chu yéu 1a phép tinh
vi tich phan ctia ham mot hoac nhiéu bién, con toan cao cép A, 12 cac cdu truc dai sb va dai sb
tuyén tinh. Cé kha nhiéu sach gido khoa va tai liéu tham khao viét vé cac chu dé nay. Tuy nhién
v6i phuong thie dao tao tir xa c6 nhitng dac thu riéng, doi hoi hoc vién lam viéc doc lap nhiéu
hon, do d6 can phai c6 tai liéu huéng dan hoc tap thich hop cho timg mén hoc. Tép tai liéu hudng
dan hoc mon toan cao cép A; nay dugc bién soan cling nham muc dich trén.

Téap tai liéu nay dugc bién soan theo chuong trinh qui dinh nam 2001 cta Hoc vién Cong
nghé Buu Chinh Vién Thong. Noi dung cta cudn sach bam sét cac gido trinh cia cac truong dai
hoc k¥ thuét, gi4o trinh danh cho hé chinh qui cia Hoc vién Cong nghé Buu Chinh Vién Thong
bién soan nam 2001 va theo kinh nghiém giang day nhiéu nam cua tac gia. Chinh vi thé, gido trinh
nay ciing c6 thé dung 1am tai liéu hoc tap, tai liéu tham khao cho sinh vién cua céc trudng, cac
nganh dai hoc va cao dang.

Gido trinh dugc trinh bay theo céach thich hop ddi véi nguoi tu hoc, dac biét phuc vy déc luc
cho cong tac ddo tao tir xa. Trude khi nghién ciru cac ndi dung chi tiét, nguoi doc nén xem phan
gidi thiéu cua mdi chuong ciing nhu myc dich cta chuong (trong sdach Hudng dan hoc tip Todn
A2 di kém) dé thay dugc muc dich y nghia, yéu cau chinh cua chwong d6. Trong mdi chuong, mdi
ndi dung, ngudi doc cod thé tu doc va hiéu duoc cin k& thong qua cach dién dat va ching minh rd
rang. Pac biét ban doc nén chu y dén cac nhan xét, binh luan dé hiéu sau hon hodc md rong téng
quat hon cac két qua. Hau hét cac bai toan duoc xay dung theo luge do: Dit bai toan, chirng minh
su ton tai 101 giai bang 1y thuyét va cudi cung néu thuat toan giai quyét bai toan nay. Cac vi du 1a
dé minh hoa truc tiép khai niém, dinh 1y hodc cac thuat toan, vi vay sé gitip ngudi doc dé dang
hon khi tiép thu bai hoc.

Gido trinh gdm 7 chuong tuong tmg v6i 4 don vi hoc trinh (60 tiét):

Chuong I: L6 gich toan hoc, 1y thuyét tap hop, anh xa va cac cAu trac dai sd.

Chuong I1: Khong gian véc to.

Chuwong I1I: Ma tran.

Chuong I'V: Dinh thuec.

Chuwong V: Hé phwong trinh tuyén tinh

Chuwong VI: Anh xa tuyén tinh.

Chuong VII: Khong gian véc to Euclide va dang toan phuong.

Ngoai vai tro la cong cu cho cac nganh khoa hoc khac, toan hoc con dugc xem la mot
nganh khoa hoc ¢6 phuong phap tu duy lap luan chinh xac chat ché. Vi vay viéc hoc toan cling
gitip ta rén luyén phuong phap tu duy. Cac phuong phap nay di dugc giang day va cung cap
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ting budc trong qué trinh hoc tip & phd thong, nhung trong chwong I cac vin dé& nay duoc hé
théng hod lai. N§i dung cua chuong I dugc xem la co s&, ngon ngir cua todn hoc hién dai. Mot
vai ndi dung trong chuong nay da dugc hoc ¢ phd thong nhung chi v6i mic do don gian. Cac
cu triic dai s6 thi hoan toan méi va kha triru tugng vi vay doi hoi hoc vién phai doc lai nhiéu
1an méi tiép thu duoc.

Céac chuong con lai ciia gido trinh 13 dai s6 tuyén tinh. Kién thtrc cta cac chuong lién hé
chit ché véi nhau, két qua ctia chuong nay 1a cong cu ctia chuong khéc. Vi vay hoc vién can thiy
duoc mbi lién hé nay. Pac diém ctia mon hoc nay la tinh khai quét hod va triru tugng cao. Cac
khai niém thuong duoc khai quat hoa tir nhitng két qua ctia hinh hoc giai tich & phd thong. Khi
hoc ta nén lién hé dén céac két qua do.

Tuy rang tac gia di rat ¢ gang, song vi thoi gian bi han hep cing vai yéu cau cap bach cia
Hoc vién, vi vy cac thiéu sot con ton tai trong gido trinh 1a diu kho tranh khoi. Tac gia rat mong
su dong gop ¥ kién ciia ban bé dong nghiép, hoc vién xa gin va xin cam on vi diéu do.

Cudi cung ching t6i by to sy cam on dbi voi Ban Giam ddc Hoc vién Cong nghé Buu
Chinh Vién Thong, Trung tdm Pao tao Buu Chinh Vién Thong 1 va ban bé déng nghi¢p da
khuyén khich dong vién, tao nhiéu diéu kién thuan lgi dé ching t6i hoan thanh tap tai liéi nay.

Ha Néi, cu6i ndm 2004.
Ts. Lé B4 Long
Khoa co ban 1
Hoc Vién Cong nghé¢ Buu chinh Vién théng
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

CHUONG 1: MO DAU VE LOGIC MENH BE, TAP HOP
ANH XA VA CAC CAU TRUC bAI SO

1.1 SO LUQC VE LOGIC MENH PE
1.1.1 Ménh dé

Logic ménh dé 1a mot hé théng 16gich don gian nhét, véi don vi co ban 1a cac ménh dé
mang ndi dung cua cac phan doan, mdi phan doan duogc gia thiét 1a ¢6 mot gia tri chan 1y nhat
dinh 1a dGng hodc sai.

Dé chi cac ménh dé chua xac dinh ta dung cac chir cai p,q,r... va goi chung la céac bién
ménh dé. Néu ménh dé p ding tacho p nhén gid tri 1 va p sai ta cho nhan gia tri 0. Gia tri 1
hodc 0 duoc goi la thé hién cua p.

Ménh dé phirc hop duoc xay dung tir cac ménh dé don gian hon bang cac phép lién két
16gich ménh dé.

1.1.2  Cac phép lién két 16gic ménh dé

1. Phép phu dinh (negation): Phu dinh ctia ménh d&& p 1a ménh dé dugc ky hiéu p, doc la
khéng p.Ménh dé p dungkhi p saiva p saikhi p ding.

2. Phép hoi (conjunction): Hoi cua hai ménh dé P,q la ménh dé duge ky hiéu p A g (doc
A p va q).Ménhdé p A g chidingkhi p va ¢ cung ding.

3. Phép tuyén (disjunction): Tuyén cta hai ménh d&& p, g 1a ménh dé dugc ky hiéu p v ¢
(docla p hoac q). pVv ¢q chisaikhi p va g cung sai.

4. Phép kéo theo (implication): Ménh d&& p kéo theo ¢, ky higu p = ¢, laménh dé chi
sai khi p dung g sai.

5. Phép tuong duong (equivalence): Ménh dé¢ (p = ¢) A (¢ = p)dugc goi 1a ménh dé
p tuong duong ¢, ky hiéu p < q.

Mot cong thirc gdm cac bién ménh dé va cac phép lién két ménh dé duoc goi 1a mot cong
thirec ménh deé. Bang li¢t ké cac thé hién cua cong thirc ménh dé duoc goi la bang chan tri.

Tt dinh nghia cta cac phép lién két ménh d@é ta co cac bang chan tri sau
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so
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Nhu vdy p <> ¢ la mot ménh dé dung khi ca hai ménh dé p va ¢ cing dang hoic cling

sai vaménh d& p <> ¢ sai trong trudng hop nguoc lai.

Mot cong thirc ménh dé duoc goi la hfmg dang néu no6 ludén nhan gia tri 1 trong moi thé hién

ctia cac bién ménh dé c6 trong cong thirc. Ta ky hiéu ménh dé twong dwong hing dung 1a

thay cho "< ".

1.1.3 Céc tinh chat

n—n

Dung bang chén trj ta d& dang kiém chimg cic ménh dé hang dung sau:

) p=p
y(p=q9)=(pVvq).

3))PANGg=EqQApP, PVG=EGNV P

Hpr@nrnr)=(pAg)nr

pv@vr)=(pvg)vr

5) [patgvn]=lpagvpan]
[pv g an]=lipva)~pvi)]

6)Ménhdé pV p luon dung

P A D ludn sai
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luat phu dinh kép.

luat giao hoan.

luat két hop.

ludt phan phoi.

luat bai chung.

luat mau thuan.

luat De Morgan.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

8) p=>q=q=p luét phan chirng.
9 pVpPp=p, pApP=p luat liy dang.
10) pv(paq)=p; pA(pvg)=p  ludthip thu,

1.2 TAP HQP
1.2.1  Khai niém tap hep

Khai niém tip hop va phan tir 13 khai niém co ban cta toan hoc, khong thé dinh nghia qua

nn

cac khai niém da biét. Cac khai niém "tap hop", "phan tir" xét trong mdi quan hé phén tir cua tap
hop trong 1y thuyét tap hop la gidng v6i khai niém "duong thang", "diém" va quan hé diém trén
duong théng dugc xét trong hinh hoc. N6i mot cach ndm na, ta co thé xem tap hop nhu mdt sy tu
tap cac vat, cac ddi tuong nao d6 ma mdi vt hay doi tuong 1a mot phan tir cua tap hop. Co thé lay
vi du vé cac tap hgp cd ndi dung toan hoc hodc khong toan hoc. Chéng han: tap hop cac sb tu
nhién 13 tap hop ma cac phan tir ciia nd 1a cac s6 1,2,3..., con tap hop cac cudn sach trong thu vién
ciia Hoc vién Cong nghé Buu chinh Vién thong 1a tip hop ma cac phan tir ciia né 1a cac cudn
sach.

Ta thudng ky hiéu cac tip hop boi cac chit in hoa A, B,... X,Y,... con cac phﬁn tir bdi cac
chit thuong X, y,... Néu phan tir x thudc A taky hidu x € 4, néu x khong thuoc A ta ky hiéu
X & A . Ta ciing n6i tit "tap" thay cho thuét ngit "tap hop".

1.2.2 Cach mé ta tap hop
Ta thuong mo ta tap hop theo hai céch sau:
a) Liét ké cac phan tir cta tap hop

Vidu 1.1: Tép céc s6 tw nhién 1& nho hon 10 1a {1,3,5,7,9 }.

Tap hop cac nghiém cua phuong trinh ¥ -1=01a {— 1, 1}.
b) Néu dic trung tinh chat ctia cac phan tir tao thanh tap hop
Vi du 1.2: Tap hop cdc s6 t nhién chin P = {n €N|n=2m, m eN}
Ham ménh dé trén tap hop D 1a mot ménh d&& S(x) phu thudc vao bién x € D . Khi cho

bién x mot gia tri cu thé thi ta dwgc ménh dé 16gich (ménh dé chi nhan mot trong hai gia tri hodc
ding hodc sai).

Néu S(x)1a mot ménh dé trén tap hop D thi tap hop cac phan tit x € D sao cho S(x)
dtng duoc ky hiéu {x S D‘S (x)} va dugc goi 1a mién ding ctia ham ménh d&& S(x).

i) Xét ham ménh dé S(x) xéc dinh trén tap cac s6 tu nhién N: " il mot s6 nguyén

" thi S(1),S(2) dang va S(3), S(4) sai ...
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

ii) M&i mot phuong trinh 14 mot ham ménh dé
{er‘xz =0 j={-1,1}
Dé c6 hinh anh triuc quan vé tap hop, nguoi ta thudng biéu dién tap hop nhu 1a mién phang
gii han boi dudng cong khép kin khong tu cat duoc goi 1a gian dd Ven.
¢) Mot s6 tap hop sb thuong gip
- Tap cac sb tu nhién N = {O, L2, .. }

- Tap céc sd nguyén Z = {O, +1,£2, }

- Tap cac s6 hitu ti Qz{p/q‘ q#0, p,qu}.

- Tap cac sd thue R,

- Tap céc sb phc C:{Z:x+iy‘x,ye|R;i2:—l}.
1.2.3 Tap con

Dinh nghia 1.1: Tap A duoc goi 1a tp con ctia B néu moi phan tir cia A déu 1a phén tir
cia B,khidotakyhiéu A< B hay BD A.

Khi A 1a tip con cua B thi ta con n6i A bao ham trong B hay B bao ham A hay B
chura A.

Taco: N ZccQcRcC.

Dinh nghia 1.2: Hai tip A, B bang nhau, ky hiéu 4= B, khi va chi khi A< B va
BcA.

Nhu vay dé chimg minh 4 C B ta chi can chimg minh x € 4 => x € B va vi vay khi
chimg minh A= B ta chi cin chimgminh x€ A <> x€ B.

Dinh nghia 1.3: Tap rong l1a tap khong chita phan tir nao, ky hiéu ¢
Mot cach hinh thirc ta ¢6 thé xem tap rong 1a tap con clia moi tip hop.
Tap hop tat ca cac tap con ciia X duogc ky hiéu eg/(X ). Vay A€ g/(X ) khi va chi khi

A c X .Tap X 1atap con cia chinh né nén 1a phan tir 16n nhat con ¢ 14 phan tir bé nhét trong

P(X).
Vi du 1.3: X ={a,b,c}

c P(X) ={p.\aj bl ichlab} b.c} fe,a) X}
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Ta thay X c6 3 phan tu thi e@(X ) ¢6 23 =8 phan tir. Ta c6 thé chirng minh tong quat
rang néu X c¢6 n phan tir thi e@(X ) ¢ 2" phén ti.
1.2.4 Cac phép toan trén cac tap hop

1. Phép hop: Hop cua hai tap 4 va B, ky hieu AU B, 1a tap gdm cac phan tir thudc it
nhat mot trong hai tap 4, B.

Vay (xedUB)=((xed)v(xeB)).

2. Phép giao: Giao cua hai tap A va B, ky hieu AN B, 1a tap gém cac phan tir thude
ddng thoi ca haitap A, B.

Viay (xednB)= ((xe A)A(xeB)).

3. Hiéu cua hai tap: Hiéu ctia hai tap 4 va B, ky hiéu A\ B hay A— B, 1a tap gdm céc
phﬁn tir thuoc A nhung khong thuoc B

Vay (xed\B)=((xe 4)A(x e B)).
Dic biétnéu B < X thitap X \ B duoc goi 1a phan bu cia B trong X va
duge ky hicu1a C5 . Néutap X cb dinh va khong so nhim 1n thi ta kg hiéu B thay cho
ck.

Ta c6 thé minh hoa cac phép toan trén bang gian do Ven:

ANB AUB Cy

Ap dung 16gich ménh d¢ ta d& dang kiém chimg lai cac tinh chat sau:

1. AOB=BUA,
ANB=BnN A tinh giao hoan.
2. Au(Bu(O)=(AuB)ULC,
AN(BNC)=(ANnB)NnC tinh két hop.

3. AUBNC)=(AuB)n(Au (),
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

AN(BuUC)=(AnNnB)u(AnC) tinh phan bd.

Giasit A, B 13 hai tap con cia X thi:
4. A=A; AUg=A; AnX=4

5. AUA=X; AmZ:¢

6. AUBZZ(\E; AﬂBZZUE luat De Morgan
7. AN\B=AnB=An(4nB)=4\(4nB)=C{"E.
1.2.5 Luwong tir ph bién va lwgng tir ton tai

Gia st S(x) la mdt ham ménh dé xac dinh trén tap D ¢o mién dang

DS(x) = {x € D‘S(x)} Khi do:

a) Ménh & Vx e D, S(x) (doc 1a v6i moi x € D, S(x)) 1a mot ménh dé dung néu
D S(x) = D va sai trong truong hop nguoc lai.

Ky hiéu V (doc 12 v6i moi) duoc goi la lugng tir phd bién.
Khi D da x4c dinh thi ta thuomg viét tit Vx, S(x) hay (Vx), S(x).

b) Ménh d&&¢ dx € D, S(x) (doc 1a ton tai x € D, S(x)) 14 mot ménh dé dung néu
Dg(x) # @ va sai trong truong hop nguoc lai.

Ky hié¢u 3 (doc 1a ton tai) dugc goi la lugng tur ton tai.

Pé ching minh mot ménh dé véi lugng tir phd bién 1a dung thi ta phai chimg minh dung
trong moi trudng hop, con voi ménh dé ton tai ta chi can chi ra mot truong hop dung.

¢) Ngudi ta mo rong khai niém lugng tir ton tai voi ky hisu A!x € D, S(x) (doc 14 ton tai
duy nhit x € D, S(x))néu DS(x) c6 dung mot phan t.
d) Phép phu dinh luong tir

VxeD, S(x) < (IxeD, S(x))

dxeD, S(x) < (Vxe D, S(x)) (1.1)
Vi du 1.4: Theo dinh nghia cua gidi han
lim f(x)=L ©Ve>0,35>0;Vx: 0<|x—da|<d=|f(x)-L|<e.

xX—>a

10
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Str dung tinh chat hiang dung (p = ¢)=(p Vv q) (xem tinh chét 1.3) ta c6
0<‘x—a‘<5 :>‘f(x)—L‘<€ tuong dwong véi

((‘x—a‘Zé‘)v(xza))v@f(x)—L‘<8).

Vay phu dinh cia lim f(x)=L la
x—a

36>0,V6>0;3x: (0<[x—d|<&)A(f(x)-L|>¢).

1.2.6 Phép hgp va giao suy rong

Gia st (Ai )i cl la mot ho cac tap hop. Ta dinh nghia UAi 1a tdp gdm céc phan tir thudc
iel
it nhat mot tap A; nao d6 va n A; 1 tap gdm cac phan ti thude moi tap A4; .
iel
Vay (erielAi)©(3i0 e[;xeAl-O)
(xeﬂl.elAi)@(Viel;xeAi). (1.2)
Vi du 1.5: A, ={xeRl0<x <n/(n+1)f

Bn:{xelR‘—l/(n+1)£x<1+1/(n+1)}

U@:MU,ﬁ@:hﬂ.

n=1
1.2.7 Quan h¢
1.2.7.1 Tich Dé cdc ciia cdc tdp hop

Dinh nghia 1.4: Tich Dé cic cua hai tap X, Y 1a tap, ky hiéu X x Y, gdm cac phan tir c6
dang (x,y) trongdo xe Xva ye/Y.

Vay XxY:{(x,y)‘xeX va er}. (1.3)
Vidul.6: X ={a,b,c}, Y=1{12}
XxY ={(a,0),(b1),(c,)),(a,2),(5,2),(c,2)}

Ta dé dang ching minh duoc rang néu X ¢6 7 phan tir, Y c6 m phan tir thi X x Y ¢co
n X m phan tir.

11
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

Cho X, X»,..., X,, 1a ntap hop nao do, ta dinh nghia va ky hi¢u tich D& cac clia n tap

hop nay nhu sau:
X xXygx..xX, = {(xl,xz,...,xn)‘xi e X;, i=1,2,...,n}. (1.4)
Chayl1.1:
1.Khi X{=..=X, =X thitakyhiéu X" thay cho X x...x X .

n lan
2. Tich Bé cac X x X x...x X, con dugce ky hiéu HielXi :
3.Gia s (x[,...,x,) € Xy x..x X5 (X' ,..., X", ) € Xy x...x X, thi
(X[5eer X)) = (X' 500 X'y)) © x; =x"; ,Vi=1,...,n

4. Tich Dé cac cua cac tap hop khong co tinh giao hoan.
1.2.7.2 Quan hé hai ngoi

Dinh nghia 1.5: Cho tap X # ¢, mbi tap con A < X x X dwoc goi 1a mot quan hé hai
ngdi trén X . Véi x,y € X'ma (x,y) €A tandi xcé quan hé véi ¥ theo quan hé A va ta
viét xRy .

Vi du 1.7: Ta xét cac quan hé sau trén tap cac so:
Ry xRy < xiy (x chiahétcho y), Vx,yEN
Ry xhhy < (x,y)=1(x va y nguyén tb cing nhau) Vx, ye Z
Sy xH3y < x <y (X nho hon hay bang y) Vx,yeR

Ry xRy & x—y:m, Vx,yeZ. Ta ky hicu x=y(modm) va doc la

X déng du v6i y moduld m.

Dinh nghia 1.6: Quan hé hai ngdi A trén X duogc goi 1a ¢6 tinh:

a) Phan xa, néu x#&x, Vxe X ;

b) Ddi xting, néu Vx, y € X ma xAy thi ciing c6 pAx ;

¢) Bic cau, néu Vx,y,z € X ma x Ay va yAz thi ciing c6 XAz ;
d) Phan d6i xtng, néu Vx, y € X ma xAy va yAx thi x=y.

12

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Vidu 1.8: %)1 phan ddi xtmg, bac cau nhung khong dbi xing, khéng phan xa (vi 0 khong
chia hét cho 0). %?2 d6i xing, khong phan xa, khong phan xtng, khong bac ciu. .%3 phén xa,
phan dbi xung, béc cau. »‘%4 phan xa, ddi xung, béc cau.
1.2.7.3 Quan hé twong dwong

Dinh nghia 1.8: Quan hé hai ngdi A trén X # ¢ duoc goi la quan hé tuong duong néu cd

ba tinh chét phan xa, ddi xung, béc cau.

V6i quan hé tuong dwong A ta thuong viét x ~ y(A) hodc x ~ . thay cho xRy .

Ta dinh nghia va ky hiéu 16p twong duong cua phin t@ xe€ X 1a tip hop
X = {y € X‘y ~ x}. M&i phan tir bat ky cua 16p tuong duong x duge goi 1a phan tir dai dién
clia x . Nguoi ta cling ky hiéu 16p twong duong cua x 1a cl(x).

Hai 16p twong duong bat ky thi hodc bang nhau hodc khong giao nhau, nghia la ; M ;’
hodc bang x = x' hoidc bang @, néi cach khac cac 16p twong duong tao thanh mot phan hoach
céc tap con cua X.

Tap tit ca cac 16p twong duong duoc goi 1a tip hop thuong, ky hiéu X / ~. Vay
X/~:{)_c‘xeX}.

Vi du 1.9: Quan h¢ 4%4 trong vi du 1.7 1a mot quan hé tuwong duong goi 1a quan hé dong
du moduld m trén tap cic s6 nguyén Z. Néu x ~ V, ta viét

x = y(modm).

Ta ky hiéu tap thuong gdbm m sé dong du moéduld m:

Z, = {_O,_l,..., m—1 }

Vi du 1.10: Trong tap hop cac véc to tu do trong khong gian thi quan hé "véc to U bing
véc to V " 1a mot quan hé tuong duong. Néu ta chon gbc O ¢ dinh thi mdi 16p tuong dwong bt
ky déu co thé chon véc to dai dién dang OA.
1.2.7.4 Quan h¢ thir tw

Dinh nghia 1.8: Quan hé hai ngdi A trén X # @ dugc goi la quan h¢ thir ty néu c6 ba
tinh chét phan xa, phan dbi xtimg, bic cau.

Vidul.11:

1) Trong N, Z, Q, R quan hé¢ "x < y" 1a mot quan hé tht ty.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

2) Trong N quan hé¢ "x:y" 1a mot quan hé thir tu.
3) Trong e@(X ), tap hop tat ca cac tap con ciia X , quan hé "tap con" (A C B) 1a mot
quan h¢ thir tu.

Khai niém quan hé tht tu dugc khai quat hoa tur khai ni¢m 16n hon (hay ding sau) trong
céc tap sd, vi vay theo thoi quen ngudi ta ciing dung ky hiéu ""<" cho quan hé thir tw bat ky.

Quan hé tha ty "<" trén tap X duoc goi 1a quan hé thtr tir toan phﬁn néu hai phﬁn tir bat
ky ciia X déu so sanh dugc v6i nhau. Nghia 1a véi moi x, y € X thi x <y hoic ¥ <X.Quan
h¢ thir ty khong toan phﬁn duoc goi 1a quan hé thir ty bo phan.

Tap X véi quan hé thir tu "<" duoc goi la tap dugc Sép. Néu "<" 1a quan h¢ thtr tu
toan phan thi X duogc goi 1 tip duogc sdp toan phan hay sap tuyén tinh.

Vi du 1.12: Céc tap (N,<), (Z,<), (Q,<), (R,<) duoc sép toan phan, con (N,:) va
(#(X), <) duoe sép b phan (néu X c6 nhidu hon 1 phin ti).

Dinh nghia 1.9: Cho tap dugc sap (X,<) vatapcon A < X . Tap A dugc goi 1a bi chan
trén néu ton tai g € Xsaocho a<q,véimoi a € A.Khidé g duogc goi la mot chin trén clia A.

Hién nhién ré‘mg néu ¢ la mot chan trén cua A thi moi peX mag<p déu 1a chin
trén ciia A.

Phan tir chin trén nho nhat ¢ cia A ( theo nghia ¢ < ¢', véi moi chin trén ¢' cia A)
duoc goi 1a can trén cia A va duoc ky hiéu g =sup A . Rd rang phé‘m ttr can trén néu ton tai 1a
duy nhat.

Tuong tu tap A dugc goi 1a bi chian dudi néu ton tai p € X sao cho p <a, véi moi

a € A. Phan tir chan dudi 16n nhat duoc goi 13 can dudi cia A va duoc ky hiéu inf 4. Can
dudi néu ton tai cling duy nhat.

Noi chung sup A, inf A chua chic 1a phan tir cia A. Néu g =sup A€ A4 thi ¢

duoc goi 1a phan tir 16n nhit cia A ky hieu g =max 4.

Tuong ty néu p=inf A€ A thi p dugc goi 1a phan tor bé nhat cia 4 ky hiéu
p=minA.

Vi du 1.13: Trong (R, <), tap 4=[0;1)={xeR0<x <1} co
l=supAdg A, infA=0e 4

do d6 khong ton tai max 4 nhung ton tai min A =inf 4=0.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

1.3 ANH XA
1.3.1 Dinh nghia va vi du

Khai ni€ém anh xa dugc khai quat hoa tu khai niém ham s trong d6 ham sb thuong duoc
cho dudi dang cong thirc tinh gia tri ciia ham sé phu thudc vao bién sd. Changhan, ham sO
Y =2Xxv6i x €N la quy luét cho timg

0—0l—2,2—436,...

Ta c6 thé dinh nghia anh xa mot cach tryc quan nhu sau:

Dinh nghia 1.10: Mot 4nh xa tir tap X vao tap Y 1a mot quy luat cho tuong tmg mdi mot
phan tor x € X v&i mot phan tir duy nhat y = f(x) cua Y.

Takyhitu f:X—Y hay X —L 5y
x> y=f(x) x> y=f(x)

X duoc goi 1a tap ngudn, Y dugc goi 1a tap dich.

Vidu 1.14:

VRN VRN
° >0 —»e > e
. ) Ve . = £
° \‘o o ® °
- = > _ >

A4 A4

X Y X Y X Y

Trong 3 twong tmg trén chi c6 twong tng thir 3 xac dinh mot anh xa tr X vao Y.
Vi du 1.15: Mdi ham s6 y = f(x) bét ky c6 thé dugc xem 14 dnh xa tir tap D 1a mién
x4c dinh cia y = f(x) vao R. Chang han:
*

Ham logarit y =Inx ladnhxa In: R, - R

X y=Inx
Ham can bachai y =~/x lasnhxa / :R, >R

x> y=dx.

Dinh nghia 1.11: Cho4nhxa f: X ->Y va Ac X, BcCY.

f(A)={f(x)xe 4} (1.5)
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

dugc goi 1a anh ciia A qua dnhxa f .
Noéirieng f(X)=1Im f dugc goi 1a tap anh hay tap gid tri cia f .
-1 _ }
[ (B)={xeX|f(x)eB (1.6)
duoc goi 1a nghich anh cta tdp con B cta Y.
. A PPV S YR | -1 A
Khi B 1a tap hop chi c6 mdt phan tir {y} thitaviét f ~ ()) thaycho f ({y}) Vay
T =treX|y=r)
[T =weX|y=f(x). (17)

1.3.2 Phan loai cac anh xa

Pinh nghia 1.12:

1) Anhxa f : X — Y duoc goi la don anh néu anh ciia hai phan tir phan biét 1a hai phan
tr phan biét.
Nghia 1a: Vi moi x1,Xy € X; x1 #x9 = f(x1) # f(xp) hay mdt cach twong duong,
véimoi x1,xy € X; .
S =1 (x) = %1 =x3 (1.8)
2) Anhxa f : X — Y duogc goi 1a toan dnh néu moi phan tir cia Y 13 anh ctia phan tir nao
d6 ctia X .Nghiala f(X)=Y hay
VyeY,Ixe X saocho y = f(x). (1.9)
3) Anhxa f : X — Y vira don anh vira toan anh dugc goi la song anh.
Chuy 1.2: Khianhxa f : X — Y duge cho duéi dang cong thirc x4c dinh dnh y = f/(x)
thi ta c6 thé xac dinh tinh chat don anh, toan 4anh ctia 4anh xa f  bang cach giai phwong trinh:
y=f(x),yeY (1.10)
trong d6 ta xem X 1danva y 1a tham bién.
¢ Néu véi moi y €Y phuong trinh (1.10) ludn c¢6 nghiém x € X thi 4anh xa f 1a toan
anh.

¢ Néu véi mdi y € Y phuong trinh (1.10) c¢6 khong qué 1 nghiém x € X thi anh xa [
la don anh.

¢ Néu v6i moi y €Y phuong trinh (1.10) luén c6 duy nhat nghiém x € X thi anh xa
f la song anh.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Vidu 1.16: Cho anh xa f N — N
x> y=f(x)=x(x+1)
Xét phuong trinh y:f(x):x(x+1):x2 + X hay x? +x—-y=0.
Bist s6 A=1+4y>0 (vi y€N). Phuong trinh luon c6 2 nghiém thyuc
X1 :(—1+M)/2,x2 =(—1— 1+4y)/2. Vi xp <0 nén phuong trinh c6 khong

qua 1 nghiém trong N. Vay f 1a don 4nh. Mt khac ton tai y €N ma nghiém x1 ¢ N (chéng han
y =1), nghia la phuong trinh trén v6 nghiém trong N. Vay f khong toan anh.

Vi du 1.17: Cac ham sb don diéu chat:

e Dong bién chit: x; <x, = f(x) < f(xy)

e Nghich bién chit: x| < xy = f(x1)> f(xy)
1a céc song anh tir tap xac dinh 1én mién gia tri cua no.
Vidu 1.18: Giasia A latip concia X thi anhxa

it4—-> X
x> i(x)=x

1a mot don 4nh goi 1a nhing chinh tac.
Dic biétkhi A =X 4nhxa i dugcky hiéu Id y goi 1a 4nh xa dong nhét ciia X .
Vidu 1.19: Gia st ~ 1a mdt quan h¢ twrong duong thi anh xa sau la mot toan anh

p:X—> X/~
x p(x)=Xx

1.3.3 Anh xa nguoc ciia mdt song anh

Dinh nghia 1.13: Giasit f : X — Y 1a mot song dnh khi d6 véi mdi y € Y ton tai duy

nhit x € X saocho y = f(x).Nhu viy ta c6 thé xac dinh mot anh xa tir ¥ vao X bang cach
cho img mdi phan tit y € ¥ véi phan tir duy nhit x € X sao cho y = f(x). Anh xa nay dugc

goi 1a anh xa nguoc cia [ va duogc ky hiéu f -1

Vay f_l:Y—>Xvéf_l(y)=x<:>y:f(x).
(1.11)

f -1 cling la mgt song anh.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

Vidu1.20: Ham mi y=a*,a>0,a#1
la mot song anh (vi ham mii don di¢u chat) c6 ham ngugc la ham l6garit
X
y=a < x=log,y.

Vidul.2l  Céac ham lugng gidc ngugc
Xét ham
sin: [~ 7/2;7/2] = [~ 111]
X b sinx
don di¢u tang chat _ h. Ham nguoc duogc ky hi¢u

arcsin : [~ ;1] = [~ 7/2;7/2]

y > arcsiny
x=arcsiny < y=sinx, Vxe|-Ll],yel|-7/2;7/2]
Tuong tiy ham cos : [0;77 ] — [~ 1;1] don diéu giam chat c6 ham nguoe
arccos: [— 1;1] - [0;7[];
X =arccosy <> y =COSX.
Ham ngugc arctg, arcotg duogc xac dinh nhu sau
x=arctgy < y=tgx, Vxe(—o;o),ye(-7/2;7/2).
x=arccotgy < y=cotgx, Vxe (— oo;oo),y € (0;72').

1.3.4 Hop (tich) ciia hai 4nh xa

foog
Dinh nghia 1.14: Vé&i hai &nh xa X —Y — Z thi twong tng x > g( f(x)) xéac dinh mot

anh xa tr X vao Z duoc goi la hop (hay tich) ctia hai 4nh xa f'va g, ky hiéu go f. Vay
go f: X — Z c6 cong thirc xac dinh anh

ge f(x)=g(f(x). (1.12)
Vidu 1.22: Cho f:R—> R, g:R—>R véi cong thac xac dinh énh f(x)=sinx,
g(x) =2x? +4. Tac6 thé thiét 1ap hai ham hop gofva fogtr RvioR.

fog(x)=sin(2x> +4), go f(x)=2sin’ x+4 .

Qua vi du trén ta thiy noi chung f o g # go f, nghiala phép hop anh xa khong c6 tinh
giao hoan.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Néu f: X — Y 1a mot song anh c6 anh xa nguoc f_1 :Y — X, khi d6 ta dé dang

kiém chimng ring f_l of=Ildy va fo f_l = Idy . Hon nita ta ¢6 thé chimg minh duogc
rang anh xa f : X — Y 1a mot song anh khi va chi khi ton tai anh xa g:Y — X sao cho

gof=Idy vi fog=Idy, licds g=f\.
1.3.5 Luwec lwgng ciia mgt tip hop

Khai niém lyc lugng cia tap hop cod thé xem nhu 13 sy mo rong khai niém s6 phﬁn tr cla
tap hop.

Dinh nghia 1.15: Hai tap hop X, Y duoc goi 14 cing luc lugng néu t6n tai song anh tir X
lén Y.

Tap cung luc luong véi tap {1,2,...,11} duoc goi 1a ¢6 luc lugng 7. Vay X ¢6 luc lugng
n khiva chikhi X c6 n phantir. 7 con duoc goi 1 ban sd cua X , ky hiéu Card X hay ‘X ‘

Quy uéc lyc lwgng ctia @ 13 0.

Dinh nghia 1.16: Tap ¢6 luc lugng n hoac 0 dugc goi la cac tap hitu han. Tap khong hitu

han dugc goi la tap vo han. Tép co6 cung luc luong voi tap cac s6 tu nhién N hay httu han dugc goi
1a tap dém duoc.

Chuy1.3:

1) Tép vo han dém duoc la tap cung luc lugng voi N.

2) Ban than tap N 1a tip vo han dém duoc.

3) Nguoi ta chimg minh duoc ZZ, Q 1a tap vo han dém duoc, con tap R khong dém dugc.

4) Gid st X,Y 1a hai tap hiru han cong luc lugng. Khi d6 4nh xa f : X — Y 1a don 4nh
khi va chi khi 1a toan anh, do d6 1a mdt song anh.
1.4 GIAI TiCH TO HQP- NHI THUC NEWTON
1.4.1 Hoan vi, phép thé

Cho tap hitu han E = {xl,xz,...xn}. Moi song anh tr £ 1én £ dugc goi 1a mot phép
thé, con anh cua song anh nay duoc goi 1a mot hoén vi n phan tir ciia E .

Néu ta xép cac phan tir cia £ theo mot thir tw nao d6 thi moi hoan vi 1a mot sy doi chd
cac phan tir nay.

Pic bigtnéu E = {1,2,...n} thi mi phép thé duoc ky hiéu boi ma tran

{ 1 2 .. n }
o= (1.13)
ol) o2) .. o(n)
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

trong d6 hang trén 1a cac s6 tir 1 dén n sép theo thtr tu ting dan, hang dudi 1a anh tuong
g cua n6 qua song 4nh 0 . Con [0(1),6(2),..., G(n)] 1a hoan vi cua phép thé O .

1 2 3 4

Vidu123: |4 2 1 3|14 hoan vi tir phép thé o = vy o(1) =4,
idu [ ]aoanv1 phép thé |:4213}co (1

o2)=2,003)=1, o(4)=3.
Tap hop {1,2} 6 hai hoan vila [1 2] va [21].
Taphop {1,2,3} césauhoanvila [123], [213].[312].[132],[231] va[321].
Véi tap E = {x|,X5,...,X,,} thi c6 7 cach chon gia tri &(x;), #—1 cach chon gia tri
(x7) .... cho mot phép thé o bat ky.
Vay c¢6 n(n—1)(n—2)...1 = n! hoan vi (phép thé) ctia tip »n phan tir.
1.42  Chinh hop

Cho tap hop hiru han c¢6 7 phin tr E ={x|,X,..,X,| va tap hop hitu han
B={2,.,p}

Dinh nghia 1.17: Mot chinh hop lap chap p cac phan tir cia £ 14 anh ctia mot anh xa tir
B dén E.

Ta ciing c6 thé xem mot chinh hop lap chap P nhu mot bo gdm p thanh phan 1a cac phan

tir c6 thé trung nhau ctia £ . Noi cach khac, mot chinh hop lap chap p 1a mot phan tir cua tich
Descartes £ . Vay s6 cac chinh hop lap chap p cua n vatla n?.

Vidu 1.24: Cho n vat E = {xl,xz,..., xn} va tién hanh bdc ¢ hoan lai p lan theo cach
sau: Boc 1an thi nhit tir tap £ duoge Xjp - ta tra Xj, lai cho E va bdc tiép 1an th hai ... Mai két

qua sau p lan bdc (xil s Xy ,...,xl-p ) 1a mot chinh hop c6 lap n chap p.

Dinh nghia 1.18: Mot chinh hop (khong lip) chap p gdm 7 phéan tir cia E(p <n) la

anh ctia mot don anh tir B vao E.
Hai chinh hop 7 chap p 1a khac nhau néu:
= hodc chung c6 it nhit mot phan tir khac nhau,
= hodc gdm p phan tir nhu nhau nhung c6 thir tw khac nhau.
Nhu vay ta c6 thé xem mdi chinh hop 12 mot bd c6 p thanh phan gdm cac phan tir khac
nhau ciia £ hay c6 thé xem nhu mot cach sap xép 72 phan tir ciia £ vao p i tri.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

C6 n cach chon vao vi tri thir nhat, 7 —1 cach chon vao vj tri thi hai, .. va n— p+1

cach chon vao vi tri thit p . Vay s6 cac chinh hop n chap p la
p n!
A} :n(n—l)...(n—p+1):—' (1.14)
(n—p)!
1.43 T hop

Dinh nghia 1.19: Mot t6 hop 7 vat ciia E chap p 1a mot cch lay ra dong thoi p vat tir

E c6 n vat. Nhu véy ta c6 thé xem mot t6 hop 7 chap p lamoét tdp con p phan tir cia tp co
n phanti E.

Néu ta hoan vi P vat cua mot to hop thi ta ¢6 cac chinh hop khac nhau cua cung p vat nay.
Vay tmg vi mot to hop p vat co dang p! chinh hop ctia p vat nay. Ky hieu C ,f 1a s6 cac to
hop n chép p thi

_A,f 3 n!

p pln—p)

Vi du 1.25: a) Cé bao nhiéu cach bau mot 16p trudong, mot 16p phd va mot bi thu chi doan
ma khong kiém nhi¢m cua mot 16p ¢ 50 hoc sinh.

cP (1.15)

b) C6 bao nhiéu cach bau mot ban chap hanh gom mat 16p truong, mot 16p phé va mot bi
thu chi doan ma khong kiém nhiém ctia mét 16p c6 50 hoc sinh.

Giai:

a) Mbi két qua bau 1a mot chinh hop 50 chap 3.

Viyoo A3y =50x49x48=117.600 cich bu.

b) M&i két qua bau mot ban chip hanh 1a mét t6 hop 50 chép 3.

501 50x49x48
347! 6
1.4.4 Nhi thirc Niu-ton

=19.600 cach bau.

Vay ¢6 C;O =

Xét da thire bac n: (x + l)n =(x+Dx+1)...(x+1)

n thira sO

Khai trién da thirc ndy ta duogc:

(x+D" =x"+ a,,,_lxn_1 + an_zxn_z +...+1

21

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

Hé sb cua xP b@ing sb cach chon p thua ) trong n thira sb trén. Mdi cach chon 13 mét to

hop 7 chap p,dodo a,, =C,llj.

Vay (x+D)"=Clx" + CI " 4+ CPxP 4.+ C)

Thay x = a/b (néu b # 0) ta co:

n
(@+b)"=Cla" +Cla" hr 4 COp" = Y. CPaPB"TP (116)
p=0
Cong thirc nay duoc goi 1a nhi thire Niu-ton, dung véi moi a,b € C (ké ca truong hop
b=0).
1.4.5 So lwgc vé phép dém

Khi mudn dém so phan tu cua céc tap hitu han ta c6 thé ap dung céc cach dém hoén vi,
chinh hop, t6 hop va cac cong thuc sau:

a) [AU B|+|4n B|=|4|+|B,. (cong thite cong) (1.17)
b) |4 x B|=|4]-|B], (cong thirc nhan) (1.18)
ol{f:4-Bj|= \A\‘B‘, (chinh hop ¢6 lap) (1.19)
O | 2(4)|= ol (1.20)
¢) Néu f: A —> B song anh thi |4 =|B]. (1.21)

Cong thic cong a) thuong duoc su dung trong truong hop dac biét khi A, B roi nhau
ANB=¢, licds |4 B|=|4+|B|.

Cong thirc nhan b) c6 thé mé rong cho k tap bat ky
Ay x ... x A =4y |- ... | 4| (1.22)

Hodc néu mot hanh dong H gém k giai doan Aj,..., Aj . Mi giai doan A4; c6 thé thuc hién

theo 7; phuong an thi ca thady c6 1y X... X nj phuong an thyc hién H.
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Vidu 1.26: Cho mach dién
U3

U, U

A — —— B

a) Co6 bao nhiéu trang thai cia mach.

b) C6 bao nhiéu trang thai cé thé cua mach dé co dong dién chay tir A dén B

Giai:

Ap dung cong thirc nhan ta cé:

a) S6 cac trang thai ciia mach 22.23.24 = 29 =517

b) OU 1 ¢ 22 trang thai nhung c6 1 trang thai dong dién khong qua dugc, do d6 6 Uy

. . , , 4 ..

6 3 trang thai dong dién qua duoc. Tuong tu & Uy ¢o 23 —1vas Ujz c6 2" —1 trang thai
dong dién qua dugc. VAay sb cic trang thai ctia mach c6 dong dién chay tr A dén B 1a
3x7x15=315.

Vi du 1.27: C6 bao nhiéu s6 ty nhién viét dudi dang thap phan c6 7 chir s6 (7 > 3) trong
d6 c6 dung hai chit s6 8.

Giai: Gia st IV 13 sb tu nhién c6 7 chit s6 ma chit s6 thtr nhét bén trai khac chit s6 0 va co
dung hai chit s6 8.

¢ Truong hop 1: Néu chir s6 thir nhat bén trai 12 chir s6 8 thi 6 7 —1 vi tri dé dat chir s6 8
thir hai, c6 9 cach chon cho mdi chit s6. ¢ 7 — 2 vi tri con lai. Vay c6 dung (n — 1)9’1_2 s6 N

thudc loai nay.

¢ Trudng hop 2: Néu chir s6 thir nhat bén trai khong phai 13 chit s6 8 thi co C}%—l vi
tri dé dat 2 chix sO 8, c6 8 cach chon chit s6 cho vi tri thit nhét, c6 9 cach chon cho mdi chit

sb & nm—23 vi tri khac vi tri the nhat va hai vi tri dd chon cho chit sb 8. Vay c6 dung

s6 N thudc loai nay.

Str dung cong thirc cong ta suy ra so cac so tu nhién can tim la:

(n—1)9""2 + 4(n—-1)(n—2)9""> = @n+1)(n-19" 3
23
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

Vi du 1.28: Trong mit phang cho 7 dudng thang d6i mot cit nhau va cac giao diém nay
khéac nhau (1 > 4).

a) Tim sd cac giao diém cia ching.

b) Tim s6 cac duong thing méi duoc tao boi cac giao diém trén.

Giai:

a) S6 cac giao diém cua 1 duong thang bang sb cac cap ciia 7 duong thiang nay. Vay c6
C 5 giao diém.

b) Xét tai diém A bét ky trong C 5 giao diém cua cdu a). Ton tai diing hai duong trong 71
duodng trén di qua A 1a Dl-,Dj;i <]J.

Trén mdi dudng c6 dung 72 —1 diém trong s6 C 3 giao diém ciia cau a).

Vay trén D;, D co 2(n —1) = 1diém, do d6 co

(n=2)(n-3)
2

thang mai déu noi hai diém & cau a) nén s6 dudong thang moi la:

duong thang méi noi dén A. Vi mdi duong

CZ_Qm-1-1=

%c,% ( _2)2(” _ =%n(n D)n-2)n-3).

Vi du 1.29: Cho tap con 4 c6 p phan tir ciia tip £ co6 7 phan tir. Hiy dém s6 cac cap
(X,Y) céc tap con cua E sao cho:
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

XUY=E, XNnY> A (1.23)

Giai: Ky hieu B=FE \ 4.

Pt A ={(X,Y) X UY=E, X NY> 4|
RB={(X,Y)X'cBY'<B; X'UY'=B |

Tuongimg f:ed = RB; f(X,Y)— (X N B,Y N B) 1a mot song anh.

Mit khac X'c B,Y'c B, X'UY'=B< B\ X'cY'.

Vay s6 cac cap (X,Y) thoa man diéu kién (1.23) can tim bang ban s6 ciia tap

(X", Y X"cB,Y'c B,X"Y'}.

Véi mdi tap Y'C B oo bin sé ' thi ban sé cta tip {X"| X" ¥} 1a 27; 8§ céc tap

con Y'C B ¢o ' phan tir 1a C,%}_ P Ap dung cong thirc cong suy ra ban sd can tim 1a
n—p
Yoy  _gnep
D2V, =3""P.
y'=0

1.5 CAC CAU TRUC PAI SO
1.5.1 Luit hop thanh trong
Dinh nghia 1.20: M6t luat hop thanh trong trén tdp X # @ laanh xatr X x X vao X .

Ta thuong ky hiéu *XAxX > X
() x*y
Luat hop thanh trong két hop hai phan tir X, ¥ cia X thanh mot phan tir x * y cua X vi
vay luat hop thanh trong con dugc goi la phép toan hai ngoi.

Vi du 1.30: Phép cong va phép nhan la cac luat hgp thanh trong cua céc tap sON,Z, Q, R,
C.

Vi du 1.31: Phép cong véc to theo quy tic hinh binh hanh 13 phép toan trong cua tap R3
cac véc to tu do trong khong gian, nhung tich v hudéng khong phai la phép toan trong vi

u-v :‘ﬁ‘-‘ﬁ‘cos(ﬁ,ﬁ) ¢ Rj3.

Dinh nghia 1.21: Luat hop thanh trong * cua tap X duoc goi la:

1) Cotinh kéthgpnéu Vx,y,ze X :x*(y*z)=(x*y)*z
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

2) Co tinh giao hoannéu Vx,ye X :x*y=y*x
3) C6 phan tir trung hoa (hay c6 phan tir don vi) 1a e € X néu
VxeX:x*xe=exx=x

4) Gia sir * c6 phan tir trung hoa e € X . Phan tt x'e€ X duoc goi 1a phan tir dbi xing
cia x€ X néux*x'=x"*x=e.

Ta dé dang thay rang phan tir trung hoa c6 phan tir ddi xing 1a chinh né.

Céc phép hop thanh trong hai vi du trén déu c6 tinh két hop va giao hoan. S6 0 1a phan tir
trung hoa dbi véi phép cong va 1 1a phan tir trung hoa ddi v6i phép nhan trong. Véc to 01a phan
tur trung hoa cua phép toan cong véc to trong R3 . D6i voi phép cong thi moi phan tir x trong Z,
Q, R, C déu c6 phan tir d6i 1a — x . Phan tir d6i cia x # 0 ng véi phép nhan trong Q, R, C 1a
1/ X, nhung moi phan tir khac O trong N voi phép + khong c6 phan tir d6i.

Tinh chét 1.4:

1) Phan tir trung hoa néu ton tai 1a duy nhét.

2) Néu * co tinh két hop, thi phan tir d6i ctia mdi phén tir 1a duy nhat.

3) Néu * c6 tinh két hop va phan tor a co phan tir dbi thi c6 luat gian wdc:
a*x=a*y=> x =y vaphuong trinh a*x =>b c6 duy nhat nghiém x =a'+b véi a' 1a
phén tir ddi cua a .

Chtng minh:

1) Gia sir ¢ va €' 1a hai phan tir trung hoa thi e'= e'*e = e (dau "=" thir nhat c6 duoc do
e 1a phan tir trung hoa, con ddu "=" thir hai 1a do €' 1a phan tir trung hod).

2) Gia st @ c6 hai phan tir d6i xtng 1a a' va a", khi dé:

a'=e*xa'=(a"*a)*a'=a"*(a*a')=a"ve=a".

Theo thoi quen ta thuong ky hiéu cac luat hop thanh trong c6 tinh giao hoan boi ddu "+,
khi d6 phan tir trung hoa duoc ky hiéu 14 0 va phan tr d6i cia x 1a — x . Néu ky hiéu luat hop
thanh boi ddu nhan "." thi phan tr trung hoa duoc ky hiéu 1 va goi 1a phan tir don vi, phin tr d6i
cia x la x .
1.5.2 Nhoém

Dinh nghia 1.22: Gia sit G 1a tap khéc trong véi luat hop thanh *, cap (G,*) duge goi la

mot vi nhom néu thoa maén hai di€u kién sau:

G1: * ¢6 tinh két hop.
26
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

G2: * ¢6 phan tir trung hoa e.

Vinhém (G,*) 1a mot nhom néu thoa méan thém diéu kién:
G3: Moi phan tir cia G déu c6 phan tir d6i.

Nhom (G,*) dugc goi 1a nhém giao hoan hay nhém Abel néu :

G4: * c6 tinh giao hoan.

Vi du 1.32: (Za—l_) > (Qa—l_) > (I:Ra—l_)n (Ca+) > (R3 9+)7 (Q*a')’ (R*s) > (Qj_,),
(Rj_,-) , (C*,-) 1a cac nhém Abel.

;o

Chti y 1.5: M6t nhém 1a tap khic réng G véi luat hop thanh * thoa man G1, G2, G3,
nhung néu * di xac dinh va khong sg nham 1an thi ta n6i tit nhém G thay cho nhém (G,*).

Dinh nghia 1.23: Pdng cau nhém tir nhém (G,*) vao nhém (G',[)) laanhxa f: G —> G’

sao cho
Vx,yeGif(x*y)=f)(y). (1.24)
Néu f don anh (toan anh, song 4nh) thi f dugc goi la don cu (toan ciu, dang ciu, mot
cach tuong tng).
log,, : Ri —R; 0<a#1 1a mot dang cdu nhoém tir nhém (|R>l_<F ,) 1ennhom (R,+).
1.5.3 Vanh

Dinh nghia 1.24: Gié st trén tdp A # ¢ c6 hai luat hop thanh trong ky hi¢u béi du cong

véa dau nhan, khi d6 (A,+,") dugc goi la mot vanh néu:

Al: (A,+) 1a mot nhém Abel,

A2: Luat nhan c6 tinh két hop,

A3: Luét nhan c6 tinh phan phdi hai phia d6i voi luat cong, nghia 1a:
Vx,y,zeA: x-(y+z)=x-y+Xx-z phanphdibén trai
Vx,y,z€ A: (x+y)-z=x-z+y-z phanphdibén phai

Néu thoa man thém diéu kién:

A4: Luat nhan c6 tinh giao hoan thi (A4,+,) 1a vanh giao hoan.

AS: Luat nhan c6 phan tir don vila 1 thi (A,+,") 1a vanh c6 don vi.
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

Chuy 1.6:
1) Tén tai vanh giao hoan nhung khong c6 don vi va nguoc lai.
2) Ta néi tat vanh A thay cho vanh (A,+,").

Dinh nghia 1.25:

1) Phan tir x #0 cia A dugc goi 1a wdc cia O néu ton tai y € 4,y # 0 sao cho
x-y =0 (0 1a phin tir trung hoa ciia luat cong ciia vanh (A4,+,")).
2) Vanh khéng c¢6 u6e cia 0 duoc goi 1a vanh nguyén.

Vay vanh (A4,+,") 1a vanh nguyén khi va chi khi moi X,y € 4 sao cho x-y =0 thi
x =0 hoic y=0.

Vidu 1.33:

1) (Z,-l—,') la mot vanh nguyén.

2) Ky hi¢u C[ ab] 1a tap hop cac ham lién tuc trén doan [@;b]. Ta dinh nghia phép cong

va phép nhan trong C[ a:b] xac dinh nhu sau:

Vf,8 € Qap (f +8)(x) = f(x)+g(x); fe(x) = f(x)g(x)

Ta c6 thé kiém ching dugc rang v6i hai phép toan nay thi C) [a:b] la mot vanh giao hoédn c6
don vi va ¢6 udc cua 0.

3) (K [x],+,-) 1a mot vanh nguyén, trong ¢6 K[x] 1a tap cac da thirc cia bién X c6 hé s6
thudc vao vanh sé K =Z,Q,R,C.

4)Tap Z,, = Z/mod n céc sé dong du moduld 7 .

Ta c6 thé ching minh dwoc rang néu x=x'(modn), y=y'(modn) thi
x+y=x"+y'(modn) va xy =x"y'(mod n). Vi vay ta c6 thé dinh nghia phép cong va phép
nhan trong Zn boi:

)_c+;=x+y va )‘c-}zx-y (1.25)
Chang han 5(mod 7) + 4(mod 7) = 2(mod 7)
5(mod7)-4(mod7) =—-1(mod7)=6(mod7).

Vi hai phép toan nay (Z ,+,-) 1a mdt vanh giao hoan ¢6 don vi,
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

1.54 Trudng

Dinh nghia 1.26: Vanh giao hoan c6 don vi (K,+,") dugc goi 1a mot truong néu moi phan

tr x # 0 cua K déu kha nghich (c6 phan tir di cua luat nhan). Nghia la:

K1: (K,+) la nhém Abel,

K2: (K*,)) 1anhém Abel, K* = K \ {0},

K3: Luét nhan phan phdi ddi véi ludt cong.

RO rang réng moi truong la vanh nguyén, nhung diéu nguoc lai khong dung. (Z,-l—,') la
mot vi du vé vanh giao hoan nguyén c6 don vi nhung khong phai 1a truong.

Vidu 1.34: (Q,+,), (R,+,)), (C,+,") 1a trudng.

Vidu 1.35: (Z,,,+,) la trudng khi va chi khi 72 1a s6 nguyén to.

Giai:

Giast n lasdnguyéntéva m € Z,,, m # 0(modn) thi (m,n)=1 do do tn tai hai
s6 nguyén u©,V sao cho um +vn =1 (Pinh ly Bezout) =>u -m = T(mod n).Vay u la phan
tir nghich dao cua m .

Nguoc lai, néu Zn la truong thi voi moi m € Z (0<m<n) tdn tai m'e Z sao cho:

m-m'=1 = mm'=1+kn = (m,n)=1

Vay 71 1a s6 nguyén to.

1.6 DAISO BOOLE

Ly thuyét dai s6 Boole duge George Boole (1815 - 1864) gidi thidu vao nim 1854 trong bai
bao "Cac quy luat cua tu duy”, trong d6 k¥ thuat dai sé duoc dung dé phén tich cac quy luat cua
16gich va cac phuwong phap suy dién. Sau d6 dai s Boole duoc ap dung trong céc linh vuc khac
nhau cua toan hoc nhu dai sd, giai tich, xac sut... Vao khoang nam 1938, Claude Shannon (Clau
Sé-n6n) ( mot k¥ su vién thong ngudi M) 1a ngudi dau tién di ap dung dai s Boole vao linh vuc
may tinh dién tir va Iy thuyét mang.

1.6.1 Dinh nghia va cac tinh chit co ban ciia dai s6 Boole

Dinh nghia 1.27: Mét dai s6 Boole (B,V,A,") 1a mot tap khac trong B véi hai phép toan

haingdi V,A:BXxB—>B
va phép toan mot ngdi "B—>B thoa man cac tién dé sau:

«Bl1: V,A c6 tinh két hop, nghia 14 voi moi a,b,c € B
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av(ibvec)y=(avb)ve, an(brc)=(anrb)rc
* B2: V,A c6 tinh giao hoan, nghia la véi moi a,b € B
avb=bva, anb=bnra

« B3: Ton tai cic phan tir khong va phan tir don vi 0,1 € B sao cho 0 # 1 va véi moi
aeB av0=a, anl=a

«B4: Véimoi a € B thi a'e B 1a phan tir dbi theo nghia la:
ava=1l ana=0

« B5: Luat \V phan phdi d6i voi luat A va luat A phéan phdi déi voi luat V, nghia 1a véi
moi a,b,c € B

av(bnrc)y=(avb)an(ave),an(bve)=(anb)v(anc).

Vi du 1.36: Gia st X # @, xét #(X) la tap cac tap con ciia X . Cac luat hop thanh
V,A 1a phép hop, phép giao cac tip con ctia X va phép toan mot ngdi ' 1a phép ldy phéan bu cta
tap con trong X . Khi dé (ry(X ), UM, ') 14 dai s6 Boole vi phan tir khong 1a ¢ va phan tir
don vi 1a chinh tap X .

Vi du 1.37: Xét By = {0;1} tp gdm hai s6 0 va 1. Ta dinh nghia:
av b=max(a,b), anb=min(a,b), a'=1-a
thi (32 RAVAVAR ') 1a mot dai s6 Boole.

Vidu 1.38: Xét By = {O;I;a;b }, ta dinh nghia cac phép toan

v10 1 g b ALO0 1 a b 1
010 1 a b 0[]0 0 0 O 0 |1
I {1 1 1 1 110 1 a b 1 |0
ala 1 a 1 al0 a a O a |b
blb 1 1 b b0 b 0 b b la

thi (Bg,V,A,") la dai s6 Boole.

Dinh nghia 1.28: Hai cong thirc Boole trong dai s6 Boole (B,V,A,') dugc goi la dbi ngau

néu trong mot cong thirc ta thay V,A,0,1, bang A,V,1,0 thi ta dugce cong thic hai.

Vi du 1.39: Hai cong thirc X A (¥ V1) va x v (¥ A0) 1a dbi ngau.
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Trong mdi tién dé ctia hé tién dé B1-B5 cua dai s6 Boole déu chira ting cip cong thirc doi
ngau nhau, vi vy ta c6 nguyén ly d6i ngau sau:

Nguyén 1y dbi ngau: Néu mot cong thire cia dai s6 Boole dugce chimg minh 1 ding dwa
trén co so hé tién d& B1-B5 thi cong thirc dbi ngdu cia chung cling dang.

Chang han, ta s& ching minh av1=1, do d6 theo nguyén ly dbi ngau ta ciing co
an0=0.

Tinh chat 1.7: Gia st (B,V,A,') la dai s6 Boole v&i phan tir khong va don vi la 0, 1 thi
véimoi a,b € B tacé:

1) ava=a, ana=a;

2) 0'=1, 1'=0;

3) avl=1l, an0=0;

4 av(anb)y=a, an(avb)=a; (tinh hap thu)

5) Néutdntai ce B saocho ave=bvcvaianc=bnac thi a=b;

6) Neuavb=1vaianb=0thi b=a'; (tinh duy nhit cia phan bu)

7 (avb)=a'Ab' va (anb)=a'vb'. (congthitc De Morgan)

Chtrng minh:

Theo nguyén 1y ddi ngau ta chi can chimg minh cac dang thic thir nhét tir 1)-7).

1) a=av0 theo B3
=av(ana') theo B4
=(ava)n(ava') theo B5
=(ava)nl theo B4
=ava theo B3

2) 0'=0'v0 theo B3
=1 theo B2,B4

3) avl=av(ava') theo B4
=(ava)va theo B1
=ava' theo 1)
=1 theo B4
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4 av(anb)=(@nl)v(anb) theo B3
=an(lvb) theo B5
=anl theo 1)
=a theo B3

5) a=av(anc) theo 4)
=av(bnac) vi anc=bAac
=(avb)a(avc) theo B5
=(avb)a(bvc) vi ave=bvc
=bv(anc) theo BS
=bv(bnc) vi anc=bnac
=b theo 4)

6)Vi avb=1=ava' va anb=0=anAa',theoS5)suyrab=a".

7) Ta d& dang kiém chimg (a v b) v (a'Ab') =1 va (av b) A(a'Ab') =0, ap dung 6)
suy ra diéu phai chirng minh.

Ap dung céc tinh chit nay ciing véi hé tién & B1-B5 ta co thé don gian hoa cac cong thirc
Boole bat ky.

Vi du 1.40: Pon gian hoé cong thirc Boole (x A Y)V (X A V") Vv (x'VY).

Giai:

Taco (xAY)V(xAY)=xaA(yvy)=xal=x.

= (xAY)vVxaAY)V(x'Vvy)
=xvx'vy)=(xvx)vy=1lvy=I.

Vidu 1.41: Don gian hoé cong thirc Boole (x/\y‘)v[x/\(y/\z)']vz.

Giai:

Ta c6 (x/\y')v[x/\(y/\z)']vz

:(X/\y')v[(x/\y')v(x/\z')]vz

:(x/\y')\/(x/\z')vz:(x/\y')\/[(xvz)/\(z'vz)]
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=(xAY)V[(xvz)al]
=(xAY)Vv(xvz)=[(xay)vx]vz=xvz.
Vi dy 1.42: Pon gian cong thie (X A YA Z)V (XA YAZ)V (X'AY A 2)
Gidgi: Taco (XA YAZ)V(XAYAZ)V(X'AY A 2)
=[xAayrnvxAaya)V[(xAyAaz)v(xAy Az)]
=[x AN AGzv )]V Aaz) Ay )]
=(xAY)V(YAZ)= yA(xVZ).

1.6.2 Ung dung dai s6 Boole vao mang chuyén mach (switching networks)

Ta chi xét cac mang gom cac chuyén mach c6 hai trang thai déng (dong dién di qua duoc)
va mo (dong dién khong qua dugc). Hai mang don gian nhét 1a mang song song co ban (basic
parallel network) va mang ndi tiép co ban (basic series network) dwoc mé ta trong hinh vé& sau:

~
W/
X

—e : e Dome

X
O Y
Y
mang song song co ban (hinh 1) mang ndi tiép co ban (hinh 2)

Mot mang bat ky c6 thé nhan dugc bang cach ghép ndi tiép hay song song cdc mang co ban
nay.

Ta ky hiéu cac chuyén mach bai cac chir x, y, z,.... Néu x ¢ trang thai mo ta X cho nhan
gid tri 0 va ¢ trang thai dong ta cho X nhén gia tri 1. Trong mot mang néu hai chuyén mach luén
cung trang thai thi ta ky hiéu cung mét chir. Hai chuyén mach c6 trang thai luén ngugc nhau, néu
mot chuyén mach duoe ky hiéu 14 X thi chuyén mach kia duoc ky hidu 1a x'.

Mang song song (hinh 1) nhan gia tri 1 khi c6 it nhat mot trong hai chuyén mach x, Y nhéan
gid tri 1, ta ky hiéu XV y. Con mang nbi tiép (hinh 2) nhan gia tri 1 khi ca hai chuyén mach
X,y nhan gid tri 1, taky hiéu x A y. Nhuvay X', XV y,X A Y ¢b thé duoc xem nhu céac bién
nhan gia tri trong dai s6 Boole B2 (vi du 1.37). Bing phwong phap nay ta c6 thé mé ta mot mang
bat ky boi mot cong thirc Boole va nguoc lai. Chang han mang sau déy:
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

tuong tmg véi cong thic (Y Vv z) Vv (X A Y').

Con cong thirc Boole (X A z) V(¥ A 2) V (¥'AX) md td mang:

NORIORI®)
= O w0

Chi y rang trong cac cong thirc can xét ta thay (x Vv ) boi x'AY' va (x A p)' béi

' '

x'vy'.

Hai mang N1 va N2 duoc goi la tuong duwong néu né thuc hién cing mét chirc ning, nghia
1a voi bat ky cach chon cac trang thai dong mé ¢ moi vi tri chuyén mach trong mang thi trang thai
dau vao va dau ra ctia N1 va N2 déu nhu nhau.

Ta c6 thé ap dung dai s Boole dé giai quyét hai van dé sau:
1.6.3 V¢6i mot mang cho truédc tim mang twong dwong don gidn hon

Vi du 1.43: Tim mang tuong duong don gian hon cua mang sau

()
N/
X )
/
® y
X w
()
_/
O y
w

Cong thirc Boole tuong (mg: [(x VZ)A y] Vv [((x A W)V W)/\ y].
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau tric dai so

Ta c6 (X AW)Vw=w (luat hip thu), do d6 cong thiic trén c6 thé bién do6i thanh

[(xvz)/\y]v[W/\y]:(xvsz)/\y.

Vay ta ¢c6 mang twong duong don gian hon

Vi du 1.43: Tim mang twong duong don gian hon cua mang sau:

MM
O—U
z X
- |
40_))’
X
'
z

Céng thirc Boole tuong tmg: [(z Ax)V (x A (¥ v 2))|A(zVX)A(zV y).
Taco [(zAX)v(xA(yvZ))|Azvi)a(zvy)
=[zAn) V(A vEaz)alzvxay]
=[xA@A))vxan]alzvxnay)]
=xAlzv(xap)]=(xaz)vxa(xay)]
—(xA2)V(XAY)=xA(zVY)

Vay ta ¢c6 mang twong duong don gian hon

()
/
z

()
d —/
X

()
N\
Y
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Chuong 1: Mo dau vé logic ménh dé, tap hop anh xa va cac cau triuc dgi so

1.6.4 Thiét ké mdt mang thoa min cac diéu kién cho trwéc

Vi du 1.45: Thiét ké mot mang dién cho mdt bong den & cAu thang ma c6 thé bat tit & ca hai
dau cau thang.

Giai:

Goi X va y 14 hai cong tic & hai dau cau thang. Theo yéu cau dit ra ta can thiét ké mot
mang dién sao cho khi thay doi trang thai ctia mot trong hai vi tri X, ) thi trang thai ciia dau ra
(bong dén) phai thay doi.

Ta biét rang, mdi ménh dé logic ciing nhan hai gia tri, vi vy ta c6 thé xem ménh dé nhu
mot bién nhan gia tri trong 32 (vi du 1.37). Ta biét réng ménh dé x & y chira hai ménh dé
X,y vaménh dé nay thay doi gia tri khi mot trong hai ménh dé x hay y thay doi gia tri. Mac du
ménh & x <> y hay (x = y) A () = x) khong phai 1a cong thirc Boole nhung né c6 cong
thirc tuong dwong dudi dang cong thire Boole (x'Vv y) A (P'VX). Ta cé:

(') A(PVvx) =[XAOVIV [y A ('AX)] = (XAY) V(1 A X).

Vay mang can tim la
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Chuong 2: Khong gian Véc to

CHUONG 2: KHONG GIAN VEC TO’

2.1 KHAINIEM KHONG GIAN VEC TO

2.1.1 Dinh nghia va cac vi du

Dinh nghia 2.1: Gia sir V" 1a tap khac @, K 1a mot truong. V dwgc goi 1a khong gian véc

to trén truong K néu co hai phép toan:

- Phép toan trong +: V' xV >V
u vy u+v

- Phép toanngoai " KXV =V
(a,u) = au

thoa min céc tién dé sau véi moi u,v,weVva a, f € K
V1) u+v)+w=u+@v+w)

V2) C60eVsaochou+0=0+u=u

V3) Véimbiu eV co —u €l saocho u+(—u)=(—u)+u=0
Vi) u+v=v+u

V5) (a+ fu=ou+ fu

V6) a(u+v)=ou+av

V) (aff)u = a(fu)

V8) lu =u, trong d6 1 1a phan tir don vi cua K .

Khi K =R thi V" dugc goi 1a khong gian véc to thyc.

Khi K =C thi V thi duoc goi la khong gian véc to phirc.

Céc phan tir cia V' duoc goi 1a cac véc to, cac phan tir cia K duoc goi 1a cac phan tir
vO hudng.
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Chuong 2: Khong gian Véc to

Bdn tién dé dau ching to (V,-l—) 1a nhom Abel. Tién d& V5),V6) néi rang phép nhan s vo
hudng v6i véc to phan phdi d6i voi phép cong ciia s6 vo hudng va phép cong véc to. Tién dé V7)
1a tinh két hop cua tich cac s6 vo hudng voi phép nhan vai véc to.

Vi du 2.1: Tap R3 cac véc to tu do trong khong gian (trong d6 ta dong nhét cac véc to
tuong dang: cac véc to cung phuong, cing huéng, cung do dai). Xét phép cong hai véc to theo
quy tic hinh binh hanh va tich mét s6 thyc voi mot véc to theo nghia thong thudng thi R3 la
khong gian véc to thuc.

Vidu2.2: Gia st K 1a mot truong, xét
K" :{x:(xl,...,xn)‘xi eK,izl,_n}
Tadinh nghia:  (X],..., X)) + (V]5eees V) = (X] + V]5eees Xy +13)

a(X] 5oy Xp) = (X1, 0x,), Vo e K
D& dang kiém chimg lai hai phép toan nay thoa méan 8 tién dé cua khong gian véc to co véc
to khong 1a 0 = (0,...,0) .
%/\_J
n phan tir
Khi K =R ta c6 khong gian véc to thue R”
K =C ta c6 khong gian véc to phiec C”.

Vi du 2.3: Goi C[a, b] la tap cac ham lién tuc trén doan [a,b] — R. Ta dinh nghia phép

toan cong va nhan voi sb thuc nhu sau:
(f + Q) =f()+g@), ()N D)=af 1), Vtelab]
Rorang f +g, of €Clup). Y/ g€ Cyp] VaeR.
Vi hai phép toan nay C[a, b] ¢6 cau tric khong gian véc to thuc véi véc to khong 1a
0(r) =0,V €[a,b].
Vi du 2.4: Goi Pn la tap cac da thirc bac <7, 1 1a s6 nguyén duong cho trude:
P, = {p‘p =ag+ait+..+a,t";ay,ay,...,a, € R}.

Ta dinh nghia phép cong hai da thirc va phép nhan mot sb voi mot da thire nhu phép cong
ham s6 va phép nhan mot sé voi ham sb trong Vi du 2.3 thi Pn la khong gian véc to voi véc to
khong 1a da thiac O .
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Chuong 2: Khong gian Véc to

Vidu2.5: Goi P 1a tap céac da thirc
n l
P= UPn: p=ag+ait+..+aut ;ap,ay,...a, eERneZ, |
neZ,

Ta dinh nghia phép cong 1a phép cong hai da thirc va phép nhan véi mot s6 véi da thirc theo
nghia thong thuong & Vi du 2.4 thi P 1a khong gian véctova P, P véimoine Z .

2.1.2  Tinh chat

1) Vi (V,+) 1a mot nhom Abel nén véc to 0 va véc to d6i —u caa u 1a duy nhét véi moi
uel.

2)Coluatgianudc: U +v=u+w=—v=w.

3)Voimoi ueV,0u=0, (-Du=-u.

Hvéimoiaxe K, a0=0.

5)Néu au =0 thi ¢ =0 hoac u=0.

Chiing minh:

1) 2) Xem Tinh chét 1.4.

3) Véimoi u €V ,(0+ 0)u = Ou + Ou . Mat khac (0+0)u =Ou =0u +0.

Theo luat gian uéc tacod Ou =0 .

Tuongtuvéimoi u eV, u+(—u)=0=0u=>01-Du=1u+(-u.

Suyra (—)u=-u.

H0+a0=a0=a(0+0)=a0+a0 = a0=0,VaeKk.
S)Néu au =0 vagiasit ¢ %20 = Ja e K

O=a'0=a Nau)= (@ \u=1u=u.
Tur dinh nghia cua khong gian véc to ta co thé mo rong cac khai niém sau:
1) Tadinh nghia # — v :=u + (—V), khi d6
Ut+tv=wsouUu=w-—yv.
2) Do tinh két hop cta phép cong nén ta cé thé dinh nghia theo qui nap:

n

Zuk =up+..tu, =W +..+u,_1)+tu, .
k=1
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Chuong 2: Khong gian Véc to

n
Tuong ty Zakuk =qqup +...+ouu, = (alul +..+ an—lun—l) +a,uy,
k=1

biéu thirc nay dugc goi 1a mot to hop tuyén tinh cua cac véc to Ul yeees Uy, .
Tu day tro di ta chi han ché xét cac khong gian véc to thuc.

2.2 KHONG GIAN VEC TO CON

2.2.1 Dinh nghia va vi du

Dinh nghia 2.2: Gia st (V,+,.) 1a khong gian véc to. Tap con W # ¢ cia V sao cho
hai phép toan tir J thu hep vao W tré thanh khong gian véc to (thoa mén cac tién dé V1-V8) thi

W duoc goi 1a khong gian véc to con ciia V (hay noi tat: khong gian con cua V).

Dinh 1y sau day chi ra rang néu 2 phép toan trong ¥ c6 thé thu hep dugc vao W thi cac

tién d& V1-V8 ludn thoa man, do d6 W 1a khong gian véc to con cua V.

Dinh 1y 2.2: Gia sit W 1 tap con khac rong ctia V. Ba ménh dé sau day twong duong:

(i) W khong gian véc to con cta V.

(i) Véimoi u,veW voimoiaeR thiu+velW aueW

(iii) Véi moi u,v €W ,véimoi o, B eR thi cu+ el .

Chung minh: (i) = (ii): Hién nhién theo dinh nghia.

(i) = (ii): V6i moi u,veW, véi moi a,feR thi cueW, fpelW =
ou+pew.

(iii) = (i): Vu,veW NaecR:u+v=lu+lveW ,cu=cu+0uecl .

Vay phép cong va phép nhan véi sé thuc thu hep dugc tir ¥ vao W . Honnita W # ¢ =
JueW = 0=0u+0ueW (tien dé V2), véimoi u €W, —u=0u+(—Du €W (tién

dé V3), cac tién dé con lai hién nhién ding. Vay W 1a khong gian véc to con ciia V.

Vi du 2.6: Tir dinh Iy trén ta thay rang moi khong gian véc to con cua V' déu phai chira véc
to O cua V. Hon nita tap {0} chi gdm véc to khong va chinh J ciing 1a cac khong gian véc to

concua V.

Vidu2.7: Tap {x = (xl,xz,O)‘xl, Xy € R}C R3 l1a khong gian con cua |R3.
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Chuong 2: Khong gian Véc to

Vi du 2.8: Tap C[a,b]o = {fe C[a,b]\f(a) =0} la khong gian con cua C[a,b]a
nhung tap C[a,b]l = {f € C[a,b]‘f(a) = 1} khong 1a khong gian con ctia C[a,b]-

Vidu2.9: Pn la khong gian con cua Pm néu n < m, trong d6 Pn la khong gian céac da
thitc bac < 1.
2.2.2 Khong gian con sinh béi mgt ho véc to
Dinh 1y 2.3: Néu (VVl )i < 1aho céc khong gian con cua V thi ﬂVVl cling la khong gian
iel
concua V.
Chimg minh: Ap dung Pinh 1y 2.2. ta d& dang suy ra diéu can chtirng minh.

Tir Pinh 1y 2.3 suy ra rang véi moi tap con S bat ky cua V' ludn ton tai khong gian con

W bénhat cua V' chita S'. W chinh la giao cua tit ca cac khong gian con cia ¥ chta S .

Dinh nghia 2.4: Khong gian W bé nhat chita S duoc goi 1a khong gian sinh boi hé S, ky
hi¢u W =span§,va S dugc goi 1a hé sinh cua W'

Dinh 1y 2.4: W = spanS bang tap hop tit ca cac to hop tuyén tinh cta S .

Chung minh: Goi W' 1a tap tit ca cac to hop tuyén tinh ciia S. Ta ching minh W' 1a
khong gian con bé nhat chira S .

() VéimoiueS thiu=lueW'vay Scw'.

@ueW' veW' u=au +..+a,u,,v=Lv+...+ By, €W’

VOL U geeeyUpyy V] geery Vi € .

Do dd yu+ov =yaquy +...+ ya,u, +opvy +...+ f,,v,, € W'

Vay W' 1a khong gian con ctia V' chia S'. Gia st W" 1a khong gian con cua V' chira S'.
Voi moi ueW', u=oquy+..+ouu,, Uy, u, €S. Vi W" chia S nén
Ul,shy €EW" = u=aqup+...+ayu, e W". Do do W'c W". Noi cach khac W' 1a
khong gian con nho nhat caa V' chia S. Vay W'=W =spanS .
2.2.3 Tong ciia mot ho khong gian véc to con

Gia st W1,...,W,, 1a n khong gian con cua V. St dung dinh ly 2.2 ta chimg minh duoc tap
{ul +.tu, eViu eW;,i= 1,...,n} cling 1a mot khong gian véc to con cia V. Ta goi
khong gian véc to con nay 1a tong clia cac khong gian con W],..., W,, vaky higu W} + ...+ W,,.
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Chuong 2: Khong gian Véc to

Vay ueM+.+W, Su=uy +..+u,,u; eW;;i=1..,n. (2.1)

Tuy nhién, n6i chung cach viét trén khong duy nht .

Ta ¢6 thé chimg minh dugc W) +...+ W, =span(W] U...UW, ) (2.2)

Mot cach téng quét ta dinh nghia tong ciia mot ho cac khong gian véce to con nhu sau.

Dinh nghia 2.5: Néu (VVZ )i < 12 ho cac khong gian con clia /. Khéng gian con sinh boi
U W; dugc goi la tong ctia cac khong gian W;, ky hiéu Z W;.
iel iel

Vay Z W, = Span(U W;). Theodinhly 2.4 taco

iel iel

ZVVZ = {Z/ll'l +...+ I/ll'k

icl

“z’j € Wl-j ,ij el,j=1,..,kk=12,.. } (2.3)

Dinh nghia 2.6: Néu moi u € W] +...+ W, duoc viét mot cach duy nhat duéi dang

u=uy+..+u,,u; eW;,;i=1,.,n thi tong cac khong gian con nay dugc goi 1a tong truc

tiép. Liic d6 ta ky hicu W] @...@ W, .

Dinh 1y 2.5: Gia sit W,W5 1a hai khong gian con ctia V', khi d6 tong hai khong gian con
nay 1 tong tryc tiép W] @ W khi va chikhi Wy "W, = {0}.

Chtng minh:

(=>): Giasu Wy @ Wy, ve W nWy thiv=0+v=v+0elW; ®W,. Do cich viét
duy nhatsuyra v=0.Vay W] W, = {0}

(<):Giasir u =up+uy =vy +vy € W + W thi
Uy —vy=vy —uUjp EVVl ﬁWz ={O} = Ul =V,Up =V).
Vay tong clia hai khong gian con 1a tong truc tiép Wy @ W5 .

2.3 POQC LAP TUYEN TiNH, PHU THUQC TUYEN TiNH
Ta xét cac hé véc to ¢6 tinh chét 1a néu mot véc to bat ky biéu dién dugc thanh td hop tuyén

tinh ctia hé nay thi cach viét d6 1a duy nhat.
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Chuong 2: Khong gian Véc to

Dinh nghia 2.7: Cho hé n véc to S = {ul yeees Uy } ctia V' (cac véc to nay c6 thé tring nhau).
Hé S duoc goi 1a doc 1ap tuyén tinh néu tir:

oy +...+aou, =0,0p,..,a, eR thi g =...=a, =0.

H¢ khong doc lap tuyén tinh dugc goi 1a phu thudc tuyén tinh.

Vay h¢ S ={uy,....uu,} phu thudc tuyén tinh khi va chi khi ta ¢6 thé tim duoc

Al Oy € R khong ddng thoi bang 0 sao cho oy +...+a,u, =0.

Vi du 2.10: Hé {ej, ey} trong d6 e =(1,0), 5 = (0,]) eR? 1a doc 1ap, vi néu
aje] +aney = (al,OQ) =(0,0) thi a=ay = 0.

Vidu2.11: ¢ Hé chita véc to O 1a hé phu thudc tuyén tinh.

e H¢ hai véc to {ul N7k) } 1a hé phu thudc tuyén tinh khi va chi khi chung ty 1¢, nghia 1a
uyp =auy hay uy =auy.

e Trong R, hai véc to phy thudc tuyén tinh khi va chi khi cing phuong.

e Trong R3 ba véc to phu thudc tuyén tinh khi va chi khi dong phing.

Tinh chat 2.6:

1) H¢ véc to chira hé con phu thudc tuyén tinh 1a h¢ phu thude tuyén tinh. Vi vay, moi hé
con cuia hé doc 1ap tuyén tinh 1 hé doc lap tuyén tinh.

2) Mot hé véc to 1a phu thude tuyén tinh khi va chi khi c6 mot véc to 1a t6 hop tuyén tinh
cua cac véc to con lai.

3) Gia sir h¢ {v,..., v, } doc lap tuyén tinh. Khi d6 h¢ {v|,...,v,,u} phu thudc tuyén
tinh khi va chi khi # 1a td hop tuyén tinh cua céc véc to {V],...,V,, }, khi d6 ta c6 thé biéu didn
duy nhat u = Pv+ ...+ Bvy,.

Ching minh: Ta ching minh 3).

(«<): suy tu 2).

(=): Gia st {vl,...,vn,u} phu thudc khi d6 ton tai cac s6 fFy',..., B,',a € R khong
dong thoi bang 0 sao cho  fy'vi +...+ B,'v, +ou =0, vi h¢ {vl,...,vn} doc 1ap nén

181 :Bn

a#z0, > u=—"—v—...—=v,.
o
Honnita gia st u = Byv; +...+ S, v, thi
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Chuong 2: Khong gian Véc to

O=u—u=(,b’1+'81)v1+ + (B, + ﬂ”)v :>/31+ﬂ1 =...=ﬁn+ﬂ:o
(94

/81 :Bn

Dodo f) =

s B =

. Vay cach viét trén 1a duy nhat.

2.4 HANG CUA MOQT HE HU'U HAN CAC VEC TO
2.4.1 HE¢ con doc lap tuyén tinh tdi dai

Dinh nghia 2.8: Cho hé S cac véc to ctia khong gian véc to V. Hé con {Vl %5 Vy } cua hé
S duoc goi la doc 1ap tuyén tinh t6i dai cia S néu no 1a hé doc 1ap tuyén tinh va néu thém bat ky
véc to ndo caa S thi ta ¢ hé phu thudc tuyén tinh.

Noi riéng h¢ {V[,...,v,, | 1a h¢ doc 1ap tuyén tinh t6i dai cia ¥ néuhé {vy,..., v, | doc lap
va néu thém bat ky véc to khac ctia V' ta c6 hé méi 1a phu thudce.

Tinh chat 2.7:

1) Néu S"' 1a hé con doc lap tuyén tinh ti dai cta hé S thi moi véc to cua S 13 td hop
tuyén tinh cac véc to ciia S' va cach biéu dién thanh t6 hop tuyén tinh 1a duy nhat (diéu nay suy
tir tinh chét 2.6 - 3)).

2) Gia su {Vl N } la h¢ con ddc lap tuyén tinh ctia mot hé hitu han S . Khi d6 ta c6 thé

bd sung thém dé duoc mot hé con doc lap tuyén tinh t6i dai cia S chua {Vl T } .

That vay, néu {Vl s Vi } khong tb1 dai thi ton tai mot véc to cua S, ta ky hi¢u v,, 1, sao
cho hé {Vl s Vi s Via] } doc 1ap tuyén tinh. Lap luan twong tw va vi hé S hitu han nén qua trinh
bd sung thém nay s& dumg lai, cudi ciing ta duoc hé {vl,...,vn Vit ,...,Vn+k} doc 1ap tuyén
tinh t6i dai cia S .

2.4.2 Hang cia m¢t hé hiru han cac véc to

B6 d& 2.8 (Pinh 1y thé Steinitz (Xtéi-nit)): Néu hé S doc 1ap tuyén tinh ¢ n véc to va mdi
véc to ciia S 1a td hop tuyén tinh cac véc to ciahé R cok véctothi n < k.

Chung minh: Gia st S = {vl,...,vn}, R = {ul,...,uk}. Ta s& chiing minh réng c6 thé
thay dan cic véc to clia h¢ R bing cic véc to ctia h¢ S dé c6 cac hé Ry, R ... ma mdi véc to

cia h¢ S van con 12 t6 hop tuyén tinh ctia Ry, R ,....

That vay, ta co vi =aquy +...+aguy, v| # 0 (vi § doc lap) nén Al A € R
khoéng dé)ng thoi béng 0, ta gia st ) # 0(co thé danh lai s6 tha ty coa R), suy ra
1 o o
u=—v ——2u2 —...——kuk.
o1 o1 a1
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Xéthé Ry = {Vl S UD Sy U } R& rang moi véc to cia S van con 1a t6 hop tuyén tinh cac

véc to cua Ry.

Tuong tutaco vy = ﬂlvl + ﬂzuz +...+ ﬂkuk,vi {VI,V2} doc 1ap nén ﬂz,...,ﬂk eR
khong dong thoi bang 0, ta gia st Sy # 0.

1 b 53 y Bk

Khi @6 Z/lzzﬂ Vz—ﬁ V| — 3 — U
2 2

125 B
Xéthé Ry = {Vl , Vo, U .., uk}, moi véc to cia S ciling 13 to hop tuyén tinh cac véc to
cia Ry.

Néu n > k , tiép tuc qué trinh nay cudi cing ta dwoc moi véc to cia S 1a to hop tuyén tinh
cac véc to ciia hé Ry = {Vl sV e Vo }, 1a hé con ciia S . Piéu nay mau thuin véi gia thiét hé

S doc lap tuyén tinh. Vay n < k.

Dinh 1y 2.9: Moi hé con doc 1ap tuyén tinh tdi dai ctia hé hitu han S céac véc to ciia V' déu
¢6 s6 phan tir bang nhau.

Ching minh: Gia su {Vl-l ey Vi } va ivjl sV } 1a hai hé con doc 1ap tuyén tinh t6i

dai ctia hé S. Tu tinh t6i dai cia mdi hé, suy ra rang moi véc to cua hé nay la t6 hgp tuyén tinh

cac véctociahé kian. Dodé n<kvak<n ,vayn==k.

Dinh nghia 2.9: S4 céc véc to ctia mot hé con doc 1ap tuyén tinh t6i dai cua hé S duoc goi
1a hang (rank) cua S, ky hiéu 7(S).

Qui uéc hé chi co véc to 0 cohangla 0.
2.5 CO SO, SO CHIEU CUA KHONG GIAN VEC TO
Dinh nghia 2.10:
1) Néu khong gian véc to V" ¢6 mot hé sinh hitu han thi ¥ duoc goi 1a khong gian hitu han sinh.
2) Mbi hé sinh doc 1ap tuyén tinh cia V' dugc goi 1a mot co s cua V.
Giéo trinh nay chi han ché xét cac khong gian hitu han sinh.

Giast S = {vl,...,vn} lahésinh cua V' thivéimoi uelV

U=xv+...+x,v, , X,... X, €R.
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Chuong 2: Khong gian Véc to

Pinh 1y 2.10: Gid st {ej,...,e, | la mot h¢ cac véc to cia V. Cac ménh dé sau 1a

twong duong:
(i) Hé {el yeees € } 1a mot co s cua V.
(ii) He {ej,...,e, | 1a hé doc lap tuyén tinh t6i dai cta V.
(iii) Moi véc to u € V tdn tai mot cach viét duy nhét:
u=xyel +..+x,e,, Xi,....x, €R. (2.4)
Chung minh: (i)=(ii): Hién nhién tir dinh nghia cua co s6.
(ii)=>(iii): Suy tir tinh chét 3.2 - 3).

(iii)=(i): RS rang {e],...,e,, | 1a h¢ sinh. Ngoai ra néu xje| +...+ x,e,, =0, mit khac

0 =0e; +...+ Oe,, . Do cach viét duy nhat suy ra x; =...= x,, = 0.

Dinh nghia 2.11: (xq,...,X,,) trong (2.4) dugc goi la toa dd cua véc to u trong co s&
{el,...,en }

Ta ky hi¢u toa d§ cua véc to U trong co s¢& P = {el,...,en} la [u] B

Vay néu u thoa man (2.4) thi
[u]% = (X sees Xy;) (2.5

Pinh 1y 2.11: Gid sit V' 1a khong gian hiru han sinh va {v],..., vt | 1a h¢ doc 1ap tuyén tinh
cic véc to cia V. Khi d6 c6 thé bo sung thém dé co duoc hé {Vl,...,vk,vk+1,...,vk+m} la
motcosdcua V.

Chung minh: Gia st V" c6 mot hé sinh c6 n véc to. Néu S = {Vl ,...,vk} khong phai 1a co
s¢ thi S khong phai la h¢ sinh, theo tinh chat 2.6-3) ton tai véc to, ta ky hi¢u vy 1, sao cho h¢
{Vl yeees Vi 9Vk+1} doc l1ap tuyén tinh. Tiép tuc qua trinh ndy cubi cung ta co hé
{vl,...,vk,vk+1,...,vk+m} doc 1ap tuyén tinh va 1a hé sinh, k + m < n (theo B dé 2.8). Vay
{vl,...,vk,vk+1 >+ S ety } 12 mot co s can tim.

Heé qua 2.12: Moi khong gian hitu han sinh déu ton tai co so.

Dinh 1y 2.13: S6 phan tir ciia moi co sé cua déu bang nhau.

Chting minh: Ap dung B6 d¢ 2.8 ta c6 hai co so bat ky cua V déu c6 sd phan tir bang nhau.
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Chuong 2: Khong gian Véc to

Dinh nghia 2.12: S6 véc to ctia mot co sé cua V duge goi 1a sb chiéu cua V', ky hiéu

dim? . Quy uéc dim{0}=0.

Vi du 2.12: Trong khong gian R” ta xét hé P = {el,...,en} trong do:
e = (1,0,...,0), e = (0.1,...,0)....e, = (0,0,....]) 2.6)
la mot co sé cua R” goi la co s chinh tc. Vay dim R"=n.

Vi du 2.13: Hé P = {l,t,...,tn} la mdt co sO cua Pn, goi la co s& chinh tac. Vay

dimP, =n+1.

o0
Chu y 2.14: Khong gian P = UP” 1a mot vi du vé khong gian véc to khong hitu han
n=1

sinh. That vy, hé {l,t, = } ¢6 vo han véc to va doc 1ap tuyén tinh nén khong thé 13 hiru han
sinh.

Pinh 1y 2.15: Gia sit dim ¥V =7 va S = {v{,...,v,,, } 1ahé m véc to cia V. Khi d6: (i)
Néuhé S doc 1ap tuyén tinh thi m < n.

(ii) Néuhé S lahésinh cuathi m>n.

(iii) Néu m =n thihé S doc lap tuyén tinh khi va chi khi S 13 hé sinh.

Chting minh: Goi P 1a mot co s& ciia V. Ap dung bo dé 2.8 cho hai hé P va S suy ra
cac diéu can chirng minh.

Dinh 1y 2.16: Gia st Wy, W5 1a hai khong gian con cua V' thi

dimW] + dimW, = dim(W| + W») + dim(Wy 1 W5) (2.7
bic biét: dim(W; @ W5) = dim W} + dim W,
(2.8)
Ching minh: Gia st {el,...,el} 1a mot co s& ctia W) (W, (néu Wi (W5 =¢ thi
[ =0). Theo dinh 1y 2.1 ta ¢6 thé b sung thém dé {ey,...,e;,u] ..., 1y, | 1a mot co s& cta W)

va {el,...,el,vl,...,vk} 1a mot co so cua Wy . Voimoi v € Wy + W5 thi:
v=(x1 +x"1)e; +...+(x; + X" )e; + yjuy + oo+ Yyl + 21V o Zp Vg
Vay {el,...,el,ul,...,um,Vl,...,vk} la hé¢ sinh cua Wy +W,. Mat khac, gia su
xie1 +...+x7e; + yiup + ..+ Yy, 21+t zgvp =0
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Chuong 2: Khong gian Véc to

thi xje] + ...+ x7€] + YU + oo+ Vyylhy = —21V] — - — Z} Vi €W (W5
= —ZV] —..—ZVg =He ...+ tjep € W W,

= zVi +...tzpvi +he +...+ e =0
S>z1=.=zp==.==0= x=..=x=y=..=, =0.
Vay {el,...,el,ul,...,um,vl,...,vk} 1a mot co so caa Wy + W5

dim W) + dim Wy =2/ + m+ k = dim(W] + W5 ) + dim(W (1 7).

Dinh 1y 2.17: Gia stt .S 1a hé hitu han c4c véc to cuia V' . Khi d6

() r(S)=dimW ,véi W =spanS .

(ii) Khi thyc hién mot sé hiru han cac phép bién doi so cép sau 1én hé S':

e Nhan mét sb khac 0 véi mot vée to caa hé S';

e Cong vao mot véc to ciia hé S mot td hop tuyén tinh cac véc to khac caa S'; thi hé S
bién thanh he S' c6 (S) =r(S").

Chimg minh: (i) Gia st S(y 1a hé con doc 1ap tuyén tinh i dai ctia S thi Sy ciing sinh ra
W, dodo S lamotcosocia W = r(S) = sévéctocua Sy =dim W .

(i) Néu W =spanS, W'=spanS' thi W =W' = r(S)=r(S").

Nhén xét 2.18: Dé tim hang cta hé véc to {vl sV 5y Vy } ta c6 thé sir dung 2 cach sau:

1) Ap dung dinh 1y 2.17 bang cach thuc hién cac phép bién ddi so cap 1én hé véc to di cho
dé dua vé hé véc to ma ta dé dang nhan dugc hang cta no.

Khi thuc hanh ta c6 thé viét toa do cac véc to thanh mot bang, mdi véc to nam trén mot
hang, sau d6 bién doi dé€ bang so nay cd dang tam giac.

2) Ap dung tinh chét 2.6 theo timg budc nhu sau:

1. Loaicacvécto v; =0,

2. Giastr vy # 0, loai cac véc to v; tilé véi vy,

3. Giasu {v,-l s Vi, { doc 1ap, khi do {vil s Vip 2V { doc 1ap khi va chi khi
v ; khong biéu dién thanh t5 hop tuyén tinh cta {V; oo Vi i

Vidu 2.14: Tim hang cua hé véc to sau:
V1= (151)171)7 Vy = (1)_1)17_1)) V3 = (193)133))
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Vq = (1929092)9 Vs = (1929152)

Giai:

e Céachl:

1 1T 1 1

I -1 1 -1

1 3 1 3 -
1 2 0

1 2 1 2

I 1 1 1
0 -2 0 =2
0 2 0 2
0O I -1 1
0o 0 1 O

(Hangl — hang 1, hang 2 - hangl — hang 2, hang 3 - hangl — hang 3, hang 4 - hang1

— hang 4, hang 5 - hang4 — hang 5)

1 1 1 1

0 -2 0 -2
—-=<0 0 0 O

0 0

0 0 1 O

\J
oS O O -

0

1 1 1
1 0 1
010
0 0 O
0 0 O

(Hang 3 + hang 2 — hang 3, hang 4 +(1/2) hang 2 - hang 5 — hang 4).

(-1/2hang 2 — hang 2, hang 5 — hang 3).

Vay hé véc to co hang 1a 3.

e Cach2: vy, vp khong ti1¢ nén doc lap. Néu vz = xv| + yv, thi

(x+y=1
x—y=3
x+y=1

x—y=3

=X 2, 5=—1.

Viy v3 =2v]—Vvy .Nghiala {vl ,Vsy ,v3} phu thuge.

Néu v4 =xv)+ yvy thi

CuuDuongThanCong.com

x+y=1
x—y=2
x+y=0
xX—y=2

, h¢ vo nghiém. Vay {v|, vy ,v4 | doc lap.
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Chuong 2: Khong gian Véc to

Néu vs =XV|+ Yy + zvy thi

(x+y+z=1

X—y+2z=2

X = x=3/2,y=-1/2,z=0.
x+y=1

X—y+2z=2

Vay vs =3/2vi—1/2v5 .Nghiala \v;,V,,V4,Vs ¢ phu thudc.
5 1 2 1-Y25Y45V5

Vay {Vl , V2 ,V4 } 12 mot hé con doc 1ap tuyén tinh tdi dai ca {Vl » V) ,V3,V4,V5 }
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Chuwong 3: Ma trdn

CHUONG 3: MA TRAN

3.1 KHAI NIEM MA TRAN

Dinh nghia 3.1: Mot bang s6 ¢6 m hang 1 cot

6111 6112 aln
a a a
A=| 2t T2 T G.1)
_aml am2 amn_

dugc goi la mot ma tran co m X n . a;j la ph?m tor & hang tha I vacot ] .

Khi a;; € Z,Vi,j thi A dugc goila ma tran nguyén, a;; € C, Vi, thi 4 duoc goi
1a ma tran phirc. Néu khong chi 16 ajj thi ta quy uéc A4 1a ma tran thuc.
Matran A ¢& mXn c6 thé duge viét tit dang

A:[aﬁ];:%ﬁ hay A:[“ij]mxn (3.2)

Khi m =n tandi A 12 ma trdn vudng cp 71 .
Tap hop tat ca cac ma tran ¢ m X n dugc ky hi¢u "jzmxn .

Tap hop tit ca cac ma tran vudng cdp n duoge ky hidu Jin .

Hai ma trdn cung c¢& A = [aij ]mxn , B= [bij ]mxn bang nhau, ky hiéu A = B, khi va

chi khi aij:bij voi moi i=1,_m;j=1,_n.
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3.2 CAC PHEP TOAN MA TRAN
3.2.1 Phép cong

B=|p;]

Cho hai ma trdn cung ¢ A4 = [aij ] .

mxn’

Téng ctia hai ma trdn A, B 12 ma tran cung ¢ dugc ky hiéu va dinh nghia bi

A+B=[ng]mxn , Cjj =y +bij voimoi i=1,m; ]:1,_”

(3.3)

2 -3 0 0 8 5 2 55
Vidu3.2: + = ;
9 4 -1 -3 1 7 6 5 6

3.2.2  Phép nhin ma trin véi mot s6

Chomatran 4 = [aij ]mxn cd mxn,vasd thuc k. Ta dinh nghia va ky hi¢u

k=lkay] (3.4)
1/2 -1 0 /4 —-1/2 0
Vidu3.3: l / = / / :
213 -8 10 32 -4 5

Tinh chat 3.1: C4c tinh chit sau day ding ddi voi cac ma tran ciing cd:
1) A+(B+C)=(4+B)+C,;
2) Ma tran c6 cac phin tir déu bang 0 goi 1a ma tran khong va ky hiéu 0.
Khids: A+0=0+A4=4;
3) A+ (—A)=0, tongdd — A=|-ay; ]
) (—A)=0, trong d6 7

4 A+B=B+A.
vay (M

" ,+) 14 mot nhdm Abel.

Ta cling kiém chuing duoc cac tinh chét sau ding véi moi s6 thuc &,/ v6i moi ma tran
A= [aij]mxn , B= [bij]mxn cOmxXn:

5) k(A+ B)=kA+kB;

6) (k+h)A=kA+ hA ;
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Chuwong 3: Ma trdn

7) k(hA) = (kh)A;
8) 1A=A.
V6i 8 tinh chét nay tap Jlmxn la khong gian véc to.
Ky hi¢u Eij 1a ma trdn ¢& m X 1 c6 cac phan tir déu bang 0 ngoai trir phan tir & hang i cot
j bang 1 thi hé cac ma tran {EZJ‘ = I,_m 5] = I,_n } la mot co s& cia Jimxn :
Vay dim A, =mxn.

3.2.3 Phép nhian ma tran

va B= [bij ] 1a ma tran c&

Dinh nghia 3.2: Tich hai ma trén 4 = [aij] 3
pxn

mx p

mxn dugc ky hiéu va dinh nghia boi AB = [Cij ]mxn , trong do

p - s
Cl‘j = Zalkbk] voi1 moi izl,m ; ] :l,n . (3.5)
k=1

Vay phan tr & hang tha i cot thir j cia AB bang tong cua tich cic phan tir ctia hang thi i
cia A voi cac phan tir tuong (mg ctia cot thi j ciia B

1 3
1 -2 3 9 15
Vidu3.4: -1 0= .
-1 2 5 7 17
2 4

K v
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Ta thdy rang tich ctia hai ma train A va B dinh nghia dugc khi sé cot cia 4 bang s6 hang
cia B. Vi viy co thé dinh nghia AB nhung khong dinh nghia dwoc BA néu sb cot cia B
khong bang s6 hang cia A4.

Khi A, B 1a hai ma trin vudng cung cip thi ta c6 dong thoi AB va BA. Mic dau vay
chua chic ¢6 dang thac AB = BA, néi cach khéac tich ma tran khong cé tinh giao hoan. Chang

han, xét
-1 0 0 ... 0] 1 2 0 0]
2 3 0 ... 0 300 ... 0
A= 0 0 B=(0 0 0 ... 0O
0 0 0 0 O 0 0 0 0 O]
-1 -2 0 0] 3 6 0 0]
11 4 0 0 -3 0 0 0
AB=| 0 0O O ... 0| = BA=|{ 0 O O ... O
| 0 0 0 0 O 0 0 0 0 0

Tinh chat 3.2: Gia st A, B, C 1a cac ma trdn véi s6 cot so hang thich hop dé cac phép toan

sau xac dinh duoc thi ta co cac déng thure:
1) A(BC)=(AB)C tinh két hop.
2) A(B+ C)= AB + AC tinh phan phéi bén trai phép nhan ma tran véi phép cong.
3) (B+ C)A = BA+ CA tinh phan phéi bén phai phép nhan ma tran v6i phép cong.

4) Voimoi keR, k(4B)=(kA)B = A(kB).

5) Véi moi s0 tu nhién duong n ta xét ma tran /,, vudng cap n c6 cac phan tir trén duong

chéo bang 1 va cac phéan tir & vi tri khac déu bang 0.
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Khi d6 vé6imoimatran 4 cd mxntacd [,,A=A=Al,.
Ma tran [ 5 duoc goi la ma trén don vi cép n.

Tir cac tinh chat trén ta thay tap hop cic ma tran vudng cap 7 > 2 clng voi phép cong va
nhan ma tran ('/Zn ,+,.) 12 mot vanh khong giao hoan, c6 don vi va khong nguyén vi c6 udc cua
0. Ching han

120 0 2 -6 0 0

-1 0
A4=[0 0 0 o B=|0 0 0
000 0 0] (0 0 0 0 0]

A,B#0 nhung AB=0.

3.2.4 Ma tran chuyén vi

Dinh nghia 3.3: Cho ma trdin 4 ¢& m X n, néu ta ddi cac hang cua ma trin A thanh céc
¢t (va do do céac cot thanh cac hang) thi ta dugc ma tran maoi cd 7 X m , goi la ma tran chuyén Vi

ctia ma tran trén A, ky hiéu Al

t 7 I . PR
A _[C’J]nxm ;G = i=ln j=1,m. (3.6)
-4 1
Vidu3.5: A= 2 O0}; A = .
I 0 9
5.9

Tinh chat 3.3:
1) (A4+B) =4' +B".
2) (kA)' =kA".
3) (4B)' =B'4" .
Dinh nghia 3.4:

1) Néu A= A' i A dugc goi 1a ma tran d6i ximg (A 13 ma tran vudng c6 cac phan tir
dbi xtmg nhau qua dudng chéo thi nhit).
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2) A=—-A" thi A duoc goi la phan déi ximg (hay déi xtmg Iech) (A 13 ma trin vuéng
c6 cac phan tir d6i xtng va trai diu qua dudng chéo thir nhét, cic phan tir trén dudng chéo thu
nhit bang 0).

3.3 MA TRAN CUA MOT HE VEC TO TRONG MOQT CO SO NAO PO
Gia sir V12 khong gian n chiéu v6i mot co so A = {el yeeeeipy }

{vl,...,vm } 1a mot hé véc to cuia V' ¢6 toa do trong co sé B

n
v; :Zaijei ,j=1m
i=1

Khi do ma trdin 4 = [ai'] co cac cOt la cac toa do cua cac véc to {vl s Vin } trong
J dnxm
cosé B duoc goi la ma tran cua hé véc to {vl seees Vin } trong co sO B

Nguoc lai, véi ma tran A ¢& nXxXm cho trude thi ta c6 hé m véc to ma toa do clia nod

trong co so A 1a cac cot cua A.
~ . ~ . , , 2 K ge ap _ < ,
Vay khi khong gian véc to V' véi co sé co dinh P = {el AR - } thi c6 tuong ing 1 - 1
gifta cac ma tran c¢& 77 X m voi cac hé m véctocua V.
Ma tran chuyén co so
.5 5 ) i/ ' \ . 2 5 A 5 A r
Giast B = {el, ..... e, }, P = {e'l 1., } 12 hai co s& cia V' . Ma tran cua hé véc to

RB' trong co sO P duge goi 12 ma tran chuyén tir co s¢ B sang co sO B Nghia 1a néu
n —
e'j:Ztl-jel- ,j=Ln.thi P:[tl—j] (3.7)
i=1
13 ma tran chuyén tir co s& B sang RB'
n n
Khi d6 voi véc to bitky u eV ;u =Y xe; =Y x'; €.
i=l1 i=l1
Ae . g .o ! .

Ta c6: [x: ] [t,j ]nxn [x ; ]nxl (3.8)
(3.8) duoc goi 1a cong thirc d6i toa do
Néu A, A' 1an lugt 1a ma trin cua {vl s Vim } trong co sO KB, RB' thi

A= PA (3.9)
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3.4 HANG CUA MA TRAN

Dinh nghia 3.5: Ta goi hang ctia ma tran A4, ky hiéu 7(A), 1a hang cta cac véc to cotctia A .

Phuong phap tim hang cia ma tran bang phép bién doi so cp

Hang I”(S ) ctia mot hé véc to S cta khong gian V' 1a sb véc to ciia mot hé con doc lap

tuyén tinh ti dai cia S hay la chiéu ciia spanS (xem Dinh 1y 2.17). Vi vay khi ta thuc hién lién

tiép cac phép bién doi sau, goi 1a cac phép bién ddi so cip, thi spanS' khong d6i do d6 hang cua
hé khéng thay doi:

1) P6i chd cho nhau hai véc to cta hé.

2) Nhén vao mét véc to ciia hé mot sé khac 0.

3) Cong vao mdt véc to cua hé mot td hop tuyén tinh cac véc to khac cua hé.

Vi vay dé tim hang cua mdt ma tran ta thuc hién cac bién doi so cap 1én cac cit (sau nay ta
s€ ching minh dugc rang ta cling c6 the bién doi theo cac hang) dé dua ma tran vé dang tam giac,
tr d6 suy ra hang cia ma tran.

Vidu 3.6:
3
1 duson A¥22F1 90 0
4cl+C3—>C3
A=| 2 1 1 5 2 7 =7 0
J] -2 1 -2 drATA ) L5 5
Cl—>cl O O
02—>CZ 7 O
02+C3—>C3 _1 _5 0 O
vay r(A4)=2.
_ _Cl—)C4_ ] Cl—>01
-1 2 1 -1 1 1 -1 1 -1 2|....,.
¢y ¢5 1 2 2
B a -1 1 -1 -1 e3> | 1 -1 -1 a -1|{_... 5.
= 1 3
1 a 0 1 I |40 1 1 1 A | ¢/ +cq> ey
12 2 -1 13232 -1 11 2 |Terese
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c. —>¢C
1 00 0 o] __. 1 00 0 0
2 3
102 a+1-3] o ¢ 1-20 0 0
01 1 1 a —w+3kfw+4y§2%»%_0 1 1 0 0
2 1-1 3 —2| Gedepxoe 2] | 2-2¢ 224

4 néu a=#l

Vay I”(B) = {

3 néu a=1

Xeét cac ma tran vudng cap n sau:

......................... A hang k
R(k,A) = [a,-j =", i
T all
cot k
1 J
: 0 }-- |hang i
PG =la)=| =
1 ’.Qmm. hang j
L 1_

cot 1 cot
S i

k
k = [ vabingihay j
k

il=j
k=j,l=i

{Q
<
[l
= e e =

trong céc truong hop khéc

~
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0, j,A) =[a,]=

_________________ A "l hAng i

1 k=1
apy = A k=il =] (3.12)
0 trong céc truong hop khac

Tinh chét 3.5: Ta d& dang kiém tra duoc:

a) Néu nhan R(k, A1) vao bén phai ciia ma train A thi ma tran tich AR(k,A) co dugc

béng cach nhan thém A vao cot k chamatran A.

a b c|1 0 0 a Ab ¢
a b |0 A O0|={a Ab' ¢
a" b" c" 0 O 1 a" X{b" C"

b) Néu nhan P(i, j) vao bén phai ctia ma tran A thi ma tran tich AP(i, j) c6 dugc bang

cach ddi chd hai cot I va ] ctia A cho nhau.

a b c¢c||0 1 0 b a c
a b |1 0 0|=|b a ¢
n b" C" 0 0 1 b" n n

¢) Néu nhan Q(i, j, A) vao bén phai ciia ma tran A thi ma tran tich AQ(i, j,A) c6 dugc

bang cach nhan A vao cOt I va cong vao cOt ] cua ma tran A.

a b c||1 0 O at+Ac b ¢
a b |0 1 0|=|a+Ac b ¢
a" b" C" ﬂ/ 0 1 a"+/10" b” c"
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d) Néu nhan P, O, R vio bén trai cia ma tran A thi ta c6 cac két qua twong tu nhur trén,

trong d6 cac tac dong 1én hang ddi thanh tac dong 1én cot va ngugc lai. Ching han
1 0 Offa b c| [a b c

0 4 Ofa b c'|=|Aa" A A

O 0 1 a" b" CH a" b" CH

1 0 Ofla b c a b c
1 Olfla b c'|= a' b' c'
0 A 1ja" b" c"| [Aa'+a" AD'+b" Ac'+c"
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CHUONG 4: BINH THUC

41 HOAN VI VA PHEP THE

Dinh nghia 4.1:
1) Méi song anh O : {1,2,..., n} —> {1,2,..., n} duogc goi 1a mot phép thé bac n.

Ta thuong ky hiéu mot phép thé bang mot ma tran co hang thir nhat 1a cac s6 1,2,...,n sip
theo thtr ty ting dan con hang thir hai 14 anh cta no:

1 2 .. n
O =
oll) o2) .. o(n)
2) Anh cia mot phép thé duge goi 14 hoan vi. Vi phép thé O ta c6 hoan vi twong tng
lc() o) .. o]
3) Déu ctia phép thé:
Cho hoan vi [6(1) &(2) ... o(n)], nbucécip i< ma o(i)>o(j) thi ta noi
c6 mot nghich thé cua o .
Gia sir k 1a s6 cac nghich thé ciia o, ta dinh nghia va ky hiéu ddu cua phép thé o 1a
_ k
sgno =(-1) 4.1

Ta dé dang kiém chiig duoc rang tap cac phép thé bac n véi luat hop thanh 1a phép hop cta

hai anh xa tao thanh mét nhém khong giao hoan, goi 1a nhom ddi xtrng bac n, ky hiéu S n-

Trong chuong 1 ta da biét tap S, c6 dang n! phan tr. Chang han S c6 2 phan t, S5 c6
6 phan tir ...

) 1 2 3 )
Vidud.l:Hoanvi [l 3 2] tmg véi phép thé azL ; 2} c6 mot nghich thé. Vay

sgno = (—1)1 =-1.
Pé tim s cac nghich thé k ciia phép thé O ta thuc hién cc budc sau:
Trong hoan vi [0(1) o2) .. G(n)] c6 I, la gia trj sao cho o (i]) =1.
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¢ Goi kl 1a s6 cac s6 trong [O'(l) oc2) .. O'(n)] ding trude o (i) =1;

¢ Xoa s6 o(ij) =1, ton tai iy sao cho o(ir) =2, goi kzla‘l sd cac s con lai trong
[c() o(2) .. o(n)]dingtruse o(ir)=2;

¢ Xodsé o(in) =2 vatiép tuc dém nhu thé ...

Cubi cung s cac nghich thé ciia O 1a:

k=ki+ky+..+k,_
Vidu4.2: Hoanvi[3 4 2 1]coky=3,ky=2,k3=0.
Vay k=5 vasgno :(—1)5 =—

Tinh chat 4.1:
1) Cap (i, ), i # j 1a mot nghich thé ctia phép thé & (nghiala i < j va o(i) > o ()))

khi va chi khi d4u cua M bang —1. Vay
1=
sgno = H da (G(Z) dj)j 4.2)
1<i#j<n J

2) Chuyénvi o =[ig jo] 1a phép thé chi bién déi hai phan tir iy, jo cho nhau va giit
nguyén cac phan tir con lai:

1 2 .. iy . Jo -
o= S 43)
1 2 . jo & M > n

Dé dang tinh duge: k) =... = k; =0, kio = jo — o>

01

ki0+1 =...=kj0_1=1, kJO =...=kn=0 = k=2(j0—i0)—1

Viy sgno = (—l)k R —
3) Véimoi o, 4 €S, : sgn(oco ) =sgnosgn . (4.4)

That vy, khi (i, /) chay khip tap {1,2,...,n}x{1,2,...n}\{(L]),...,(n,n)} thi
(u(i), 1(j)) ciing chay khap tap nay. Do do:
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sgno= [ da (G(Z) O-(])j I1 dafu(a(ﬂ(i)')—g(ﬂ(j))]

1<l;t]<n J IS,u(i);é,u(j)Sn lu(l)_/u(])

_ i G(ﬂ(i))—a(ﬂ(j))j'
[l a“[ ()= )

1<i# j<n

Sgn o sgn 1 = H déu(d(ﬂ(i))—g(ﬂ(]’))) H dau[’u(l) y(])j

1<i% j<n H(@) = u(j) 1<i# j<n t=J

-] [a(uo)) 6(#(]))j sl AR

1<i# j<n t=J
4) V6i moi chuyén vi [io ]0] (xem 4.3) va phép thé O
sgno o [io jo]z —sgno.
4.2 PINH THUC

) ax + by =c
Khi giai h¢ phuong trinh tuyén tinh ta tinh cac dinh thac
a'x+by=c

a
D=

'

a

b c b
=ab'-ba',D, = =cb'-bc', D, =
b' ch 5

Al 40 o A At 912 N .
Nhu vay dinh thitc ctia ma tran A = vuong cap 2 la

ay a2

a an
4
21 422

‘ FAe22 ~012421-

g - = 2 I 2 ]
Mat khac nhém doi xtng S, ¢ 2 phan tu la 07 =|:1 2:| va O0) =|:2 1} c6 dau

sgnoy] =1, sgno, =-1.Viay

A = a a12 _
‘ ‘— - =dj1dp —appdajng

a1
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=8gNo| dig (1)%20(2) T S8NO2 A1, (1)920,5(2) = ngna No(1)¥20(2) -
oS,

Ta mo rong dinh nghia nay cho ma tran vudng cip 7 bat ky nhu sau.

Dinh nghia 4.2: Dinh thirc ciia ma trin vuong A = [aij ] y duoc ky hiéu la
nxn

det 4 hay |A| va dinh nghia boi biéu thirc:

det A= ngl’lO' A1) Ao (n) (4.5)
oes,
Nhu vay dinh thirc cia ma tran vudng A4 = [aij ]nxn 1a téng tat ca cac tich gdm n phén tir

trén n hang ma & trén n cot khac nhau ctia ma tran 4 va nhan véi +1 hodc -1.

Vi du 4.3: a) Nhém d6i xtmg S ¢6 6 phan tir [a (xem vi dy 1.23 chuong 1)

1 2 3 1 2 3 1 2 3
o1 = , O = , 03 = )
1 2 3 1 3 2 2 1 3

12 3 1203 1203
941 3 1'% 3 1 210973 2 1|

c6 diu sgno| =sgnoy =sgnos =1, sgno, =sgnoz =sgnog =—1 . Vay

a ap a3
ay] ay ay|= ) sgno a15(1)%20(2)%30(3)
a3 azy azy] O
=4a11a22a33 —a1a3a3p —a)pa21a33  (4.6)
+ajpajsaz) +ajzaziazy —ayp3andsg.

a1 4d12 @3 .- dp
6122 a23 azn
b) Tinh dinh thiec D,, = ayy ... azy

O

Ann
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1 2

o A _ . _ 0_
Xét phép the o = { 2 co Sgno( = (— 1) =1.
n

Véimoi o €S, néu 0 # o thiton tai k sao cho o(k)#k = ton tai k' sao cho

o(k"Y<k' = Ao (k") = 0 = Ao (1)-Ano(n) = 0. vay

D, = ngna-ala(l)...ang(n) =SgNoy( - ay1...Apy = A1 1Ay - (4.7)

oes,
e
azy 42
Tuong ty D'nz asz|] azpy azy =ay].--uy - (4.8)
Apl 4p2 Ap3 ... dpp
O
ajz n—-1 aon
¢) Tinh dinh thac D", = : :
an_1’2 Ay_1n
anl aun Aun

1 2

Xét phép thé o 1=
n n—1

n

1:| thoamédn oy (k)+k=n+1, Vk=1,.,n.
Ta dé dang tinh duoc

kl =n—1, k2 =I’l—2,...,kn_1 =1 :>k:1+...+(n—1):n(n—l)/2

= sgnoj = (_l)n(n—l)/Z' Mat khac véimoi o € §,,, néu o # o] thi ton tai K sao

choo(k)+k<n+l = Ak (k) =0 .= Al (1)--Ano(n) =0.

vay D", = ngna ‘Al (1)--Ano(n) =SBNOY Ayl Ak y—f--Alp
ces,

-1)/2
=(—1)"(n )/ Ap1-- Ak gk -n 4.9)
Tuong tw
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a1 42 - Ap-1 An

dazp 4z - 42p-1
Dmn — K : — (_1)11(1’1—1)/2

anl :

Dinh nghia 4.3: Dinh thitc cia ma trin 4 = [aij ]nxn cua hé véc to {Vl ,...,vn} ung voi

Anl A n—f Ay - (4.10)

coso B trong khong gian véc to V cling duogc goi 1a dinh thirc ciia hé véc to {Vl seees Vi } va ky
hi¢u D {v,...,v, }. Vay
Dy {vi,.sv, f=det 4. (4.11)
43 CAC TINH CHAT CO BAN CUA PINH THUC
Tinh chét 4.2:
1) Néu di chd hai hang ctia ma tran thi dinh thirc d6i dau:
a;j néu i #k,m
= .o V: '.. ‘..: . A .: 3 ':_
A—[ay]nxn , A [ay]nxn ,a'jj=qap n€u i=m  thi det A det 4.
ay; néu i=k

That vay: detA'= ngna-a'la(l)...a'ka(k)...a’mg(m)...a'ng(n)
oes§,

= ngna-alo(l)...ama(k)...aka(m)...ana(n)

oes,

= ngna-alav(l)...akav(k)...amav(m)...a,wv(n)
ces,

=— ZSgl’l G'-algv(l)...ama'(k)...ako-v(m)...anav(n) =—det4
o'eS,
trongd6 o'=0 o [k m]

2) Pinh thtc ¢6 tinh chat tuyén tinh d6i véi mdi hang:

Cho hai ma trin 4 = [aij ]nxn , B= [bij ]nxn vama tran C = [Cij ]nxn c6 hang thtr k

1a t6 hop tuyén tinh ciia hang thik cia A va B.
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cjj =a; =b; n€ui#k
Nghia la . L

Cj =aag + Py véimoi j=1,...,n.
thi detC=adet A+ fdetB.

That vay: detC = ngno-'cla(l)“'cka(k)"'cna(n)
oesS,

= Z SgNO - Ay (1) (X Ak (k) + BOko(k))--Ano(n)

oesS,

= ngno- ala(l)...akg(k)...ana(n) + ,B ngna'bla(l)"'bka(k)"'bna(n)
oeS, oESy

=adetA+ fdetB.
3) Tir 1) va 2) suy ra rang trong mot ma tran c6 hai hang ty 18 thi dinh thirc bang 0.

4) Néu ta cong vao mot hang mot to hop tuyén tinh cic hang khac thi dinh thirc khong
thay d6i.

5) Pinh thirc cia ma tran chuyén Vi béng dinh thirc cia ma tran do:

Giasu A= [al]] , At = I:a'l'j ]nxn’ a'l-j = aj,-,i,j = 1,...,7’1

nxn

thi det A’ =det 4.

detd' =} sgno - a'io(t)- ko (k) no(n)

oes,

= ZSgna ; aa(l)l...aa(k)k...aa(n)n
oes,

= Z Sgno - a10_1(1)...ak0_1 (k)"'ano‘_l(n)
cEes,

_ yi _
= Z sgno alo__l(l)...ako__l (k)"'ana_l(n) =det 4

oes,

vi sgno =sgn ot
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6) Tir 5) suy ra rang cac tinh chit cua dinh thirc dung voi hang thi ciing ding véi cot va
nguoc lai. Vi vay ta chi can chimg minh cac dinh 1y vé dinh thirc dang v&i hang. Chéng han, tir 4)
suy ra néu ta cong vao mot cot mot to hop tuyén tinh cac cot khac thi dinh thirc khong thay doi.

Dinh thirc ctia moi hé véc to phu thudce tuyén tinh déu bang 0.

7) det(A4)(mod p) = ngncfﬁla(l)..ﬁng(”): ", (4.12)
oesy A2 .../ s,
Vidu4.4:
a 1 1 .. 1] la+n-1 1 1 .. 1
Il a 1 ... 1| |a+n-1 a 1 .. 1
ayD,=|1 1 a .. l|=la+n—-1 1 a .. 1| (congcaccodtvaocotl)
1 11 ... al |la+n-1 1 1 .. a
U Uy 1 P10 0 0
1 a 1 1 1 a-1 O 0
=(a+n-H1 1 a .. l|=(@+n=-1D1 0 a-1 .. O
1 1 1 fa I 0 0 ... a-1
_ n—1
= D,=(@+n-1)(a-1)" ".
b) A:[al-j]nxn VoI a,-j:il
-S> 1
det(4)(mod2)=|: "-. :|=0(mod2) = detA chin.
N . 1

44 CAC CACH TiNH PINH THUC
4.4.1 Khai trién theo hang, theo cot

Néu ta nhém theo cot thir j cong thire (4.5) thi ta duge:
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det4= alj ngno' . aza(z)a3o.(3)...ano.(n) +
oeS,.o(l)=]
+612j ngno-.ala(l)a3g(3)...ana(n) +...+
oeS,,0(2)=j
+dy ngnff "ANo(1)20(2)-An-1o(n-1) |-
oeS,,o(n)=j

Vi vy dinh thirc cia ma train A dugc viét lai dudi dang

detA:alelj +...+anjAnj 4.13)
goi 13 cong thuc khai trién ciia A theo cot thi j.
Aij duogc goi 1a phan bu dai sb cua aj; -
Dinh Iy 4.3: A =(=D)" M, (4.14)

Trong d6 M ij 1a dinh thtrc ctia ma tran cép n-1 c¢6 dugc bang cach xo4 hang i ¢ot j ciia ma
tran A.

Chiing minh: Truéc hét ta chitng minh 4y = M. Taco:

— — 1 —
4, = ngna Aoyl ey = ZSgHO' Ayoiiy By = M)

oeS,,o(1)=1 o'esS,

véi o'= o" (2,0} 1a phép thé trong tap hop {2,..., n}

Truong hop 4 bat ky, ta thuc hién i-1 1an d6i chd cac hang va j-1 1an ddi chd cac cot dé

dua vé hang 1 cot 1.
. _ (i-D+(j-1 _ i+J
Dods Ay =(-DVTU g = (-1 My,
Cong thirc khai trién theo hang i duoc suy tir tinh chét 3.7: 6)
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det 4= ailAil +...+ al-nAl-n 4.15)
1 2 3 4| 97%7% 2 2 2
10 1 2774 o 0 o0

Vidu4.5: D= =

Y < S TS T 3 -1 -4 -6
1 2 0 -5 1 2 & /&

2 2 2| |2 0 0
=-D* a1 -4 —g=--1 -3 -5
2 -1 -7 |2 =3 =9

15
ZF@EW4%J=4@—$:J4

4.4.2 Pinh Iy khai trién Laplace (theo k hang k cot)

Tu matran 4 = [aij] ta dé y k hang: Hpeees I Vak et Ji,eeey J -

nxn
Giao cua k hang k ¢0t nay 1a mot ma tran cép k. Pinh thirc ciia ma trén nay duoc ky hiéu la

M/t 7k Néu tirma tran 4 ta xoa di k hang ij,..., I} vakcot ji,..., ji thitaco ma trdn con
1 5esl 19200k 1s-0 Jk

cép n-k. Pinh thirc cia ma tran nay dugc ky hiéu la ]\_4‘1111 ’m;.ik va
PRy (_1)11+...+zk YV, o ) ]\_4{1""’.]]{ (4.16)
Uoseenslf seenslf
duogc goi 1a phan bu dai s6 cua MZ.J1 ’"'l’.lik )
1see+s
arlr 412 a3 44
a a a a
Vidu4.6: A= o %2 23 24
a3] 4d3zp 43z dzg
| d41 A4 443 Q44 |
a a a a a a
Cé M1233 _|“12 13 , A1233 :(_1)1+3+2+3 21 24 _ _|#21 24 '
432 433 as)  aga|  |ag) agg
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Dinh 1y 4.4 (Laplace):
1) Khai trién k hang iy ,..., . :
detd= > MIdk gk (4.17)

oeeoslf Uoeeoslf
I<ji<.<jp<n

Dinh thtrc cia A bang tong tat ca cac dinh thirc con cap k nam trén k hang I1,..., i} nhan
v6i phan bu dai sb trong tmg cua no.

2) Khai trién k ¢ot ji,..., i

det A= Z MIVoTk gI1 Tk (4.18)

Uoeeslfp [ oeenl
I<ij<.<ip<n

Dinh thire ciia 4 bang tong tit ca céc dinh thitc con cip k nam trén k ¢ot  ji,..., j . nhan
v6i phan bu dai sb trong tmg cua no.
bac biét khi k =1 ta c6 cong thuc khai trién theo hang va theo c6t (3.4).

Chung minh: Truong hop i) =1,..., i =k:

L.,k _
Mg = D Sen0 - dig(1) Ao (k)
oesS;
—1,....k , 1,...k
M7 = D SENG apiio (k) o' (n) = A7k
o'eS,_k

Ung véi mbi phép thé o cua tap {1,...,](} va o' cia {k +1,...,n} thi phép thé M co
ho4n vi twong tmg [O‘(l),..., o(k),oc(k+1),..., O'(n)] ¢6 s cac nghich thé bang sb cac nghich

thé clia & cong v&i s6 cac nghich thé ciia 0. Do d6 sgn £ =sgn o -sgno'. Vi vay médi tich
SgN O - dig (1) ko (k) “SENO k116" (k+1)-Inc'(n)

1a mot hang tir trong tong cua det A. Noi cach khac M L. M k chi bao gom cac

,..

hang tir ciia det A4 ; n6 1a mot bo phan trong biéu thirc téng cua det A. Truong hop tong quat

Ml]l ” ;Zk ta bién d6i hang va cot ciia det 4 dé dua Mjl’ ’Jk vé dinh thirc con bac k goc
19ee0s | EEEE) k
trén bén tréi. Ta thuc hién i) —1 1an doi chd hang thtt I, ¢ dua vé hang thtt 1, ..., i — 1 1an doi
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chd hang thir ij d¢ dwa vé hang thir k. Tuong tu d6i chd j; —L,..., jz —1 lan d€ dua céc cot
J1oees Jk vé cac cot 1,..., k. Vi vy dinh thire doi ddu

(_1)(i1—1)+...+(ik -D+(j1-D+..+(jr -1 _ (_1)i1+...+ik +1+F .

37 1Tk
Khi d6i vi tri nhu vy dinh thice bu cua Mjl’ ’]k van la le i
, . k ]

Do dé Afl’ Ik = (L)t tE ke vk

, nhu vay cac hang tir cua
:lk sl

Mijl"";.Jk 'Aijlwz"]k ciing chi 1a cac hang tir cua det A4 .
Ioeeorlf Loeeosl

Mit khac mdi Mjl’ ’Iik Ajl’ ;Iik c6 k!(n—k)! hang tir. S6 cac dinh thiic con
15 ) X3

Ml.h’ ’Zk trén k hang iy,..., i} bang sb cac td hop n chap k va bang Cn . Cac hang tir cua
1seeesl

. . . . . . oy o
M‘Jla---a.]k A]l:?]k va M] l:--:v] k A] 19--::] k
Uoeeoslf oeeoslf oeeoslf oeeoslf

{jlﬁ"'ajk}i {j'l ,...,j'k}.

khac nhau tung d6i mot ncu

Do d6 tong Z Mljll’ ’ZkAljll’ i\ co C,lfk!(n—k)!:n! hang tir phan
1Sj1<...<jk <n

biét cua det 4 nhung det A ciing chi c6 7! hang tir. VAy mdi hang tir cia det 4 déu la hang tir
\ 7 5 A ~ ]1,,_]k A _]l,,_] <

nao d6 ctia mot trong nhirng Mil,...,ik Ail,...,ik voi 1 ]1 <...< ]k n. Vay ta co

dédng thirc (3.6).

Cong thirc khai trién theo cot (3.7) duoc chimg minh truc tiép hoan toan twong ty cach trén

hoic co thé suy ra tir két qua trén va ap dung tinh chat det 4 = det AL

a11 alk O O

akl akk 0 0

Vidu4.7: D, =
A+11 - Qh+lk  Yk+1k+1 - k+1n

anl - Apk Akk+1 - Apn
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ar - k||9%k+1k+1 - Gk+ln

arr - Akk|| Ank+1 e Ay

Vi MY =0 néu (e i} 2 k)

Vi du 4.8: Véi moi ma tran cung cip 4, B ludn co6 det AB = det AdetB.

That vay, gia st 4= [alj ]nxn B = [bij ]nxn ’

n
C=aB=le;] . o= ayby
k=1

Xét dinh thuc cép 2n:

14n agrE)

Khai trién Laplace theo n hang dau ta c6 D,,, = det A det B . Mit khéc, nhan by véi cot

1, by1v6i cot 2,..., b, v6i cot n cia D5, xong cong tit ca vao cot n+1 thi dinh thae Dy, tré
thanh:

all aln Cll 0 O
Ds anl Ay ¢ O 0
. =
— I, 0 b by
-1 O :
O -1 0 bn2 bnn
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Ti€p tuc bién doi twong tu nhu trén cudi cung dugc:

all aln Cll Cln

anl a,m cnl cnn

Pan=| ). O 0
1. O

O ™10

-1 O 1 -« Clp
Dy, = (_1)l+2+...+n+n+1+...+2n - 1\ 27 N :
O =1 Cunl eeo Cyp
2n(2n+1)+n
=(-1) 2 -detC =detC.

4.5 UNG DUNG PINH THUC PE TIM MA TRAN NGHICH PAO
4.5.1 Dinh nghia ma trin nghich dao

Ta di biét vanh (JZH ,-|-,.) cac ma tran vudng cip n la khong nguyén, vi vdy v6i ma tran
vuodng cho trudc chua chic di c6 ma tran nghich dao dbi voi phép nhan ma tran.

Dinh nghia 4.4: Ma tran vudng A duoc goi 1a kha nghich néu ton tai ma tran vuong cung
cap B saocho AB=BA=1.

Phép nhdn ma tran c6 tinh két hop nén ma tran B & dinh nghia trén néu ton tai thi duy
nhat, ta goi ma trin ndy I ma tran nghich ddo cua A, ky hiéu A7
4.5.2 Diéu kién cin va du dé ton tai ma trin nghich dao
Dinh 1y 4.5: (diéu kién can) Néu A kha nghich thi det 4 # 0 (lac d6 ta néi ma tran A
khong suy bién).
Chimg minh: A4 =7 = det Adet 4™ =det 44" =det I =1.
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1
Do do6 detA=—_1¢0.
det A4
Dinh nghia 4.5: Ma tran B = [Aij ]nxn , trong do Az’j 1a phan bu dai s6 cua phan tir @,
clamatran 4 = [a ij ] , duoc goi 1a ma tran phu hop ciua 4.
nxn

Dinh 1y 4.6: (diéu kién di) Néu det 4 # 0 thi A kha nghich va

ato B!, (4.19)
det 4

v6i B 1a ma tran phy hop ciua A.
Ching minh: Khai trién dinh thirc ciia ma tran A4 theo hang thr k ta dugc:
a4 + o+ ajp iy = det 4
Vay a;1Ag +...+a;, Ay, 1a khai trién theo hang thir k ciia dinh thirc ciia ma trén c6
duoc bang cach thay hang thir k ciia A boi hang thiri cia A4, do d6 bang 0.
detdA néui=k

. — AB' = (det A)I.
0 néu i #k

Tom lai ailAkl +...+ amAkn :{

Tuong tu, khai trién theo cot ta co:

det4 néu i=k

= B'A=(detAd)I. 420
0 néu i #k

all-Alk +...+ am-Ank :{

Hé qua 4.7: Néu BA =1 hoic AB=1 thi ton tai A Naa =B
Chimg minh: BA=1 = detA#0 = 47! va

B=B(A4 Y =BHA" = 47"

b .2 3
Vidu4.9: Matran A=|2 5 3|codetd=-1.
1 0 8
5 3 2 3
1+1 1+2
A1 =(-1 =40, Ay = (-1 =-—13,
11=0-D 0 8‘ 12=0-D : 8‘
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2 5 2 3
1+3 2+1
Ajx =(—1 =-5, Ari =(-1 =-16,
13 =(=1) | O‘ 21 =D 0 8‘
1 3 1 2
2+2 2+3
Ay =(-1 =5, Ara =(—1 =2,
20 =(=1) : 8‘ 23 =(-1) : 0‘
2 3 1 3
3+1 3+2
Az =(-1 =9, A3y = (-1 =3
31=(-1) 5 3‘ 32 =(-1) ; 3‘
1 2
3+3
Azxr = (-1 =1,
33 =(-1) 5 5‘
Vay
| 40 -13 —5t 40 -16 -9 —-40 16 9
Al="1-16 5 2| =--13 5 3 |=|13 -5 -3|
-9 3 1 -5 2 1 5 -2 -1

4.5.3 Tim ma tran nghich ddo theo phwong phap Gauss-Jordan

Khi ta thuc hién lién tiép cac phép bién ddi so cip 1én cac hang ctia ma tran A dé dua A
vé ma tran don vi, theo tinh chat 3.5 chwong 3 thi diéu nay ciing c6 nghia 1a ta nhan bén trai ctia
A céc ma trén sao cho Ej..Ep A =1, trong 46 Ej,..., Ej 1a cac ma tran dang R(k,A),

P@,j), O(@, j,A) (xem 3.10, 3.11, 3.12). Mit khac theo Hé qué 4.7 thi A7l = Ey..Ey.

Ciing voi 18p ludn nhu trén ta c6:  Ey...E; = Ej...E; ] 1a ma trdn c6 duoc bing cach
thuc hién boi cling cac phép bién dbi so cdp tuong ing nhu da thyuc hién d6i voi ma tran A 1én

L s , A 1 R e S TN A -1 A .
cac hang ctia ma tran don vi . Vi vdy dé timma tran 4 ta thuc hién cac budc sau:

1) Viét ma tran don vi / bén phai ma tran A: A‘]

2) Thuc hién cac phép bién ddi so cip ddng thoi 16n cac hang cia A|l dé dua ma tran A4

& vé trai vé ma tran don vi.
3) Khi vé trai tr& thanh ma tran don vi thi vé phai 1 ma tran AL
-1
Al — .......... —> 1A . (4.21)
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1 2 3
Vidu4.10: Tim A_1 vi A=|2 5 3
1 0 8
1 2 31 0 O on 12 311 00
—2h1+h2—>h2
2 5301 0 -m+h3—>h3 0 1 =3-2 10
1 080 0 1 0 -2 s5|-1 0 1

12 311 00 pop 1 2 341 0 O

h1 =~ _h ok
ok 001 -3-2 1 0 55,0 1 =3-2 1
2h) + h3 > h3

%
> 00 -I-5 2 1 0 0 1|5 -2 -1

g onl 2 0-14 6 3 wupemom 1 0 0-40 16 9
%
3 +hy >hy g 1013 -5 -3 i3s3 0 1 013 -5 -3

h3—>h3
00 15 -2 -1 oI 00 1|5 -2 -1
—40 16 9
Vay A7V = 13 -5 -3
5 -2 -1

Chiy4.8: Tim A_l theo phwong phap Gauss-Jordan s& dé dang khi cac phan tir cia A_l
1a céc s6 nguyén ( thuong gap khi det 4 =+1).

4.6 TIM HANG CUA MA TRAN BANG PINH THUC
Tir tinh chit 4.2 ta biét ring dinh thirc ciia mot hé phu thudc tuyén tinh bang 0. Do d6 néu
dinh thitc Dyg {v{,..0, vy 1 # O thi he {vy,...,v,, } doc lap tuyén tinh.

Nguoc lai, gia st hé {vl,...,vn} doc lap tuyén tinh, ta s& ching minh
n
D%{Vl,...,vn}-‘/—'O.Thétvéy, gia su Vj =Zal-jei, AZ[QU] ,
i=1
detA=Dy {Vl,...,Vn},Vi hé {Vl,...,vn} doc 1ap tuyén tinh nén né 13 mot co so cia V.
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n
Viyaco ;=Y byvi, B=|b;] = AB=1 = detd=0. @)
i=l

Pinh 1y 4.9: He {vy,...,v,, } doc 1ap khi va chi khi Dz {v,...,v,, } £ 0.

Dinh 1y 4.10: Gia st A= [aij] 1a mot ma tran ¢& m X 1. Néu c6 dinh thirc con cép p
khéc 0 va moi dinh thirc con cip p + 1 bao quanh n6 déu bang 0 thi #(A4) = p.

Chung minh: Khong mét tinh téng quat ta co thé gia thiét dinh thuc con cip P goc trai

1 oes . r r A A A A A s 3 A J A Ja N LR A
1’ ’5 # (0. Khi d6 p véc to cot dau doc 1ap tuyen tinh, vi néu c6 mot véc to 1a to hgp tuyen

TS

M

tinh ciia p —1 véc to con lai thi mau thuin véi gia thiét Mll""’;: #0,dod6 r(A)> p.Tacan

»

chimg minh bt déng thirc nguoc lai.

Véimoi k=1,....,m; s=p+1,..,n; Xétmatrancip p+1:

ary alp als
a21 Cl2p a2s
B . . i . .
ap1 app aps
_akl akp aks_

Khi £ < p:Matran B c6 hai hang bang nhau, do d6 det B=0.
Khi k> p: det B=0,vi det B 1a dinh thiic cdp p +1 bao Mll""’g.
Mit khéc khai trién theo hang cudi ta duoc dang sau:
ap | + ...+ app L, +a MbP =
il gl = kpHp ks™1,..,p
= g =/11ak1 +...+/1pakp ,voimoik=1,2 .., m

Vi vy véc to cot v 1a t6 hop tuyén tinh cia p véc to cot dau. Vay r(A) < p.

Hé qui4.11: A 13 mot ma trn s mxn thi #(4) = r(4") <min(m,n).
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Cha ¥ 4.12: 1) Tir cong thire (4.20) ta dd ching minh dugce néu A 1a ma tran chuyén tir tir
, 0 _ . , ,
cosé B sang co s& P thi A4 I la ma tran chuyén tir tir co so B’ sang co sO P

2) Bé tim hang ma trin A ta tim dinh thic con cdp 2 khac 0. Bao dinh thirc nay boi cac
dinh thiic con cap 3. Néu tit ca cic dinh thirc cAp 3 bao quanh déu bang 0 thi 7(A4) =2. Néu co
dinh thirc con cdp 3 khéc 0 thi ta tiép tuc bao dinh thirc cip 3 nay boi cac dinh thirc cip 4...

2 1 =2
Vidu4.1l:a)Matran A=|—-2 9 -4 7
-4 3 1 -1
2 1 =20 |2 1
2 1
co =20, -2 9 —-4=-2 9 7|=0.
-2 9
-4 3 1 -4 3 -1
Vay r(A)=2
2 | 0 4]
-4 -2 1 =7 2 1 I O
b) Ma tran B = co =0 nhung =1.
3 I -1 4 -4 - - 1
|1 -4 3 =4
2 1 0
Bao dinh thtic nay béi dinh thirc cép3 -4 -2 1]|=1I.
3 I -1

Dinh thirc cip 4 duy nhit ‘B‘ =0.vay r(B)=3.

fa 1 1 1]
Hillg V1T
Vi du 4.12: Tim hang ctia ma tran A4 =
1 1 a 1
1 1 1 a]

Taco |4 =(a+3)(a-1)°.

Vay:  eKhi a#-3,a#1 thi r(4)=4;
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eKhi a=1thi r(A4A)=1;

1 -3 1
eKhi a=-3,]1 1 =320= r(4)=3.
111

Trong thyc hanh ta c¢6 thé két hop phuong phap nay véi phuong phap bién dbi so cap 1én
cac hang cac c)t ma tran thi qua trinh tim hang ma tran s€ nhanh hon.
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CHUONG 5: HE PHUONG TRINH TUYEN TiNH

5.1 KHAINIEM VE HE PHUONG TRINH TUYEN TiNH

5.1.1 Dang tong quat ciia hé phwong trinh tuyén tinh

Hé m phuong trinh tuyén tinh n 4n ¢6 dang tong quat:

Hay

Trong do

rClllxl +dappXxy +...+apyuXx, :bl
anrix) +aspxy +...+ ArnXy =b2

..............................................

n
Zaijxj Ibl' ,1=1,...,m
=1

X]» XD yeeer Xy lan an,

(5.1)

A1 X1 + Ao Xy + oot Ay X, =byy,

a;j 1a hé s6 cua an thu j trong phwong trinh i,

bi la vé phai cua phuong trinh thori;i=1,...,n; j=1,..., m.

Khi céc vé phai b; = 0 thi hé phuong trinh dugc goi 1 thun nhat.

Nghiém cta hé phuong trinh 12 b gdbm 7 s6 (xl 5 XD 5eeny Xpy ) sao cho khi thay vao (5.1)

ta co cac dang thic dung. Giai mot hé phuong trinh 1a di tim tap hop nghiém cta hé. Hai hé
phuong trinh cing 4n 13 twong dwong néu tip hop nghiém cia chung bang nhau. Vi vy dé giai

mot hé phuong trinh ta c6 thé giai hé phuong trinh tuong duong cua no.

5.1.2 Dang ma tran ciia hé phwong trinh tuyén tinh

Vi h¢ (5.1) ta xét cac ma tran:

aiq
azi

CuuDuongThanCong.com

a2
az?

am?2

A1y

anp

X

X
Cx=|"? (5.2)
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A, B, X lan luot dugc goi 1a ma tran hé s6, ma trdn vé sau va ma tran an. Khi d6 hé
phuong trinh (5.1) duoc viét lai dudi dang ma tran:

AX =B (5.3)
5.1.3 Dang véc to ciia h¢ phuwong trinh tuyén tinh
Néu ta ky hiéu véc to cot thir i cia ma tran A 1a v; = (all-,..., ami) e R™ va véc to vé
sau b = (by,...,by,,) € R, thi hé (5.1) duoc vit dusi dang véc to:
XV +Xovy ..+ X, v, =b (5.4)

Vé6i cach viét nay ta thdy rang hé phuong trinh (5.1) c¢6 nghiém khi va chi khi
b e Span{vy,...,v, }.

5.2 PINH LY TON TAI NGHIEM
Dinh Iy 3.18: (Kronecker-Kapelli) H¢ phuong trinh (5.1) c¢6 nghi¢ém khi va chi khi
I’(A) = I’(Z ) trong do Z la ma tran c6 duoc béng cach bd sung thém vao ma tran hé s6 A mot

cot cudi 1a vé phai cua hé phuong trinh.
al Ay bl
A= + . : (5.5)
Al - Agmp by
Chung minh: Hé (5.1) c6 nghiém khi va chi khi ton tai X]5X2 5.0y Xy € R” sao cho
X[V| + X9V + ...+ X,v,, = b.Nghiala b dugc bidu dién thanh t hop tuyén tinh cta {v{,...,v,, } .
Vay (Vs V) = 7(V]5eees Vs b) . Do d6 7(A4) = r(A).

53 PHUONG PHAP CRAMER

Dinh nghia 5.1: Hé n phuong trinh tuyén tinh n 4n c6 ma tran hé s6 A khong suy bién duoc
goi 1a hé Cramer.

Dinh 1y 5.2: Moi hé Cramer déu ton tai duy nhat nghiém. Cu thé
n
hé D a;x;=b;. i=1,..n conghiém x; = D;/D.i=1...m
J=1
Trong dé D=det4=Dy {vl,..., Vi1>VisVigloees vn}

Di =Dy {vl,...,vi_l,b,vi+1,...,vn} (5.6)
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Di 1a dinh thtrc ciia hé cac véce to cot 1a cac hé sb cua hé phuong trinh nhung véc to cdt thir
1 dugc thay boi véc to cot vé sau.

Chirng minh: det A #0 = hé¢ {vl,...,vn} 1a mot co s& cia R™. Do d6 b duoc biéu
dién duy nhat thanh t6 hop tuyén tinh cia {Vl I } Nghia 1a ton tai duy nhat X15XDeees X

sao cho X1V] + XoVy +...+ X, v, =b.

Goi P = {el yeees g } 14 co s& chinh tic caa R . Khi do:

n
D =D g sy Vi1, Dy Vi 1sees Vg } = Digd V] een Vi Zxkvk,vi+1,...,vn
k=1

= X;Dg V1 sees Vi 1> Vis Vigloen Vy = XD = X; =D; /D, i=1,.,n;

Giai hé phuong trinh tuyén tinh trudng hop tong quat

Gia st h¢ phwong trinh ¢6 nghiém, do d6 r(vy,...,v,) =r(V|,...,v,,0). Gia su
F(V]peees V) =7 (V] 5o, Vp); p < n (trong trudng hgp khéac cch giai hoan toan tuong ty). Véi
gia thiét ndy p véc to hang phia trén ctia 4 tao thanh hé doc 1ap tuyén tinh tdi dai ctia hé cac véc
to hang cua A. Vi vay hé (5.1) twong duong véi p phuong trinh dau
aj1x) +appxy +...+apx, =b
ar1x| +axxy +...+ar,x, =by

Ap1X| +ap2X) + .ot dpyx, =b)

al alp
Giasa| : . i |#0 (truong hop khac cach giai hoan toan tuong tu)
apl vee app

H¢ phuong trinh trén dugc viét lai:
ap|x] +ajppxg +...+ alpxp = bl - a1p+1xp+1 — ...~ ApXy
anrix) +aspxy +...+ aszp = b2 — a2p+1xp+1 —...TAypXy

............................................................................
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day 1a hé¢ Cramer c6 v€ sau phu thudc vao cac an x ptloees Xy Vay hé c6 vo sO nghi¢m

phu thude XptlseeesXp -

/1)614‘)(72 +X3 + X4 =1

. X1+/?)C2+X3+X4=1
Vi du 5.1: Giai va bién luan theo tham s6 A hé
X]1 +Xo +ﬂ)€3 + X4 =1

X1 + X +X3 +/b€4=1

Tir vi du 4.12 chuong 4 ta c6 det A = (1 +3)(A—1)° .
¢ Khi A #-3,4#1: Hé di cho 1a hé Cramer nén cé nghi¢m duy nhét. Ngoai ra vai tro
clia cc 4n trong hé déu nhu nhau, do d6 nghiém cua hé:

1
A+3

X]=X)=X3=X4 = X|=Xp =X3=X4=

¢ Khi A=1: r(4)= F(Z) =1, hé phuong trinh da cho twong dwong vé&i phuong trinh
X]+ Xy +X3 +Xy4 =]

Hé phuong trinh c6 v6 s6 nghiém x1 =1—xy — x3 — X4 Vi X9,X3,X4 tuy y.

¢ Khi A=-3:detA=0 = r(A4)<4 (theo Vidu 3.18 (A4) = 3) nhung ma tran bd

sung A co dinh thirc con cip 4

1 1 1 1
-3 1 1 1 A
=640 = r(4)=4 = hévonghiém.
1 -3 1 1
1 I -3 1

54 PHUONG PHAP MA TRAN NGHICH PAO

n
Dinh 1y 5.3: Hé Cramer Zaijxj =b; , i=1, .., n, v6i cc ma tran trong tng
Jj=1
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a11 a12 aln bl xl

a a . a b X
A=|20 T2 T g T2 x 2|2

L Anl 4u2 - Apup | _bn_ | Xn |

conghiem X = A_IB.

55 GIAI HE PHUONG TRINH TUYEN TiNH BANG PHUONG PHAP KHU GAUSS

Ta c6 thé kiém tra dwoc rang: khi thyuc hién cac bién ddi so cip sau Ién cac phuong trinh
cua hé thi s€ dugc h¢ mdi twong duong:

e Ddi chd hai phwong trinh;
e Nhan, chia mot s khac 0 vao ca 2 vé cia mot phuong trinh;
e Cong vao mot phuwong trinh mot to hop tuyén tinh cic phuwong trinh khac.

Giai hé phuong trinh tuyén tinh bang phuong phap khtr Gauss 1a thuc hién cac phép bién doi
n
SO cép (c6 thé ddi chi sé cac 4n néu can) dé dua hé phuong trinh (5.1) Zaijxj = bl-; i=1,.,m

J=1

n
vé hé twong duong Za'l-j x'j =b';;
J=1

i=1,.., m. Céc an x| ,..., X', 1a cic an- Xxq,..., x,, nhung c6 thé thay d6i tht ty chi sb va

ma tran bo sung cua hé¢ méi c6 dang

' '

4914 b',
O " b

pp p

) (5.7)
o O
'
= bm _

trong do a'll...a'pp #0.

¢ Néu mot trong cac b'p+1 ,-ssD',, khac 0 thi c6 phuong trinh ma vé trai bang 0, vé phai
khéc 0 nén h¢ v nghi¢m.
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Chirong 5: Hé phirong trinh tuyén tinh

o+ Néu b'p+1 =...=b",, =0 thi hé da cho twong duong v6i hé¢ p phuong trinh
a'll X'l +a'12 x'2+ e F a'ln x'n = b'l
a'22 x'2+ ..+ a'2n x'n = b'z 59
a'pl X+t a p, x'y =0,

'

Ta dugc cac nghiém x'; ,...,x'p phu thudc x'p+1 yeees X'y

Chu ¥ rang khi ta bién d6i twong dwong 1én cac phuong trinh thi thuc chat 1a bién doi cac
hé sb trong cac phuong trinh. Vi vay khi thuc hanh ta chi can bién ddi ma tran bd sung (5.5) ciia
hé dé dua vé& ma tran c6 dang (5.7), tir 6 suy ra nghiém ciia hé phuong trinh.

2x1 +5X2 —SX3 =8
4x1 +3X2 —9X3 =9

Vi du 5.2: Giai h¢ phuong trinh
2x1 + 3X2 —SX3 =77

x| +8xy —Tx3 =12

2 scl dUofE Sanixon® 83 comiz|
~ |14 3 -9 9 2 5 -8 8 2 5 -8 8
A= > >

2 3 -5 7 4 3 -9 9 0o -7 7 =17

1 8 -7 12y |2 3 -5 7| |0 -2 3 -1

1 8 -7 12 1 8 -7 121 [1 8 -7 12]

0 -11 6 -16 01 -1 1 01 -1 1
<> <> <>

0 1 -1 1 0 0 -5 5 00 1 1

0 -2 3 -1/ (00 1 1] |00 O O]

(1 0 0 3]

01 0 2
S

0 0 1 1

0 0 0 0]

X1 = 1
Vay hé di cho ¢6 nghiém duy nhat {x, =2 .
X3 = 3
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CuuDuongThanCong.com

Vi du 5.3: Giai va bién luan theo tham s6 71 hé phuong trinh

3x1 +2X2 +5X3 +4X4 =3
2)61 +3X2 +6X3 +8X4 =5
X1 —6XZ —9X3 —20)64 =-11

4x) +xp +4x3 +mxy =2

'3 2 5 4 3 ] 1 -6 -9 =20
~ |2 3 6 8 5 3 2 5 4
A= >
1 -6 -9 -20 -11 2 3 6 8
4 1 4 m 2] |41 4 m
1 -6 -9 —-20 —11] 1 -6 -9 -20
0 20 32 64 36 0 5 8 16
<> <>
0 15 24 48 27 0 O 0 0
0 -5 -8 m-16 -8| [0 0 0 m
(1 -1 =1 =42
0O 5 8 16 9
<>
0O 0 0 O 0
00 0 m 1|
XI—JC2— X3— 4X4=—2
Hé da cho tuong duong véi hé: 5x9 +8x3 +16x4 =9
mxy =1
¢ m = 0: hé¢ vo nghiém;
¢ m = 0: hé ¢6 vo s nghiém
X —l X —9m_16—§x X —4_—m——x
L T
) (4—}% 3. 9m-16_8 1j_x -
a -_ - _ s - _ ) s | u .
Y\ sm 5 s 5y Y

https://fb.com/tailieudientucntt
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Chirong 5: Hé phirong trinh tuyén tinh

Vi du 5.4: Giai hé phuong trinh

10 -1 1 -1
2 2 1 -9 0
A=|3 -1 1 -8 -4
0o 1 1 -16 -5
11 0 1 2
10 -1 1 -1
0 1 1 0 3
<0 0 1 -11 -4
0 Oy dlin2
0 0 6 -22 -2
1 0 0 0 0 -2]
011 0 3 1
<0 01 -3 0 2
0 00 2 1 -1
000 0 0 0]
H¢ da cho tuong duong voi h¢:
X1 =-2
Xy + X3 +3x5 =1
x3 —3x4 =
2x4 + x5 =-1
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X1

2x1 + ZX2 +X3 — 9X4

—X3+ X4— x5=-3

=2

3x) —xp +x3— 8xg4—4x5=-2

6)(?1 + Xy + X3 —16)(?4 —5x5 =-3

X] Xy +

S o o o =

c6 nghiém

1
0
0
0
0

oS O o —= O

X4 +2x5=-2

0 -1 1 -1 -3]
2 3 M F /R
-1 %54 /g &1 7T
I 782 /1 15
1 /& 0 3 1
-1 1 -1 -3
1 0 3 1
1 -11 -4 6
0 44 22 -22
0 44 22 -22]
xp=-2
Xy =3+3xy
x3=2+3xy

X5 =—1-2xy4; x4 tuyy
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Chirong 5: Hé phirong trinh tuyén tinh

5.6 HE PHUONG TRINH TUYEN TiNH THUAN NHAT
ap1x; +appxy +...+a1nxn =0
anr1 Xy +anmxHy +...+a»,x, =0
21X1 T axxp 2nxn (5.9)

A1 X] + A2 X2+t Ay X, =0

R rang rang voi hé phuong trinh tuyén tinh thuan nhét (5.9) thi F(Z) =r(4A)<n va

luén ¢6 nghiém tam thuong x; =...=x,, =0.
Dinh 1y 5.4:
a) Heé (3.14) chi c6 nghiém tdm thuong khi va chi khi r(A)y=n.
b) Néu 7(A) = p < n thi nghiém cua hé (5.9) la khéng gian con 7 — p chiéu cua R .

Chung minh: Ta chtng minh b). Thuc hién cac bién ddi trong dwong 1én ma tran bd sung
(5.8) cia hé dé dua vé hé tuong duong véi ma tran bd sung c6 dang

0
0 (5.10)
O ........................... O
_O ........ o ........... O O |

Suy ra nghi€ém c6 dang < .eeeniiiiiiiiiiiiiiiiireeea,

Trong d6 (x| ,..., x',, ) lamdthodn vi ctia (xy,..., x,,) . Dédon gidn ta gid st x'; = xy ..., x'), = x,,

(truong hop khac dugc chirng minh twong ty), khi d6 tap hop nghiém:

X pilseesXy € FR}

{(c“xp+1 Foe s p Xy sees Cp1X iy H oot Cpp X, X 1 5ees Xy, )

&9
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Chirong 5: Hé phirong trinh tuyén tinh

= {(cll,...,cpl,1,0,...,0)xp+l +.t (cln_p,...,cpn_p,0,0,...,l)xn‘po,...,xn € R}

N N . /5 N n
la khong gian con 7 — p chicu cua R".

Dinh Iy 5.5: Gia st (Xj,..., X,;) 1a mot nghiém ctia phuong trinh khong thuan nhat (5.1) thi
(X1,..., X,,) la nghiém clia phuong trinh thun nhat trong tmg (5.9) khi va chi khi (x] + X|5..., X, + X,)
la nghi¢m cia phuong trinh (5.1).
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Chirong 6: Anh xa tuyén tinh

CHUONG 6: ANH XA TUYEN TiNH

6.1 KHAINIEM ANH XA TUYEN TiNH
6.1.1 Dinh nghia va vi du

Dinh nghia 6.1: Anh xa f tir khong gian véc to V" vao khong gian W thoa mén:
@) véimoi u,velV; f(u+v)=fu)+ f(v)
(i) véimoi u,velV ,aeR; f(au)=of (u) (6.1)
duoc goi 1a 4nh xa tuyén tinh (d0ng cau tuyén tinh hay goi tat 1a dong céu) tir V vao W .
Khi V' =W thi f duoc goi la tw ddng cau.
Vidu 6.1: Xét cac anh xa sau:
1) Anh xa khong 0:v > w
u = O(u) =0
2) Anh xa dong nhat ldy V. -V
u = ldy(u)=u
3)Phépvitutysd keR [V —> V
u +— f(u)=ku
4) Giasa Wy @ W, < V', xét phép chiéu Ién thanh phan tht nhat :
Pop:mew, —-> ¥V
V] + %) = V]
5) Phép tinh tién theo véc to vy € V', T:V — V
u = u+vy

Anh xa 1), 2), 3), 4) 1a anh xa tuyén tinh; 2), 3) 1a tu dong ciu; 5) khong phai 1a anh xa
tuyén tinh néu Vo # 0.
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Chirong 6: Anh xa tuyén tinh

6) Chomatran A = [aij ]mxn ,

anhxa T: R" > R™

(X 5eees X)) > T (XY 50y X)) = (V1 ves Vi)

xac dinh boi

= [ay] : (6.2)

Ym Xn

la mot anh xa tuyén tinh.

Nguoc lai ta co thé ching minh dugc (xem muc 4) moi anh xa tuyén tinh tr R” vao R
déu c6 dang nhu trén.

6.1.2  Céc tinh chat
Dinh 1y 6.1: Néu f :V — W 1a anh xa tuyén tinh thi
@ f(0)=0
(i) véimoi veV: f(—v)=—f(v)

n n
(iii) f[invi] = le-f(vl-), VX, Xy €ER, VVy,..,v, €V

i=l1 i=1
Chimg minh: (i) £(0)= 7(0-0)=0£(0)=0
i) f)+ f(=v)=f(v+(=v)=f(0)=0
(iii) D& dang chirng minh bang cach quy nap theo 7.
Dinh 1y 6.2: anh xa f : ¥ —> W 1a 4nh xa tuyén tinh khi va chi khi véimoi u,veV, a, S €R:
flow+ pv)=cof () + ff(v).
Chtng minh: Véimoi u,veV, a,f eR:
(=): flau+ pv)= flau)+ f(pv)=aof ) + ff (v)
(©): {f(u +v)=fu)+ f(v)=1f @) +1f(v) = fu)+ f(v)
(o) = flou+0v)=af (u) +0f (v) = of (1) .
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Chirong 6: Anh xa tuyén tinh

Dinh 1y 6.3: Mdi anh xa tuyén tinh tir " vao W hoan toan duoc xac dinh béi anh ctia mot
co s cia V', nghia 1a v6i co so B = {el yeees € } cia V' vahé véc to uy,...,u, €W cho trude

thi ton tai duy nhat mot anh xa tuyén tinh £ :V — W saocho f(e;)=u;, i=1,...,n.
Chtng minh:
*) Ton tai: Véi moi v €V, gia sit (xq,..., x,;) 1 toa d6 clia V trong co s& &, nghia 1a

v=2xie| +...+x,e,.bat f(v)=xju; +...+x,u, eW.

Ta c6 thé kiém chung dugc rang f 1a anh xa tuyén tinh va f (e;) =u;, véi moi

i=1,...,n.

*) Duy nhit: Gia st g:V — W la 4nh xa tuyén tinh sao cho g(e;) = u;, v6i moi

i=1,..,n khido voibatky veV,v=xje +...+ x,€,,
g(v) = g(xjey +... + x,e,) = x18(ep) +...+ x,8(ey)
=xquy + ...+ xu, = f(v)

Vay g=f.

6.1.3 Cac phép toan trén cac anh xa tuyén tinh
6.1.3.1 Hom(V,W)

Cho hai khéng gian véc to V', W . Tap cac anh xa tuyén tinh tir V' vao W duogc ky hiéu la
Hom(V ,W) hay L(V ,W).

véi f,g e Hom(V , W), wongtng V — W
v f(v)+g(v) (6.3)
12 mot anh xa tuyén tinh, dugc ky hiéu f + g vagoilatongcia fva g.
Tuong tu, véi k €R, twongimg V — W
v kf(v) (6.4)
1a anh xa tuyén tinh duoc ky hi¢u 1a kf .
Vay ta da xé4c dinh hai phép toan "+, trén tap céc 4nh xa tuyén tinh tr ¥ vao W . Vi hai phép

toan nay thi (Hom(V,W),+,) ¢6 cu triic khong gian véc to va dimHom(V, W) = dimV - dim WV .
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6.1.3.2 EndV

Giastt f:V —V'va g:V'— V" 14 hai anh xa tuyén tinh thi &nh xa hop go f:V — V"
cling la mot anh xa myén tinh. Vi vay tap cac tu déng cAucaa V , ky hiéu EndV , véi hai phép toan
cong va hop anh xa thi (End V,+,0) la mot vanh khong giao hoan, ¢6 don vi , khong nguyén. Ngoai

ra v6i hai phép toan dinh nghid ¢ (1.3.1) (End V,+,-) con 1a mot khong gian véc to.
6.2 NHAN VA ANH CUA ANH XA TUYEN TiNH

Dinh 1y 6.4: Giastt f : ¥ — W 14 4nh xa tuyén tinh, khi do:

(i) Néu F] la khong gian con cua V'thi f(V])la khong gian con cua W va
dim f(V]) <dim/};.

(i) Néu Wjla khong gian con cia W thi f 7 (W) 1a khong gian con cia V va
dim Wy <dim £~ 7).

Ching minh: (i) ® V&i moi uy,uy € f(77); &, S €R ton tai vj,vy €V] sao cho
up = f(v), uy = f(v2).Dodo

ouy + Puy =of () + ff (v2) = flav) + f(Pv2) € f ().

o Gia su {el,...,en} 1A mot co so cia Vyvsi moi ue f(V]), ton tai vel]:
v=xp +..+x,v,va f(V)=u > u=xf(e)+...+x,f(e,)

= {f(el),...,f(en)} 1a mot hé sinh cua f(V]).
Diéu nay suy ra dim f(¥7) < dim 3.
(i1) dugc chirmg minh tuong tu.

Dinh nghia 6.2: Vi anh xa tuyén tinh f : 7 — W ta ky hi¢u va dinh nghia

Kerf = 70}, Imf = /() (6.5)
l1a hat nhan va la anh cua f , ky hi¢u
r(f)=dimIm f (6.6)

1a hang ctia 4nh xa f .
Dinh 1y 6.5: V&i moi anh xa tuyén tinh [ 1V — W
dimV =r(f)+ dimKerf (6.7)
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Chirong 6: Anh xa tuyén tinh

Chtng minh: Gia st {el,..., em} 1a mot co s¢ ctia Kerf™ (khi Kerf = {O} thi m = 0). Ta bo
sung dé {el,...,em,em+1,...,em+k} 12 mdt co s¢ cia V. Ta chimg minh {f(em+1),...,f(em+k)}

la mot hé sinh, doc lap tuyén tinh cia Im f (do d6 1a mét co s6).
e Véimoi f(v)elm f;
v=Xxie +..+ X, ey, + Xy 181 Tt XpakCmak €V

fv)= xlf(el) +ot xmf(em) + xm+1f(em+1) t.o.t xm+kf(em+k)
= X1 €pa1) + oot X €k

o Giast yif(epy1)+..+ Vi S(€pip)=0 thi
Viemtl + o+ Ykl € Ketf

= Viemsl Tt ViCmak =21€] ..o+ Zey

= Viemsl Tt ViCmik —21€] — -~ Zmey =0

= V==Y =—z1=..=—2, =0.
6.3 TOAN CAU, PON CAU, DANG CAU
6.3.1 Toan cdu

Dinh nghia 6.3: Anh xa tuyén tinh ma toan anh dugc goi la toan cau.

Dinh [y 6.6: Vi anh xa tuyén tinh f : 7 — W, cic ménh dé sau tuong duong:

(i) f toan cau.

(ii) Anh cua hé sinh cua ¥ 1a hé sinh cua W .

Gii) r(f)=dimW .

Chémg minh: (i) => (ii) : Gid st {V],...,V,, } 1a h¢ sinh cia V. Khi d6 véi moi u € W,
tontai ve Vsaocho f(v)=u (vi f(V)=W).

V=XV et Xy, = u=x1f)+. 4+ x,10v,).

Vay {f(V])s-s f(v,)} 12 he sinh cia W .

(ii) = (i) : Gia st {el,...,en} 12 mot co s¢ cua V' thi {f(el),...,f(en)} 12 h¢ sinh cua
W = W =span{f(ep),... f(en)}=f (V).

()<= V=W < dim f(V)=dmW < r(f)=dimW .
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Chirong 6: Anh xa tuyén tinh

6.3.2 Don chu
Dinh nghia 6.4: Anh xa tuyén tinh ma don anh dugc goi la don cAu.
Dinh [y 6.7: Vi anh xa tuyén tinh f : V" — W, cic ménh dé sau tuong duong:
(i) f don chu.
(i) Kerf =1{0}.
(iii) Anh ctia hé doc 1ap tuyén tinh caa ¥ 13 hé doc 1ap tuyén tinh cia WV .
Giv) r(f)=dimV .
Ching minh: (i) = (if) : Hién nhién.
()= ():Giast f(v))=f(v2) = 0=f(v) - f(v2)=f(v—Vv2)
=V —vy=0=vi=v,.
(i) = (iii) : Gia s {vl,..., vm} doc lap:
xfv)+..+x,f(v,)=0 = xv +...+ x,,v,, €Kerf
= v +..+x,v,, =0 = xy=..=x,, =0

(iii) = (iv): Gia st {e[,..., e, | 1a mot co s cia V thi {f(e]),..., f(e,)} 1a h¢ sinh
doc lap tuyén tinh cia £ (V). Do do r(f)=dim}V .

) __dimV =r(f)+dimKerf .
(iv) = (ii): . = dimKerf = 0= Kerf = {0}.
dimV =r(f)

6.3.3 Pang ciu

Dinh nghia 6.5: Anh xa tuyén tinh vira don c4u vira toan ciu duoc goi 1a dang ciu.

Vay dang cu 1a mot anh xa tuyén tinh va song anh.

Hai khong gian V,W dugc goi 1a ding céu néu c6 anh xa tuyén tinh ding céu
fV-w.

Phép dang cau f :V — V duoc goi la tuy dang cau ctia khong gian V. Tap hop cac tu
dang ciu ctia V dugc ky higula GI(V).

Pinh 1y 6.8: V' va W dang cAu khi va chi khi dim V' = dim W .

Chimg minh: (=>):Néu f :V — W déng cu thi
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Chirong 6: Anh xa tuyén tinh

dimV =r(f) (donciu)

: ¢ = dimV =dimW .
dimW =r(f) (toancau)

(<) : Nguoc lai néu dim ¥V =dimW =n.

Giasir B = {el,...,en}, PB'= {a)l,...,a)n} lacosolantugtcaa Vva W . Goi f:V —W
1a 4nh xa tuyén tinh thod man f(e;) = w;; i =1,...,n (xem chimg minh dinh ly 4.3). Khi d6
r(f)=dimV =dimW = f dingcau.

Dinh 1y 6.9: (GI(V),O) 1a mot nhoém (khong giao hoan).

Chimg minh: Ta dé dang ching minh néu f 1a tu dang cdu cia J/ thi 4nh xa nguoc
f_1 cling 1a tw dang cau cia V. Néu f, g tudang chuthi g o f ciing tw dang cAu.

Ta d3 biét rfing anh xa tor mot tap hitu han vao mot tap hitu han cé cung ) phﬁn tr la don
anh khi va chi khi 1 toan anh ( Chu ¥ 1.3-4, chuong 1 trang 20). Diéu nay ciing con dung dbi véi
anh xa tuyén tinh gitra hai khong gian véc to c6 cung so chieu.

Dinh 1y 6.10: Gia sdt dimV =dimW va f:V — W 1a anh xa tuyén tinh tt V' vao
W thi: f don cau khi va chi khi f toan ciu, do d6 ding ciu.

Chtng minh:

ftoancau < r(f)=dimW < r(f)=dimV < fdoncau

6.4 ANH XA TUYEN TiNH VA MA TRAN
6.4.1 Ma tran biéu dién 4anh xa tuyén tinh

Theo dinh 1y 6.3, moi 4nh xa tuyén tinh f : 7 — W hoan toan dwgc xac dinh bai anh coa
mdt co s& cua V. Gia st A = {el,...,en} 1a mot co s¢ cia V' thi anh xa tuyén tinh f* hoan
toan dugc xdc dinh boi hé véc to {f(ep),..., f(e,)}. Mat khéc theo chuong 3-(1.3), néu
B'={wy,..., @, } 1amot co s¢ ciia W thih¢ {f(e}),..., f(e,,)} hoan toan duoc xac dinh boi
ma trdn ¢& MX 1 c6 1 cdt la cac toa do cua cac véc to f(e)),..., f(e,,) trong co s6 A" . Vi

A 7, . . Jf ' I v X P \ \ , . I
vay voi hai co sé B 3 A cho trude thi anh xa tuyén tinh f hoan toan dugc xac dinh boi ma

tran 4 = [aij ]mxn , trong d6

m
fe)) :Z“ija’i; j=L..,n (6.8)
i=1
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Binh nghia 6.6: Ma trn 4 c6 cdc phén tir @;; xéc dinh bdi (6.8) dugc goi 1a ma tran cua dnh
xa tuyén tinh £ trong co s6 A cia Vva RB' ciua W .
Nhur vdy ma trén ciia 4nh xa tuyén tinh 1 trong co'so & cia ¥V va &' cia W 1a ma trén c6
cc cot 1a toa 4o cita { £ (€] ),..., f(e,)} viét trong co s6 A"
Vidu6.2: Xétanhxa f: R - R?
(x,y,2) > (2x+y—4z3x+5z2)
£(1,0,0) = (2,3) = 2(1,0) + 3(0,1).
£(0,1,0) = (1,0) = 1(1,0) + 0(0,1).
7(0,0,1) = (—4,5) = —4(1,0) + 5(0,1) .

Vay ma trin ciia f trong co s chinh tic cua |R3 va |R2 la

2 1 -4
A=
B 0-11%
Néu (Xq,...,X,,) 14 toa dd cua v € V trong co s& 4 .
(V] 5ee» Vi) 1atoa d6 cia f(v) € W trong co s A thi
b X

= [al-j ]mxn ; (6.9)

Ym Xn

yyr=ay1xy +...+ A Xy
hay = 0 . AN i, (6.10)

(6.10) duoc goi la biéu thirc toa do cua anh xa tuyén tinh f .
Gia st V,W 1a hai khong gian véc to véi hai co sé lan luot A = {el,...,en} va

ap __ re oz A ’ . v s A ) _ ..
ﬁ—{a)l,...,a)m}.Vcn anh xa tuyén tinh f : 7 — W thi c6 ma tran twong Ung A—[ay ]mxn

xac dinh bai ( 6.8).
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Nguoc lai, cho ma tran A4 = [aij]

, biéu thirc toa d¢ (6.9) xac dinh anh xa f:V —> W
mxXn

comatranla 4 € My, , . Vay c6 twong timg 1 - 1 gita Hom(V,W) va A .Hon nita, ta dé
dang chimg minh duoc rang néu 4, B 1a ma tran cia f, g thi A+ B lamatrdn clia f + g va
kA 1a ma tran cta kf ,voimoi k eR.

Dinh 1y 6.11: Tuong timg  Hom(V, W) — M, ,
f = A
xac dinh béi (6.8) 1a mot dang ciu tuyén tinh va 7( f) = r(A).
Chtmg minh: Hang 7(A) ctia ma tran A 1a hang ctia h¢ cac véc to cot {f(el )ses f (€ )}
dodé r(A)=dim f(V)=r(f).

Cho hai anh xa tuyén tinh [, g: V S Ny /- SN V, V' V" ¢6 cosé lan luot
la P = {el,...,en}, PB'= {e'l ,...,e'm}, P"= {el",...,el"}. Gia st A la ma trn cta f
trong co sO e%’, A" va B 1a ma tran cua g trong co s& B, PB" thi BA 1a ma tran cua

go [ trong co sé B, B" (xem thém (3.1)). That vay:

m
A:[aij]mxn , trong d6 f(ej)zzaije'i ; j=1..,n
i=1

/

B = [bki ]lxm , trong d6 g(e';) = Zbkie”k si=1...,m
k=1

m m
Taco  gof(e;)=g| Y aye; |=> a;g(e;)
i=1 i=1

m [ [ [ m

= Zal] bkl'enk = Z Zbkial'j €"k .
i=) k=1 k=I\i=1

Diéu nay chimg t6 BA lamatrancia go f .

Khi V' =V"'=V" vata chon c6 dinh mot co s& cua V' thi c6 twong tGng 1-1 gifta cac tu
dong cau cta V' va cdc ma tran vudng cap n.
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Dinh Iy 6.12: Tuong ing End(V)— .M,
f=4

la mot dé‘ing cAu vanh, trong 46 A 1a ma tran cua f trong mdt co s& ¢d dinh cua V' xac
dinh bai (6.8).

Chu y: Néu ta ky hiéu ma tran A, B tuong Gmg v&i anh xa tuyén tinh f°, @ trong mot co
s& c6 dinh cia V' xac dinh boi (6.8)1a f <> A, g <> B thi:

f+geo A+B
kf <> kA
fog<> AB
F(f)=r(4)
6.4.2 Ma trin ciia 4nh xa tuyén tinh trong cac co sé khac nhau
Giastt f :V — W laanh xa tuyén tinh.

Goi T 1a ma tran chuyén co s¢ | = {ela---»en} sang co s6 B = {e'l ,...,e'n} cua

khong gian V.

Goi P 1a ma tran chuyén co so % = {a)l,...,a)m} sang co s¢ %'2 = {a)'l ,...,a)'m}
cua W .

A lama tran ciia f trong coso Ay, A, ,
A' lama trdn ctia f trong co s e%"l i %'2
Thi A'=PAT (6.11)

Thatvay: Giasu A =ag] . A=[a'y] . P=[Pri] - T:[tij]

mxn

fle) = apop: f(e;)=) a0
i=1

i=l

m n
©;=) prog ;i €= lje
i=1 i=1
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m m m m
Ta c6 f(e'j)=za'ij60'i=za'ij Zpkia)k :Z Zpklay Df
i=1 i=l1 k=1 k=1

Mat khac:

m n
:Z Zakllj O

k=1\i=1

fle;)= 1D tie; Zr,,ﬂe,) Zr,, Zakl
=1 =

i=1 =

m
Do dé Zpkl-a'ij =Zakl-tl-j voimoi j=1,..,n
i=l i=l1

Suyra PA'= AT . Vay A'=P AT .
Dic biét néu f 1a tu dong céu cua khong gian véc to V. Goi A, A' 1a ma tran cia f

. 5 / 972 A \ A R N . Y N 3
trong hai co s& B R A" va T 1a ma trén chuyén tir co so B sang &' thi:

A=T74r (6.12)

ro A \ A S ) . O \ —1 \ A A
Chua y: Néu 7' 1a ma tran chuyén co s& B sang co so ' thi T~ 1a ma tran chuyén co

s P'sang co sé A (xem chi y 4.12 chuong 4 trang 114).
Dinh nghia 6.7: Hai ma tran A, B dugc goi la déng dang néu ton tai ma tran khoéng suy
bién T saocho B=T AT

Tir (6.12) cho thiy hai ma trin cia mdt tu dong cdu bat ky trong hai co s khac nhau 1a
ddng dang. Néu A, B dong dang thi det 4 =det B. Vi vay ta ¢ thé dinh nghia dinh thtic cia
mot ty dong cdu f 1a

det f =det 4 (6.13)

trong 46 A 1a ma tran ctia f trong mot co s& nao do.
6.4.3 Anh xa tuyén tinh va h¢ phwong trinh tuyén tinh

Cho 4nh xa tuyén tinh f* c6 biéu thirc toa do xac dinh boi (6.7), (6.8). Khi d6 hé phuong
trinh tuyén tinh (5.1-5.4) twong tng (trang 130-131) ¢6 nghiém khi va chi khi

belmf

va (xl,...,xn

CuuDuongThanCong.com

) 1a nghiém khi va chi khi £ (xq,...,

(6.14)

x,)=b.
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Chuwong 6: Anh xa tuyén tinh

(xl,...,xn) 1a nghiém cta phuong trinh tuyén tinh thuan nhét (5.9) (trang 137) khi va
chi khi
(xq,....x, )e Ker f (6.15)

Nhén xét: Tir hai dinh 1y 6.11 va 6.12 ta thdy rang mot bai toan vé anh xa tuyén tinh c6 thé
chuyén sang bai toan ma tran, hé¢ phwong trinh tuyén tinh va nguoc lai. Chang han dé ching minh
dinh thtrc ctia ma tran A khéc 0 ta chi cAn chig minh ty dong ciu tuyén tinh c6 ma tran 1a A 1a
don cau hodc toan ciu, hodc hé phuong trinh tuyén tinh twong timg c6 duy nhat nghiém.

6.5 CHEO HOA MA TRAN
Trong phan ndy ta giai quyét bai toan: Véi ty dong céu tuyén tinh f cua khong gian V',

hay tim mot co s& ctia V' dé ma tran cia f  trong co s& nay c6 dang chéo:

A O
O 4

Bai toan trén ciing twong duwong véi bai toan: Cho ma trdin A4 tim ma tran khong suy bién

(6.16)

T saocho T VAT co dang chéo.

Ta s& chi ra khi ndo bai toan ndy cé 1oi giai, cach tim ma trdin 7' va tim co s& dé ma tran

clia f trong co s nay c6 dang chéo.
6.5.1 Khong gian con bit bién

Dinh nghia 6.8: Khong gian con W ciia khong gian V' dugc goi la bat bién ddi voi tu dong
cau f trén V néu f(W)CW.

Gid su {el,...,ek} 12 mét co so cia W, ta bd sung dé {el,...,ek,ek+l,...,en} la co s¢

cua V' . Véi co sé ndy ma tran cua f co6 dang

A

102

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Churong 6: Anh xa tuyén tinh

Néu V =W @ W, , Wy,W> bétbién d6i véi f thi cé thé chon co s dé ma tran cia [

c6 dang

.

k n—k

6.5.2 Véc to riéng, gia trj riéng

Dinh nghia 6.9: Néu ton tai véc to veV , v#0 sao cho f(v)=Av thi A dugc goi la
mot gia trj riéng va v 12 véc to riéng Gng véi gia trj riéng A cia tu dong cau f .

Véimdi A € R, ky hiéu

V) ={veV|f(v)=v}=Ker(f - Jidy) 6.17)

R& rang rang Vx 1a khong gian con cua V.

Dinh nghia 6.10: Néu A 1a gid tri riéng thi 7} duogc goi 1a khong gian riéng (g véi gid tri

riéng A

Pinh 1y 6.13: 1) A la gid tri riéng ciia f khi va chi khi ¥ # {0}.

2) Néu A 1a gia tri riéng cta f thi moi véc to v#0 cua V, déu 1a véc to riéng tng véi
gia tri riéng A

3) Voimoi A, khong gian con ¥V bét bién dbi voi f.

Chiing minh: Ta chung minh 3)

a) Truomg hop ¥ = {0} 1a hién nhién.

b) Trudong hop V; 1a khong gian riéng:

Véimoi velV; = f(v)=Av
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= f(fO)=f() =)= f(v) eV, (6.18)

Dinh nghia 6.11: A duoc goi 1a gia tri riéng cua ma trin A = [aﬁ] o néu ton tai
nxn

X],---sX,, khong dong thoi bang 0 sao cho

X1 X1 X1 0
A =2 ¢ | hay (A-A1) & |=|: (6.19)

Xy, Xy, Xy, 0

Khi d6 v = (X{,..., X,,) € R" duoc goi la véc to riéng émg véi gié tririéng A .
6.5.3 Da thirc dic trung

Dinh nghia 6.12: Gia st f* la mot ty d6ng ciu trong khong gian véc to 7 chiéu V' c¢6 ma

tran A trong mot co sd nao d6 cia V. Khi do:
P(A) = det(f — didy ) = det(A — AI) (6.20)

1a mot da thic bac 1 cua A khéng phu thudc vao co sd cua V' duoc goi 1a da thic dic

trung ciia f vacta A.
Dinh 1y 6.14: 7\,0 1a gié trj riéng ciia f* khi va chi khi 7\0 la nghiém cua da thirc déc trung.

Chimg minh: ¢ 1a gié tr riéng khi va chi khi ; # {0}. Pidu nay twong duong véi céc diéu
tuong duong sau: anh xa f — Aoid} khong don cau, h¢ phuong trinh tuyén tinh thudn nhat (5.9) c6
nghiém khéng tam thudng. Vay r(f — Apidy )< n; det(f — Apidy ) =0, det(A - /10])2 0.

’ N r A \ s 7 s tA 5 A A 2 J A ’ <
Vi du 6.3: Tim véc to riéng va gia tri riéng cua ty dong cau trong R c6 ma tran chinh tic

32
la A= .

Phuong trinh ddc trung

-1 -4 A-1 -4

3T
PA)= 0 2-

1-4 2 2
‘ ‘ ﬂ‘:a—z)(z—z):o

c6 cacnghiem Ay =1, Ay =2.
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* Véc to riéng v = (X, V) ng v6i gié tri riéng A) =1 1a nghiém cua hé

i o) 15 AL )

Hé phuong trinh twong duong véi phuong trinh x + y = 0.
vay v=(x,—x)=x(1,-1), x#0.

* Véc to riéng v = (X, V) ng v6i gié tri riéng Ay = 2 1a nghiém ctia hé

i 1 2

Hé phuong trinh twong duong véi phuong trinh x +2y =0.

Vay v=(-2y,y)=y(=2,1); y#0.

Dinh 1y 6.15: Moi tw dong cu [ trong khong gian thuc 7 chiéu (n >1) déu c6 it nhat
mot khong gian con bét bién mot chidu hodc hai chiéu.

Chimg minh: Gia st 4 12 ma tran cta tu dong ciu f* trong co s& {el yeees €1 } Pa thuc dac
trung P(A) = ‘A - /U‘ 1a da thie bac 72 cua A . Néu phuong trinh P(A) =0 c6 nghiém thuc
Aq thi theo Dinh 1y 6.14 va Dinh nghia 6.9 ton tai v # 0 sao cho f(v) = Ayv. Khong gian con
mét chidu sinh boi {v} bét bién dbi véi f. Néu phuong trinh P(1) = 0 khong cé nghiém thyc
thi ¢6 it nhat mot nghiém phirc A1 = a +ib (xem phu lyc). Xét hé phuong trinh tuyén tinh phirc

Z] 0
[4-AIl| : |=]|: (6.21)
A 0
Twong tw nhu trudng hop hé phuong trinh thuan nhat thuc (5.9), vi det(A - A1 ) =0 nén

h¢ phuong trinh (6.21) ton tai nghiém (z{,...,z,,) khong dong thoi bang 0, nghiém (z1,...,2,,)
khong thé 1 nghiém thue.

Gia st z1 = x1 + IV1,..., Z;; = X, + 1y, thi X,...,X, va yqi,..., y,, khong ti 1¢. That
vay, néu x1 = kyq, ..., X,, = ky,, thi
Z X1 0 X1 0
[a-11]| ¢ | =[4- 1)1+ k) = [4-4I]| ¢ |=

Zy x,l |0 x,l |0
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diéu nay trai véi gia thiét A; 1 mot s phirc nén (6.21) khong thé c6 nghiém thyc khéc 0.

bat v=Xx1e +...+ x,e,, u=yie +...+y,e,, Vi X,..., X;; va y{,..., ,, khong ti

1€ nén hé hai véc to {v,u } doc lap. Mat khac béng cach déng nhét phén thuc va phén 40 cta sb

phtc ta suy ra

X1 X1 Y1 Y1 X1 Y1
Al | =al : |=b| : |; A| : |=b| : |+a| :
X p Xn Yn Yn X n Yn
v)y=av—bu
Vay S (6.22)
f(u)=>bv+au

Do d6 W = span {V,u} 1a khong gian con hai chidu bat bién ddi véi f.
6.5.4 Tuw dodng ciu chéo hoa dwoc

Dinh nghia 6.13: Tu dong ciu f trong khong gian véc to V chéo hoa dugc néu ton tai mot

coso cua V' dé ma tran cia f trong co s& nay co dang chéo.

Tur dinh nghia ndy ta thay ring f chéo hoa dugc khi va chi khi ton tai mot co s& cia

V' goém céc véc to riéng ctia f .

Mot cach twong duong, ta néi ma tran A chéo hoa duoc néu ton tai ma tran khong suy bién

T sao cho T_IAT 1a ma trin chéo.
DPinh ly 6.16: Gia su Vvy,...,V,, la cac véc to riéng Ung voi cac gia tri riéng phan biét
A seees Ay cla tu dong céu £ thi hé véc to {Vl yeees Viy } doc 1ap tuyén tinh.

Chtng minh: Ta chimg minh quy nap theo k ring hé {Vl yeuns vk} doc 1ap tuyén tinh véi
1<k<m.

* Khi k£ =1 hé mot véc to V| # 0 1adoc lap tuyén tinh.

* Gia st hé {vl,...,vk} véi 1<k <m-—1 doc lap tuyén tinh. Ta ching minh hé

V1o Vis Vs ) doc lap. That vy, gia st
XV + e+ X5V + X5 Vs =0 (6.23)
= f(xv +o o+ X5V X541V 41) =0
= ﬂ,lxlvl +...+ ﬁkxkvk + /1k+!xk+1vk+1 =0 (6.24)
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Nhan Ay | vao (6.23) r0i trir cho (6.24) ta duoc

(A1 = ADX1 + o+ (A1 = Ag)xp v =0

Vi {vl,...,vk} doc lap va cac Aq,...,A4,, khac nhau ting d6i mot suy ra
X| =...= X} :O:>xk+1 =0.

Hé qua 6.17: Néu da thiic dic trung clia tw dong cau f trong khong gian 7 chiéu V' ¢

ding 1 nghiém thyc phan biét thi f chéo hoa duoc.

Chimg minh: Vi da thirc dac trung c6 # nghiém phan bi¢t nén 7 véc to riéng tuong ng
voi 1 gia tri riéng nay 1a mot hé doc 1ap, do d6 1a mot co sé cua V' gém cac véc to riéng cua f .

Vay f chéo hoa duoc.
Hé qua 6.18: Gia st da thirc dac trung cua tu déng cdu f chi c6 cac nghiém thuc:

P = (=1)" (A= 2)™ (A= 2)™ V& my+..tmy =n va cic Ap,.., Ay khic
nhau tung d61i mot. Khi do f chéo hoa dugc khi va chi khi véimoi i =1,...,k:

dimV; =m;. (6.25)

Churng minh: ((I) : Trong moi Vﬂi ta chon mot co s& gé)m m; véc to. HE n véc to gop

lai tir cac véc to cua cac co s& vira chon la mét hé dde 1ap tuyén tinh, do d6 hé nay 1a mét co s&
cua V' gom cic véc to riéng cua f . Vay f chéo hoa duoc.

(:>) : Gia sur f chéo hoa duogc, khi d6 ton tai co s¢ gom cac véc to riéng dé ma tran f

H O
O

c6 dang chéo

n
= PO = (1" - ). (A~ )
Suy ra cac gid tri riéng 44 ,..., 4,, phaitrung v6i Ap,..., A .
Vay c6 ding m; gia tri riéng trong cac f4),..., i, bang A;, i =1,....,k . Do d6 c6 ding

m; véc to riéng Gmg voi gié tri riéng A;, nghiala  dim V;tl, =m;.
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6.5.5 Thuat toan chéo hoa

7

& Bai toan 1: Cho ty dong cau f trén khong gian V. Hiy tim co s¢ ctia V' dé ma tran
f trong co s& nay c6 dang chéo.

<> Bai todn 2: Cho ma tran A vudng cap 7. Tim ma trdn khong suy bién 7' sao cho
T_IAT c6 dang chéo.

Cho tu ddng cau f trong khong gian véc to V. Gid st A = {el,..., en} 1a mot co s&
trong V' va ma trin cia f trong co s& B 1a A.Khi d6 bai toan 1 trd thanh bai toan 2. Nguoc
lai, cho ma tran vuéng A ta xét anh xa tuyén tinh f ‘R" 5 R” coma tran trong co so chinh
tic la A . Khi d6 bai toan 2 trd thanh bai toén 1.

Vi vy, dé giai hai bai toan nay ta can tim co s AB'= {e‘l T e'n} gdm cic véc to riéng
cua f va ma tran can tim 7 chinh 1a ma tran chuyén tir co s& B sang B Vay ta can thuc hién

céc budc sau:
Budc 1: Tim nghiém cua phuong trinh déc trung:
P(A) :=det(f — Aidy )= det(4—AI) =0
= PA)=(-D"A=A)™ .(A- )"k
Budc 2: V6i mdi gid tri riéng A; ta tim céc véc to ring V=Xxj€| +...+ X, €, b
(x1 seens X ) la nghiém cua hé phuong trinh

X1 0
[4-A1] ¢ | =|: (6.26)

X4, 0
Tap hop nghiém la khong gian con di chiéu; di =n- I’(A - ﬂ,i[).

Néu d; < m; véi I naodd, 1<i<k thi f khong hod chéo dugc.

Néu d ; = m; thi ta chon m; véc to doc lap tuyén tinh (mg voi gi tri riéng A;, v6i moi

. A A 7 r :A 2\ \ 5 i A 3
i=1..,k.H¢ gom my + ...+ my = n céc véc to riéng ndy 1a co s¢ ' can tim.

2 -1 0
Vidu6.4: Chéohdéamatrin A=| 9 4 6
-8 0 -3
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Da thirc dic trung ctia 4

2-4 -1 0 3-4 3-4 3-4

PA)=| 9 4-1 6 |=| 9 4-1 6
8 0 -3-4 |-8 0 -3-2
1 0 0
=(3-1)9 -5-4 -3|=@G-ADA-DA+])
8 8 5-4

Do d6 A c6 cac giatririeng 4y =—1, 4y =1, 43 =3 .

*) Gid tri riéng A =—1 c6 véc toriéng v = (x, ¥, z) 1a nghiém ctia hé phuong trinh

3 -1 0 ||x 0
9 5 6 ||ly|=]0
-8 0 =-2||z 0
3 -1 0 3 -1 0 3 -1 0
Ta c6: 9 5 6 |« 0 0 0 |<|0 0 O
-8 0 -2 -8 0 -2 4 0 1

Vay hé phuong trinh trén twong duong voi he:
3x—y=0 y=3x
=
4x+z=0 z=—4x
v=(x,3x,~4x)=x(1,3,~4) chon e';=(1,3,-4).

**) Gia tri riéng A =1 ¢6 véc to riéng v = (X, y, Z) 1a nghiém ctia hé phuong trinh

1 -1 0 ||x 0
9 3 6 ||lyl=|0
-8 0 —-4||z 0
1 -1 0 1 -1 0
Ta cé: 9 3 6|« 0 0 0
-8 0 -4 -2 0 -1
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Vay h¢ phuong trinh trén twong duong voi hé:

X —Yy =0 xX=Yy
=
2x +z=0 z=-2x
v=(x,x,-2x)=x(1,1,-2) chon €'y =(1,1,-2).

#%%) Gia tri rieng A =3 ¢6 véc toriéng v = (X, ¥, z) 1a nghiém ctia hé phuong trinh

-1 -1 0 ||x 0
9 1 6 ||yl=|0
-8 0 —-6]||:z 0
-1 -1 0 I 1 0
Ta co 9 1 6 |<|0 0 0
-8 0 -6 4 0 3
Vay h¢ phuong trinh trén twong duong véi hé:
X &Ly =0 XS ns
= —4
4x +3z=0 Z=—X
3
-4 X
V= (x’_x,ij = 5(3,—3,—4) chon e'3=(3,-3,-4).

Co s6 m&i gdm céc véce to rieng AB'= €', e’y ,e's (. Ma tran chuyén co s&
g g 1:¢€2,€3 Yy

1 1 3
Tr=| 3 I -3
-4 -2 -4
-1 0 0
Dods T'AT=|0 1 0f.
0O 0 3
3 =20
Vidu6.5: Chéohdamatrain A={—-2 3 0
0 0 1
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Da thire dic trung ctia 4

3-4 -2 0] |1-2 -2 0] [1-4 -2 0
PA)=| -2 3-1 0 |=[1-4 3-4 0= 0 5-4 0
o o0 1-4]0 0 1-4 0 0 1-1

=(5- )1 -1)2.
Dod6 A cocacgiatririeng A =5 va Ay =1 (kép).

*) Gid tri riéng A =5 ¢6 véc toriéng v = (X, ¥,z) la nghiém cta h¢ phuong trinh:

-2 -2 0 ||x 0
-2 =2 0 ||ly|=|0
0 0 -4|lz 0

¢6 hé phuong trinh twong duong:

x+y =0 X==y
=
z=0 z=0

v=(=y,7,0)= y(=1,1,0) chon e =(~110).

**) Gia tri riéng A =1 ¢ véc toriéng v = (X, y, Z) 1a nghiém ctia hé phuong trinh

2 =2 O0f|x| {0
-2 2 O0f|y|=]0
0 0 O0f|lz 0

Hé phuong trinh trén twong dwong véi phuong trinh: x — y =0, z tuy y.

v=(x,x,2z)=x(11,0) + z(0,0,]) chon €', =(1,1,0), e'3=(0,0,1).

-1

Ma tran chuyén co s¢ 1T =

1
1
0

- o O

5
va T4 =0
0

oS — O
- O O

1
0
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Chuwong 6: Anh xa tuyén tinh

-1 1 1
Vidu6.6: Chéohdéamatran A=| 1 -1 1
1 1 -1
Pa thire dic trung ciia 4
-1-4 1 1 1-4 1 1
P(A)= 1 -1-4 1 [=|1-4 —-1-4 1
1 1 -1-4 [1-4 1 -1-4
1 1 1
=(1-A)0 -2-4 0 |=(1-2)A+2)°.
0 0 -2-1

Da thirc dac trung c6 nghiém A =1 va Ay = -2 (kép).

*) Gia tri riéng 2,1 =1 c6 véc torieng v = (X, ), z) 1a nghiém cua h¢ phuong trinh

-2 1 11[x] Jo
1 -4 1 =10
1 0 =-2|[z]| |0
-2 1 1 9 N 1] -1 0
Taco | 1 =2 1 || 3 =3 Oe{l -1 0
1 1 =2 0 0 0 0 0

Vay h¢ phuong trinh trén twong duong voi:

—x+z=0 X
—
x— y=0 X

v=(x,x,x)=x(I,1L1) chon e =(1LL1).

y
**) Gid tri riéng Ay = —2 ¢6 véc to riéng v = (X, ¥, z) 1a nghiém cua hé phuong trinh

I 11 0
1 1 1 =0
I 11 0

N2 R
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Churong 6: Anh xa tuyén tinh

Hé phuong trinh trén twong duwong véi phuong trinh: x + y+z =0.
v=(=y-2zy2)=y(-110)+z(-1,0,]).

Chon €'y =(~1,1,0), e'3=(-10,1).

I -1 -1 1 0 O
Matran chuyéncoso T=|1 1 0 | va TlaT=l0 -2 0
I 0 1 0 0 =2
1 -3
Vidu6.7: Chéohdamatrin A=|4 -7
6 —7
Da thire dic trung ctia 4
1-4 -3 4 1-4 -3 4
PA)= 4 -T7-2 8 [=2+24 —-1-4 0
6 -7 T—A 6 -7 T-A
-5-1 -3 4 -1-4 -3 4
=(1+2) 0 -1 0 |[=1+4) O -1 0
-8 =7 T-4 -1-4 -7 7-2
-1-4 -3 4
=(1+4) 0 =1 0 |=@=-A)A+1)>.
0 -4 3-1

Da thirc dic trung ¢6 nghiém A =3 va Ay =—1 (kép).

Gié tri riéng Ay = —1 ¢6 véc to riéng v = (X, »,z) 1a nghiém ctia hé phuong trinh

2 -3 4][x] [o
4 -6 8|ly|=|0
6 -7 8]|z] [0
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Chuwong 6: Anh xa tuyén tinh

Bién dbi ta dwgc hé phuong trinh twong duong:

{2x—3y+4Z:O {y=2z
=

o = v=(x2x,x)=x(1,2,1)
y-2z=

X=2Z

Vay khong gian riéng Vﬁz = {x(l,Z,l)‘ Xe R} c6 dim V/12 =1< 2 nén ma trin khong

chéo hoa duoc.
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Chuong 7: Khong gian véc to Euclide dang toan phwong

CHUONG 7: KHONG GIAN VEC TO EUCLIDE
DANG TOAN PHUONG

7.1 TiCH VO HUONG, KHONG GIAN VEC TO EUCLIDE
7.1.1 Céc dinh nghia va tinh chat

Dinh nghia 7.1: Mot dang song tuyén tinh trén khong gian véc to ¥ 1a mot anh xa

n:Vvxy —> R
(u,v) = nu,v)
sao cho khi c6 dinh m&i bién thi n6 tro thanh anh xa tuyén tinh d6i véi bién kia.
Nghia 1a véi moi X, X5, ¥1, V2 € R, véimoi uy,uy,vyu,vy,vy €V thi
n(xquy + xquy,v) = xi1(uy, v) + x217(uy, v)

n(u, y1vy + yova) = yin(u, vi) + yon(u,vy). (7.1)

Dinh nghia 7.2: Dang song tuyén tinh N duoc goi la co tinh:

i) Déiximg: Néu n(u,v)=n(v,u) véimoi u,veV ; (7.2)
ii) Khong am: Néu 7(u,u) >0 véimoi u €V'; (7.3)
iii) Khong dwong: Néu 7(u,u) <0 véimoi u €V ; (7.4)

iv) Xéac dinh: Néu 77(u,u) = 0 khi va chikhi u =0 (7.5)

Ta d& dang thay rang 7] xac dinh duong khi va chi khi 77(u,u) > 0 v&imoi u # 0.

Mot dang song tuyén tinh ddi xtimg xac dinh dwong dugc goi 1a tich vo hudng. Ta thuong

ky hiéu tich vo huéng cua # va v 1a <u,v> thay cho 77(u, V).

Mot khong gian véc to V' véi mot tich vo huéng <> duoc goi la khoéng gian véc to
Euclide.
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Chuong 7: Khong gian véc to Euclide dang toan phuwong

Vidu 7.1: Trong khong gian véc to R2 cac véc to ty do trong mit phiang va khong gian véc

to R3 cac véc to ty do trong khong gian, ta xét tich vd hudng cua hai véc to theo nghia thong

—

v cos(;,;) :

thuong u-v= ‘u‘ .

Ta dé dang kiém ching dugc tich vo hudng (theo tén goi thong thuong) 1a mét dang song
tuyén tinh xac dinh duong, do d6 né 1a tich vé huéng theo dinh nghia trén. Vay R2 ] R3 1a hai

khong gian véc to Euclide.

Vi du 7.2: Xét khéng gian véc to R” = {(x .., %, )x; € Rsi =1,...,

Vi X =(X]5ees X))y V=V]seees V) € R”, ta dinh nghia:

<x,y>:x1y1 +...+Xx,V, (7.6)
thi (R” (, >) 1a mot khong gian véc to Buclide.
Gia str (V,< , >) la mot khong gian véc to Euclide.

Dinh nghia 7.3: V&i mdi véc to v € V ta dinh nghia va ky hiéu chuan hay médun cua véc
to v qua biéu thirc

V= +/(v.v). (7.7)

Néu ||V =1 thi v duoe goi 1a vée to don vi.

Tinh chat 7.1: Bat ding thirc Cauchy-Schwarz

Véimoi u,veV thi ;)] < ] - ] (1.8)
Ding thirc xay ra khi va chi khi u, v ti 1¢.

Chimg minh: Néu mét trong hai véc to bang O thi ca hai vé cua bit déng thirc trén déu

bang 0, do d6 bét dang thirc nghiém ding.
Giasit v# 0 thi véimoi f € R taco: (u+tv,u+1tv)>0.
Mit khac (u + 1v,u +1v) = t2HvH2 +21(v,u) + HuH2 1a mot tam thirc bac hai déi véi ¢

va ludén ludn khong am. Vi vy A'= Kv,u>‘2 —Hvuzuuuz < 0. Tir d6 suy ra bat dang thic
Cauchy-Schwarz.
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Chuong 7: Khong gian véc to Euclide dang toan phwong

. . 2
Khi = kv i |(u,v) = {(kv,v)| = el " = o] - o] = o -] -
Nguoc lai: néu ‘<u,v>‘ = HMHHVH thi A'=0. Suy ra ton tai fy5 €R sao cho
<u +tgv,u + t0v> =0=>u=—tyv.

Ap dung bat ding thic Cauchy-Schwarz vao khong gian R”" ta c6 bit dang thuc
Bunnhiacopsky:

2 2 2 2 2
(x1y1+...+xnyn) S(xl +..+X, Xyl +...+Y, ) (7.9)
Diang thirc xay ra khi va chi khi X| =W Xy =0V
7.1.2  Truec giao - true chuin hoa Gram-Shmidt

Dinh nghia 7.4: Hai véc to #,v € V' goi 1a truc giao nhau, ky hiéu # L v, néu <u, v> =0.

Hé cac vécto S = {Vl R } cua V' duoc goi 1a hé truc giao néu hai véc to bat ky cua hé
S’ déu truc giao nhau.

H¢ truc giao cac véc to don vi dugc goi 1a hé truc chuén.

Dinh 1y 7.2: Moi h¢ truc chuan 1a hé doc lap tuyén tinh.

Chung minh: Néu hé S = {vl,..., vy } truc chuan va xqv| +..+x,v, =0 thi

xX; = <x1v1 +...+xnvn,vl-> =0 véimoii=1,...,».

Pinh Iy 7.3: Gia sit S = {uu,...,u,, } 1a mot h¢ doc lap tuyén tinh céc véc to ciia khong
gian Euclide V. Khi d6 ta c6 thé tim duwoc hé tryc chuin S'= {vl,...,vn} sao cho
span{vl,...,vk}z span{ul,...,uk }; voimoi k=1,...,n.

Chung minh: Ta xay dung hé truc chuan S theo cic bude quy nap sau diy ma duoc goi 1a
qua trinh tryc chuan hoa Gram-Shmidt.

u
&) k=1:Vihe S doclapnén 1y #0. Pat vy = —

el

o) k=2: Xét E:_<u2,vl>vl+u2,ta ¢ 67&0 (vi néu 620 thi uy = kvy,

| . A% 5
diéu nay trdi voi gia thiet hé S doc lap). Dat Vy = Hrz , hé {Vl,vz} truc chuan va
|

span{vy,vy }=spanfuy,us §.
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Chuong 7: Khong gian véc to Euclide dang toan phuwong

¢) Gia sir da xay dung duoc dén k—1. Thc co {Vl,...,vk_l}truc chuan sao cho

span{vl,...,vk_l } = Span{ul,...,uk_l}. Tuong tu trén ta xét

k-1

Ez—z<uk,vi>vl- +uy (7.10)
i=1

taciing c6 vy #0 (vinéu vy =0 thi 1 1a t hop tuyén tinh cita Vy,..., Vi1 do d6 Ia

t0 hop tuyén tinh ciia uy,..., ], di€u ndy mau thuan véi gia thiéthe S doc lap). Dat

\%
v = k‘ (7.11)

Vk

thi vip Lv;;i=1..,k—1.Vayhé {vl,...,vk} tryc chuén va
span{vl,...,vk}zspan{vl,...,vk_l,vk}z span{ul,...,uk_l,uk}.
Vi du 7.3: Hay truc chuan hoa hé S = {ul,uz,ug,} trong |R3

véi up =(LL1), ur =(=LL1), uz =(1,2,]).

u I 1 1
Buce 1: ug] =3 = VI:H“iH:(\/? 3%).

Budc 2: E = —<u2,vl>vl +uy

Bu6c 3: v3 = —<u3 » V] >v1 3 <u3, 1%} >V2 +uj

sl dderde 0203
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Chuong 7: Khong gian véc to Euclide dang toan phwong

{Vl ,V2,V3 } 13 hé véc to truc chuan hoa cia hé {ul ,Up, U3 }

7.1.3 Co sé true chuin

Dinh nghia 7.5: Mot co s& ctia khdng gian véc to V' ma 1a hé truc chuan dugc goi la mot co
s& true chuan.

Dinh 1i 7.4: Moi hé truc chuan cia V' déu co thé b sung thém dé tré thanh co sé truc
chuén.

Chiing minh: H¢ gém k véc to truc chudn S 13 hé doc lap tuyén tinh nén ta co thé bd sung
thém dé duoc mét co sé cia V .Truc chuan hoa Gram-Shmidt co s nay dé duoc mét co sé truc
chudn cua V. Trong qua trinh truc chuén hoa k véc to ciia hé S khong thay ddi vi vay thuc chét

ta da bd sung vao hé S dé c6 co so tryc chuan cua V.
Hé¢ qua 7.5: Moi khong gian véc to Euclide déu ton tai co so truc chuén.

Dinh 1y 7.6: Gia su {el yeees en} 12 mot co s truc chuan cua V' thi véimoi u,v €V, taco

i) v:<v,el>el +...+<v,en>en. (7.12)
ii) <u,v> =<u,el><v,el> i, . T3 <u,en ><v,en>. (7.13)
iy P = () + .ot (naey) (7.14)

Chung minh: Cac dang thire trén duogc suy ra tir cac khang dinh sau:

Néu v=uxje +...+x,e,, U=ye] +..+ Y&,
thi <v,ei> :<xlel +...+xnen,el-> =Xx; véimoii=L,...,n
va <v,u> = <X1€1 t.o.tX,e,, 1€ t...+ ynen> =XV et X0 V5-

7.1.4 Khong gian con truc giao, phan bu truc giao

Dinh nghii 7.6: Véc to v €V duoc goi 1a truc giao véi tdp con S <V, ky hicu v L S,
nuv Lu véimoiuels.

Tap con Sy truc giao véi tap con S,, ky hicu S; L S,, néu v Lu véi moi
veS,ues,.

Tinh chat 7.7:

1)Néu v L S thi v L spanS'.
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2) Gid sit {e,...,ey } 1a mot co s& ciia W thi v LW Kkhi va chi khi v L ¢;, véi moi
i=1...k.

3) Vé&imoi tap con S < V. Taky hiéu SJ‘ :{VEV‘vLu,VuES}.

Tap S L 1a khong gian véc to concua V.

4) V6i moi khong gian con W cia V. Ta co:

ywewt (Wi)l 4
Hai khong gian con W, VVL duogc goi 1a phan bu tryc giao cua nhau.
Chimg minh: 1) Véi moi u € spanS, u = xjuy + ...+ Xplj, U,..., Uy €S
= <v,u> = <v,x1u1 +.+ xkuk> = x1<v,u1> A+ .+ xk<v,uk> =0.
2) Hién nhién tir 1).
3)0e St = ST 4. Véimoi v,v, € ST, a, feR, ueS:
<av1 +,Bv2,u> :a<vl,u>+,b’<v2,u> =0 = av + py eSSt
4) Gia str {el,...,ek} 12 mot co sé truc chuan cua W .
VvelV , dat u =<v,el>el "« B <v,ek>ek ew.
Ta co: <v — u,el-> =0,Vi=l,..,.k= v—-ue wt.
vy V=W+Wt

Ngodita Ve W AW thi (uu)=0= u=0,dodo V=W @W.
Theo dinh nghia ta dé dang c6 W < (WJ‘)L

Nguoc lai véi moi VE(WJ‘)L cV =>v=u+uy, uyeW,u, EWJ‘
= O:<v,u2>:<u1 +u2,u2>=<u1,u2>+<u2,u2>=<u2,u2>

S uy=0=>v=u;eW = (WL)LCW.
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NEUhG VEC 0 {€f 41501y | 12 MOt O 56 trurc chuéin ctia WL thi {ey ..., €4 €k 1 15erhpm |

1a co so truc chuan cua V' .

7.2 MA TRAN TRUC GIAO VA ANH XA TUYEN TiNH TRUC GIAO

7.2.1 Ma tran truc giao
Dinh nghia 7.7: Ma tran vuéng A duogc goi 1a ma tran tryc giao néu AtA=1.

Néu A= [al]] thi A 1a ma tran truc giao khi

I néu j=k
R (7.15)

n
D aijaix =3 ji ={
i=1

0 néu j#k’
o jk 1aky hiéu Kronecker.

Nhu viy ma tran tryc giao A 1a kha nghich va co A= AL Mit khac tir (7.15) ta ciing
thdy rang ma trin A truc giao khi va chi khi cac véc to cot va cac véc to hang cia A tao thanh

hai hé truc chuan.

Ta co

Adl=l1|=1 = [4] =1

/N3 =26 0
Vidu 7.4: Ma tran A= l/\/g 1/\/6 1/\/5 la ma tran tryc giao.
/A3 /6 —1/42

Vidu 7.5: Moi ma trin vudng cép 2 truc giao déu c6 dang

cos sin cos sin
A={ _¢ ¢} hay A=|: . ¢ q)}. (7.16)
—sin@ cos@ singp —cos@

That vay, ta d& dang kiém chimg hai ma tran 4 & trén thoa méan AtA =1.

) a b p a cla b 1 0
Nguoc lainéu A = vi A"A=1 thi =
c d b dic d 0 1
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a’+c? =1 )]
Suyra <ab+cd =0 (2)
b’ +d? =1 3)

Mit khac tir |4|=+1 va (2) & (3) suy ra b,d 1 nghiém duy nhét ciia h¢ phuong trinh

ax+cy=0
Cramer

bx+dy=1
= b——i, d i.
A4

Q)Néu‘A‘zlthiA:{a

b coS sin
}aa%bzzle:{ ¥4 (p}.
a —sing cos@

a b cos sin
o) Néu [ 4] = —1thi 4= b =lmas| 0 PR
b —a singp —cos@

Dinh 1y 7.8: Ma tran ctia mot hé truc chuan viét trong co sé tryc chuan la mét ma tran truc
giao. Bac biét moi ma tran chuyén tir co s¢ tryc chuan sang co s¢ truc chudn 1a ma tran tryc giao.

Chimg minh: Goi A = [al-j] la ma tran ctia h¢ truc chudn {vy,...,v, } viét trong co so
tryc chudn P = {el,..., en}.

n

n
Tir(7.12)taco v, = Zagjei ~ Z<ei’vj>ei

n

Tir (7.13)tacd Y a;d = <vj,vk> =0 jk

i=1

Vay A 1a ma tran truc giao.
7.2.2 Anhxa tuyén tinh truc giao

Dinh nghia 7.8: Gia sir (V( ) >V) va (V',{ , >V) 1 hai khong gian véc to Euclide. Anh
xatuyéntinh f :V — V"' duoc goi la dnh xa truc giao néu véi moi u,v eV :

(@), f W) = (usv),, (7.17)
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Ta d& dang thiy rang moi 4nh xa tuyén tinh truc giao déu don ciu. Vi viy moi ty dong cu
tuyén tinh truc giao 1a dang cau.

Dinh 1y sau chi ra rang, néu diéu kién (7.17) thod man do6i v4i moi véc to ciia mot co s¢ truc

chuan nao do thi f ciing 1a 4nh xa tuyén tinh.

Dinh 1y 7.9: Gia st [ 1a tu dong cdu tuyén tinh cua khong gian vée to Euclide V.
B =1e|,....e,} 1a mot co s& truc chuén cia V. Khi d6 f truc giao khi va chi khi

{f(el ),...,f(en)} 1a mot co s6 tryc chudn cta V.
Chimg minh: (=>): Hién nhién vi <f(el~),f(ej )> = <el-,ej>.
(<): Gia st {f(el),..., f(en)} 14 co s6 truc chuan thi véi moi U, v €V :
v=1xie| +...+x,6,, u=ye +..+y,e,
= () @)= (x1f(e) .t X, [ (en) y1f () .ot ¥ [ (en))
=XVttt XY, = <v,u>.
7.2.3 Ma tran cia tw dfmg cu truc giao

Giasot A= [aij] 1 ma tran cta tw dang cdu f trong khong gian Euclide V' véi co s
trec chuén B = {ey ..., e,, }. Theo dinh Iy 7.8 va dinh Iy 7.9 thi ty ddng chu f 1a tryc giao khi
va chi khi A 1a mét ma tran truc giao.

Viay ma tran cua tuy dang cau tryc giao trong mot co sé tryc chuan 1a mét ma tran tryc

giao. Nguoc lai, néu 4 1a ma tran truc giao va f  1a tu dong cau tuyén tinh ¢6 ma tran trong co

s& true chuan 1a A thi f* 1a anh xa truc giao.

Dinh 1y 7.10: Moi ma tran tryc giao chi c6 cac gia tri riéng 1a — 1 hay I
Chiing minh: Gia su f la tu déng cAu truc giao c6 ma tran trong mot co so truc chuin nao

d61a A.Néu A 1a mot gia tri riéng cua A thi tn tai véc to riéng v # 0 sao cho f(v) = Av.
Khids (f(v), f(0)) = (v, ) = 22 (v,v).
Mitkhdc (f(v), f(V)={(v,v) = 22 (v,v)=(v,V)
(v)#0 = 2> =1.vay A==1.
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7.3 CHEO HOA TRUC GIAO MA TRAN - TU PONG CAU POI XUNG
7.3.1 Bai toan chéo hoa truc giao
Cho ma trin A4 tim ma tran truc giao 1" sao cho T’ PAT 13 ma tran chéo.
Dinh 1y 7.11( diéu kién can): Néu A chéo hoa tryc giao dwoc thi A4 1a ma tran di xing.
Chig minh: Néu 77 AT 13 ma tran chéo thi (T’AT)’: T'AT Dods T'A'T = T' AT,
vi T kha nghich nén At =4.
Nguoc lai, ta s& chimg minh néu A4 d6i xtng thi chéo hoa truc giao duoc.
7.3.2 Tuw ddng ciu ddi xirng

Dinh nghia 7.9: Ty dong cdu f : ¥V — V' duoc goi 1a d6i xting néu véi moi u,v eV :

(f@),v)={u, f(v) (7.18)
Tinh chét 7.12: Néu & = {el yeres en} 1a mot co s cua V. thi ty dong cdu f1a d6i ximg
khi va chi khi véimoi 7, j =1,...,n,
(fle.ej)={enf(e))) (7.19)
That vay, néu cé (7.19) thi V' v =xje; +...+ x,€,, U = y1€] + ...+ V,e,:

<f(v),u> = <x1f(el) +..+x,f(e,), v +... F ynen>
= > Y flee;) =2 D xiyilen flep) = (v, fw)
i=1j=1 i=1 j=1

Nhu vdy dé ching minh mét ty dong céu 1a dbi xtng thi thay vi chitng minh cong thic

(7.18) diing véi moi V,u €V ta chi can ching minh cong thirc (7.19) ding véi mot co so nao do.

7.3.3 Ma trin ciia mdt tw dong cAu ddi xirng trong mot co' s¢' trie chuin

Gidsur 4= [aij] la ma tran cua tu déng cau f trong mot co s¢ truc chuan A = {el,...,en}
n n
:>f(ej)=2al-jel- :Z<f(€j),€l’>€l' (7.20)
i=1 i=1
Vay véimoi i, j =1,...,n: al-j:<f(ej),el-> .
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Chuong 7: Khong gian véc to Euclide dang toan phwong

Tir tinh chét 7.12, két hop véi (7.20) ta cé:

Dinh 1y 7.13: f ddi xtmg khi va chi khi ma trin 4 cta f trong mot co sé truc chuan nao

do6 1a ma tran doi xtmg.

Dinh 1y 7.14: Céc gia tri riéng ctia mot ma tran d6i xtng 1a cac sd thuc. No6i cach khac,
phuong trinh dic trung ciia ma tran d6i xtmg vudng cap 71 c6 1 nghiém thyc.

Ching minh: Gia st f 13ty dong cau dbi xtng c6 ma tran trong mot co so tryc chuan nao
d6 1a ma tran d6i xtmgA cép n. Gia st A =a+ib 1a nghiém cia da thuc dic trung

P(A) = ‘A - /U‘. Khi d6 theo Pinh 1y 6.15 ton tai hai véc to doc 1ap tuyén tinh u,v €V sao

X f(v)y=av—-bu
e f(w)=bv+au

Do d6 <f(v),u> = a<v,u> — b<u,u> , <v,f(u)> = a<v,u> + b<v, v>.

Vi f déixing suyra — b<u,u> = b<v,v> >0 = b =0.Noéi cach khac, moi nghiém cua
da thirc dac trung 1a nghiém thuc.

Dinh 1y 7.15: Hai véc to riéng tng v6i hai gia tri riéng khac nhau ciia mot ty déng cau ddi
xung la tryc giao nhau.

Chimg minh: Giasu f(v)) =4vy, f(v2)=Avo; vi,vp 2054 # Ay
thi /11<V1,V2> :<f(v1),v2> = <v1,f(v2)> = 2,2<V1,V2>
= (ﬂl—/lz)<vl,V2>=0 = <V1,V2>=0.

Dinh 1y 7.16: Néu f laty ddng ciu dbi ximg trong V' thi ton tai mot co sé truc chuan cua

V' gdm cac véc toriéng cua f .

Chtng minh: Theo Dinh 1y 7.14 f c6 véc to riéng u| Ung voi gia tri riéng Ay € R,
Hu1H =1.bat W) = {ﬂul‘ﬂ € R}: span{u; }.

1 1
W e W (fwhmn) = (v, f) = (v ) =0 = () eI
Vay Wy bétbién déivéi [ va ¥ =] @ Wy nén ta co thé xét

fi= Ay ot s> wt, dimwyt =dimy -1
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Chuong 7: Khong gian véc to Euclide dang toan phuwong

A A 5 A . \ r 5 A 5 _L A

Quy nap theo so6 chicéu ctua khong gian thi c6 co s& truc chuan {u D peens U n} cia W)™ gom
cac véc to riéng cua fl Do d6 {ul,uz,...,un} 1a co s truc chudn cia V gém cac véc to
riéng ctia f .

Hé qud 7.17: Moi ma tran dbi xung déu chéo hoa truc giao dugc.

Chung minh: Gia st f la tu déng céu ddi xtmg c¢6 ma trdin A trong co s& truc chuén
Jf . , X . \ 2 ogp! ' ' X , .
P = {el,..., en}. Theo Pinh ly 7.16 ton tai co so truc chuan P = {el 2 n} gom cac véc

toriéng cua f . Goi T’ 1a ma tran chuyén tir co s6 & sang ' thi T truc giao va

TLAT = - (7.21)
ol

trong d6 Aq,..., A, 1a céc gia tri riéng cta 4.
7.3.4 Thuat toan chéo hoa truc giao

Mudn chéo hoé truc giao mot ma tran ddi xtmg A, nghia Ia tim ma tran truc giao 7' sao
cho T tAT c6 dang chéo, ta thuc hién cac budc sau:

Buédc 1: Tim céac gia tri riéng cia A (nghiém cua da thirc dic trung).

Budce 2: Trong mdi khong gian riéng tim mot co sé va truc chuin hod Gram-Shmidt co s&
nay.

Budce 3: Gop cac co séd da duoc truc chuin hoa & budc 2 ta c6 mot co sé truc chuén cua V.

Ma tran céc véc to ciia co s& ndy 1a ma trin truc giao 7' can tim.

0 2 2
Vi du 7.6: Chéo hod truc giao ma tran déi ximg A =2 3 -1
2 -1 3

Da thuc dac trung

-2 2 2| PB-2 2 2
a-all=|2 3-2 -1|=}4-2 3-2 -1
2 -1 3-2 4-42 -1 3-2
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(4-2) 2 2 l4-1) 2 2
=l 0 1-12 =3|=| 0 -2-21 =3|=—(4-1)*(1+2)
0 3 1= | 0 0 4-2

# Vi gid tri riéng 4] =2, véc toriéng v = (X, y,z) 1a nghiém ctia h¢

2 2 2 ||x| |0
2 5 —1{|ly|=]0
2 -1 5|lz| |0

2 2 2 1 1 1 1 1 1 1 2 0
tac6|2 5 —-1|<|0 3 -3|<(0 1 -1|{<|0 1 -1
2 -1 5 0 -3 3 0 0 O 0 0 O

H¢ phuong trinh trén twong duong véi hé

x+2y =0
y—z=0

x=-2y
c6 nghiém
y=2

= v=(-2y,5,¥)=y(-2,L,1). Chon v; = (=2,L1).

Truc chuén hoa duge u; = (— 2/\/6,1/\/8,1/\/6).

¢ Vi gia tri riéng Ay = 4 (nghiém kép), véc to riéng v = (X, ¥, ) 1a nghiém cua hé

(-4 20 2] 0
2 A~ =0
25 A |z 0

—4 227 [2 -1 -1
ta cd 2 ~1 -1|e{0 0 0
(2 -1 -1 [0 0 0

Hé phuong trinh trén twong duong véi phuong trinh 2x —y —z =0

= v=(x,7,2)= g +§,y, zj - ye ,1,0) + Z(%,O,lj.
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Chuong 7: Khong gian véc to Euclide dang toan phuwong

Chon vy = (% ,1,0] , V3 = (%,0,1).

Truc chuan hod hai véc to nay ta cé

uy = (1//5.,2/4/5.0). u3 =(2/+/30,-1/4/30,5/4/30).

~2/J6 15 2/430 -2
vay T=| /N6 2/\5 —1/330 | va T'AT=| 0
/A6 0 5/430 0

7.4 DANG TOAN PHUONG

S kO
B O D

7.4.1 Dang song tuyén tinh va dang toan phuwong
Gia st 77:V xV — R 1a mot dang song tuyén tinh trén khéng gian véc to V.

P = {el,..., en} 1a mot co so cua V'
Ma tran A= [“ij] . Ay = ﬂ(ei,ej) (7.22)
dugc goi 1a ma tran cua dang song tuyén tinh 1) trong co s¢ P
Yu, veV; u=xe +..+x,e, va v=ye +...+y,e,

n(u,v) =n(xe; +...+ x,e,, yie] +...+ y,e,)

n n
= D nene)xy; = Y ayxy;
i,j=l i, j=1

(7.23)

(7.23) duogc goi 1a bidu thuc toa do ciia dang song tuyén tinh 1) trong co s& P

Nguoc lai ta co thé chung minh duoc réng anh xa n:VxV — R xac dinh bai
n
n(u,v) = Z ajjX;y 1a mot dang song tuyén tinh c6 ma tran thoa méan (7.22) va (7.23).
i,j=1
Dinh nghia 7.10: Giasit 77:V xV — R 1a dang song tuyén tinh trén khong gian véc to
V.Anhxa O:V — R

v = 0m)=n(,v)

duoc goi 1a mdt dang toan phuong trén V.
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Chuong 7: Khong gian véc to Euclide dang toan phwong

Néu A = {el,...,en} lamotcosdcua V, VvelV;v=xye +..+x,e,
theo (7.23) ta co
n n
OW) =n(v,v)= > nle,e)xx;= D a;xx;
i, j=1 i, j=1

Nguoc lai anh xa Q : V' — R ¢6 biéu thirc toa d6 trong co s¢ B

n n
o) = Zaijxixj ,voi v = le-el- (7.24)

i,j=l1 i=1
1a mot dang toan phuong mg vai dang song tuyén tinh 1 sao cho aj; = n(e;,e j) .
N6i cach khac mot dang toan phuong Q: V' — R 1a mét ham sb xac dinh trong khong

gian véc to V' c6 cong thirc x4c dinh anh Q(V) 12 mot da thirc thuan nhat bac hai dbi véi cac toa

d6 clia véc to v trong co so bat ky.
n
Chu y rang trong bicu thic Q(v) = Z @jjX;X j tacod thé thay
i,j=l

AiXiX j +ajiX jX; boi a'y; X;x; +a' j; x jx; thodmdn a;; +ay; =a'y+a' ;.

Vi vay cing mot dang toan phuong ) c6 nhidu dang song tuyén tinh 77 sao cho
Q) =n(v,v) . Nhung néu ta thém diéu kién

ajj =4 nghia la n(ei,ej) = n(ej,el-)

thi voi mdi dang toan phuong Q chi c6 duy nhat mot dang song tuyén tinh ddi xtng n

théa man Q(v) = 717(v, V). Dang song tuyén tinh d6i xtng 77 nay dugc goi 1a dang cuc cia Q.
Néu ma tran A4 xac dinh boi (7.22) thoa man thém diéu kién ajj =a; (ma tran A dbi
xtng) thi A cling con dwgc goi 1a ma tran cua dang toan phuong Q' trong co s P
Vi du 7.7: Tim ma tran ctua dang toan phuong Q ¢6 biéu thirc toa do trong co so chinh tic
, |R3 .
cia IN™, v =(x1,Xx),Xx3) = X1e] + xpep +x3e3 la
_ .2 2 2
OW) =x1"7 = 2x1x9 + X0 +4x1x3 +4x37 + 2x)x3
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o) = x12 — X|Xy — XpX] + x22 + 2x1x3
+ 2x3x1 + 4X32 + X9y X3 + X3X9

Do d6 ma train A cua Q co sé chinh tic

1 -1 2
A=|-1 1 1
2 1 4

7.4.2 Biéu thirc toa d) ciia dang toan phwong trong cic co sé khac nhau

Gia st O la dang toan phuong trong khong gian véc to V' ¢6 dang cuc tuong tmg 1a 77.
A= [aij] , A'= [a'l-j] 14 hai ma trdin cia O trong hai co s6¢ A = {el,..., en}-

-
P = {e'l ,...,e'n} cia Vi a; =1(e;,e;), a'y=ne;.e ;).

n
Goi I = [tij] 12 ma tran chuyén tir co s¢ & sang B e'j = Ztijei
i=1
n n
Khidé a'j=n(e;.e';)=n Ztkl-ek, Zfljel
k=1 M=
n n n n
= > | 2 mee)ty |= D ti| D akty
k=1 \=1 k=1 \I=1
Vay A'=T'AT (7.25)

Néu ta ky hi¢u toa do cua cac véc to dudi dang ma tran cot:
v=2Xxje +..+x,e,, V'=x"1e1+..+x', €,

X1 X1

Pat X=| : |, X'=| : | thi X=TX'
Xn X'n

Xét ma tran mot hang mot cot

n n

[Q(v)]: Zaijxixj = X'4x = Za'ij x'ix'; S rod

i,j=1 i,j=1
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[00)]=X"AX =(TX") ATX") = X" (TTAT)X'= X" 4'X".  (726)
7.4.3 Biéu thirc toa @) dang chinh tic cia mot dang toan phwong

Ta can tim mot co s ciia }/ dé trong co so nay ma tran cta dang toan phuong 1a ma tran
chéo, nghia la biéu thirc toa d c6 dang chinh tac:

2 2 2
OW)=ay1x;” +axpxr” +...+ay,,x, (7.27)

7.4.4 Dua vé chinh tic biang chéo hoa tryc giao

Gia sit O 1a dang toan phuong trong khong gian Euclide V' véi co sd truc chuan
P = {el,..., en} comatrin A= [aij] (ma tran dbi xang). Theo Hé qué (7.17) ta c¢6 thé hoa
chéo tryc giao ma tran A = [alj] , nghia 13 ta tim dugc ma tran truc giao 1 aé T Z‘AT la ma

tran chéo. T 13 ma tran chuyén tir co sO b sang co O truc chuin B’ gdm céc véc to riéng
ciia A .Vi vay biéu thic (7.24) trong co s¢ PB' co dang chinh tac (7.27).

Vida78: 0: R —» R
v=(x1,%,x3) = 0OW)= 3x22 + 3)632 +4x1xy +4x1x3 — 2xX3

A o a1 E 3 .
Ma tran ctia O co s chinh tic cia R 1a:

Theo Vi du 7.6 ton tai co s B'=1{e'| €' ,e'3}:

e'| = (-2/6.,1/N6,1/N6),  ey=(1/~/5,2//5.,0).
e's = (2/330,-1/~/30,5/+/30).

V=1(x],x3,X3) = x| e1+x'yer+x'3e';

O(v) = —2x'| > +x'y > +4x'52.

7.4.5 Dua vé dang chinh tic theo phwong phap Lagrange

Gia su trong co s& P = {el seees € } ctia khong gian véc to V' (khong gia thiét khong gian
Euclide) biéu thirc toa d6 ciia dang toan phwong O c6 dang:
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n n
o) = Zaljxixj, ajj =aj; ,v:le-el-.
i=1

i,j=l1
Ta thyc hi¢n cac phép ddi toa do sau:

¢ Truong hop 1: Gid s ¢6 d;; # 0, ching han an * O thi ta co thé sip xép lai:

n n
2 aji
o) =ayq| x1” +2x Z—’xi + Zaisz‘xj

i=2 411 i,j=2
2 7
=ayq| x + Za—’xl- + Zaijxixj —aqq Za—xz (7.28)
i=2%11 i,j=2 =211
2 n
1i '
=da x1+Z—xl~ + Zayxlx]
i=211 i,j=2

n
ay; ;
Ea ) oty ‘ 2 \
bat i=2 11 thi QW) =ayn”+ Y dy vy,

. )
Vi=Xj 5 J=2,0 LJ
n
Tiép tuc qué trinh nay voi biéu thie Y a'y; y;¥; .
Pl =2
¢ Truong hop 2: Néu moi a;; =0 thi tdn tai aj; #* 0, chang han ajp #0.
X1 =+
bat X2 =Y1— V2 (7.29)
Xji=Y;; j=3,...,n

n n
thi Q(v)= Zaisz’xj = Za'g Vi
i,j=l1 i,j=l1

c6 a'j1=ayy # 0, vivay ta co thé dua vé trudng hop 1.
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Vi du 7.9: Cho dang toan phuong Q ¢6 biéu thirc toa do trong co s chinh tic cua FR3 ,
v =(x],x3,X3):

o) = x12 —2X1Xy + 2x22 +4x1x3 + 4x32 +2xpx3,
. _ .2 2 2
Taco QOW)=x1" +2x1(=xy +2x3)+2xp" +4x3” +2x9x3
_ 2 2 2 2
= (xl — Xy + 2X3) - (—XZ + 2X3) + 2x2 + 4x3 +F ZXZX3
— 2 2
= (xl — Xy + 2)63) +Xy + 6x2x3

= (xl — Xy + 2X3)2 + (X2 + 3)63)2 =— 9X32

Y1 =X —Xp +2x3 xX1=y1+y2—513
bit vy =xp +3x3 = X =12 33
y3=x3 X3 =13

2 2 2
OW)=y1"+y2" -9y3

Xy |=|0 1 =3| y, | =>matdnchuyéncoso T=0 1 =3
X3 0 0 1 |y 0 0 1

Vay trong co s méi  e'; =(1,0,0), €'y = (L1,0), e'3=(-5,-3,1);

1 1 | 7 2 2 2
v=(x1,X3,x3) = y1e'+ye'a+tyze'3 c6 O(v) =y + ¥ —9y3~.

Chuy réng khi sir dung phuong phéap Lagrange thi ma trdn 7' nhan dugc néi chung khong

phai 12 ma tran tryc giao va co s {e'l ,e'h,e'3 } khong phai 13 co so tryc chuan.

Vi du 7.10: Cho dang toan phuong O ¢6 biéu thitc toa d6 trong co s& chinh tac
_ - 2 2
o) = X1+ 4XZ +Xx3 + 4XIX2 + 2XIX3 + 2xe3 .
. _ .2 2 2
Taco QO)=x1" +2x1(2xy + x3) +4x7" +x3° + 2xpx3
_ 2 2 2 2
= (xl + 2)62 + X3) - (2)(?2 + X3) + 4X2 +Xx3 + 2X2X3

133

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuong 7: Khong gian véc to Euclide dang toan phuwong

= (xl + 2)62 + X3)2 — 2X2X3

=X +2XZ + X3

X1=y1-2y2 =13
bat (yp =X hay 4 Xy = 7
Y3 =x3 X3 =3

‘ 2
thi Q(v)=y1" =223

Y1=721
< _ . _ .2 2 2
bat Yy =2zp +23 thi Q(v) = 4 222 + 223
Y3 =22723

x| [1 -2 -1

10 0z [1 -3 =1z
X2 0 1 0 0 1 1 Zn 0 1 1 zy
x30 10 0 1]0 1 =1z [0 1 —1|z

Viy trong co so méi  e'; = (1,0,0), e'y = (-3,L1), e'3 = (-1,1,-1);

v =(x],Xp,Xx3) = z1€'|+29€'y+23€'3 thi O(V)= 212 - 2222 + 2232

7.4.6 Puwa vé dang chinh tic theo phwong phap Jacobi

Cho dang toan phuong QO trong khong gian véc to V' (khong gia thiét khong gian Euclide)

v6i dang cuc twong Ung 7] va ¢ ma tran trong co SO P = {el,...,en} la A:[aU] :
aij = n(ei,ej); i,j:1,...,n.

Néu cac dinh thie con chinh cia 4 déu khac khong

. 4 al a1
D1=a11¢0, D2= A 12 :

#0,.., D,

=0 (7.30)
ay ax

anl App

thi v6i moi j =1,...,n céc hé phuong trinh Cramer sau
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arxy +a12x2 +...+(1le]' =0

an1XxXy +axyxy +...+ aszj =0

(7.31)
(@j1X] +ajpXy +otax; =1
ludn c6 nghiém duy nhét ky hiéu 1a (o o0 O ).
fi=a19
=ajsey +are
Xét hé véc to J2 = a1+ ane (7.32)
\fn =o€ toyuenr +....+ay,ey,
D
. N . \ el \ J
Ta quy u6c Dy =1, tr dieu kién (7.30) va hé (7.31) thi aji = D #0
J

Vj=1..,n. Dinh thic cia hé B'= {fl,,fn} trong co SO {el,...,en} 1a
a a2 ...0u, # 0 nén hé KB doc lap tuyén tinh vi vay la mot co sd cua V.

Tu (7.31) va (7.32) = U(fjaei):ailalj +tapayj+..+a;a; =0 véi moi
i=L..j=lva n(fj.e;)=asa;+ajoy;+..+aja;=1. Do d tacing co
n(fj,fi):OVéiini<j va

n(fi.fi)=n(fj.ae +..+aze;)=a;n(fje;)=aj.

Mit khac dang song tuyén tinh 77 d6i xtmg nén 77( f > Ji) =0 véimoi i>j.

0 néu i # j
vay  n(fi.f;)=1Lj1 . i, j=Ll..,n (7.33)

néu i=j
J

. \ A 5 5 ap! \ A 2 \ 5 o) i
Goi A' 1a ma tran cua Q trong coso B'. T 1a ma tran chuyén tir co s6 A sang B

thi :
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ayp o Ay
@ O
an) Aoy .

- I I O

a”l”l
i %nn |

Vay biéu thire toa do cua QO trong co s6 B co dang chinh tac:

I 2. D 2 Dy 2
VEVIA et Iufn = Q0 =—3" + =" Ay,
Dy Dy Dy,
Vidu 7.11: Xét dang toan phuong trong Vi du 7.9
_ 2 2 2
OW)=x1" =2x1xy +2x7” +4x1x3 +4x3” + 2xpx3

I -1 2
Ma tran ciia Q trong cosd chinhtic 4= -1 2 1

2 1 4

I -1
¢6 céc dinh thie con chinh Dy =1, Dy = {9 =1, D3 = ‘A‘ =-9.

1
o) k=1 taco a1 =—=1; (7.34)
Dy
’) k=2:He phuong trinh (7.31) c6 dang
x| —xp =0
= nghiém x; =xp =1 (7.35)
— X+ 2x2 =1
’) k =3:He phuong trinh (7.31) ¢6 dang
X]—Xp + 2X3 =0
5 1 1
—X1+2X2+X3=O = x1=§, D) ZE,X3 2—5. (7.36)

2x1 + X +4X3 =1
Ta chon co sé dang (7.32)

734) = fi=e; =(10,0)
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(7.35) = f2 =e t+e =(1,1,0)
(7.36) = f3=5/9¢ +1/3e; —1/9¢3 =(5/9,1/3,-1/9).
Trong co s& m&i nay biéu thirc toa d6 cia O c6 dang:
v=(x1,X2,%3) = y1./1 + 2. /2 + ¥3/3
Il 2. D1 2 Dy 2 2 2 1 2
= OW)=— " +— 1+ == ="+ —— 3.
o) b0 T, Y T p T T T g

Céac vi du 7.9, 7.11 cho thdy ring cing mot dang toan phuong ta ¢ thé dua vé cac dang
chinh tic v&i cac hé sd khac nhau. Tuy nhién s6 cac hé sb duong va hé¢ s6 am 1a nhu nhau. Ta s&
chtng minh diéu nay qua luat quén tinh.

7.4.7 Luéat quan tinh

Giast A= [aij] , A'= [a'ij] la hai ma tran cua Q trong hai co so P = {el yenes en},
PB'= {e'l yeens e'n} cua V. Goi T = [ty] la ma trén chuyén tr co s& B sang B thi
A'=T'AT . Theo tinh chit hang ctia ma tran ta c6 r(A4') = I”(TtAT) <r(A4). Mt khac T
kha nghich nén A = (Tt TlA'T_1 = r(A)<r(A"). vay r(A)=r(A"). Do d6 ta co thé
dinh nghia hang cua dang toan phuong Q 1a hang cua ma tran cua né trong mot co s& nao do.

Dinh 1y 7.18 (Sylvester - Jacobi): S6 cac hé sé duong va sd cac hé sé 4m trong dang chinh
tac ciia mot dang toan phuong Q 1a nhiing bat bién ctia dang do (tirc 1a khong phu thude vao viée

lya chon co s6).
Ching minh: Gia su trong co s& P = {el yeues en} (khong gia thiét tryc chuan) biéu thirc

toa do cua dang toan phuong Q c6 dang:

n n
Vv:le-el-, Q(V): Zaijxl-xj, al-j :ajl-.
i=1 i,j=1

Gia st h'= {e'l il e'n}, PB"= {e"l yeees e"n} 13 hai co s& sao cho biéu thic toa d6 cua

n n n
O c6 dang chinh tic: v = inei = Zyie'i = zzieui ;
izl i1 i=1
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2 2 2 2
o) =k +...+kpyp —kp+1yp+1 —.— k.,

= 11212 +.t lqzq2 —lq+12q+12 -1z, (7.37)
v6i r =r(A) lahang cua A, cac hé s6 ky,....k,; [{,...,1,. > 0.
Ta ching minh p = g bang phuong phap phan chimg.
Gidsu p < g (truong hop g < p dugc ching minh hoan toan tuong tu).
V1 =by1xp +.. 4+ by x, Z] =C11X] + ..+ CLpXy
S S A i - S % (7.38)
Yy =byx) +...+b,,x, Z, =Cp1X] + ot CppXy,

2 2 2 z
(7.37) = ki +...+kpyp +lq+12q+1 +.+lz,

2 2 2 2
=hz)" .+ lyzy” H kg v ot ke, (7.39)

n n n
Ta sé& chitng minh ring ton tai mot vécto VeV, y = inei = Zyie'i = Z z;e"; #0
i=1 i=1 i=1
thoa man diéu kién:

y1=..=3pal
g (7.40)

Zg4l == Zp =Zpy1 = =2, =0

That vay, cac diéu kién (7.40) két hop vai (7.38) xac dinh mot hé n — g + p < n phuong

trinh tuyén tinh thuan nhat 7 an X1,X2,...,Xp,. Vi s6 phuong trinh it hon s6 4n nén ton tai

nghiém xlo,...,x,(q) khong ddng thoi bang 0.
- 0
Xét vécto Vg =Zx,- e #0.
i=1
Mt khic tir (7.39) va (740) = z|=..=zy =Zg4| =...=Zy = 0

n
= vp = z;€"; =0, muthuin. Viy p=gq.
i=1
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Dinh nghia 7.11: SO cac h¢ s6 duong dugc goi la chi s6 quan tinh duong va so6 cac hé s6 am

duogc goi 1a chi s6 quan tinh 4m ciia dang toan phuong.
Gia sir (p,q) la cap chi sb quan tinh duong va am ctia dang toan phuong O trong khong
gian 7 chiéu V' thi p+q =r (hangcua Q).

Néu 7 =n thi O dugc goi 1a khong suy bién;
p =n thi Q dugc goi la xac dinh duong;
g =n thi Q duoc goila xac dinh am.
Ro rang O xéc dinh dwong khi va chi khi Q(v) >0, véimoi v#0;
QO xéc dinh 4m khi va chi khi Q(v) <0, véimoi v#0.
Néu 77 1a dang cuc ctia dang toan phuong Q thi:
O xéc dinh duong khi va chi khi 77 xéac dinh duong;
Q xac dinh am khi va chi khi 77 xac dinh am;
Q khong suy bién khi va chi khi 77 xac dinh.

Dang toan phuong ¢ Vi du 7.11 ¢6 chi s6 quan tinh duwong 12 2 va am 1a 1. O khong
suy bién.

Dinh 1y 7.19 (Sylvester): Gia st dang toan phuong (J c6 ma tran 1a 4 trong mot co s& nao
dé cua V. Khi do:

(i) Q xéc dinh dwong khi va chi khi c4c dinh thirc con goc trai cia A luon duong.

(i) O xac dinh &m khi va chi khi cac dinh thirc con goc trai cAp chén la duong va cip 1é 1a

Chirng minh: (i) Gia st 4= [alj] la ma trn cia dang toan phuong Q trong co s&

P = {el,...,en}. Xet Vy, =Span{el,...,ek} thi Q‘ 7% Vi &> R c6 ma tran trong co s¢

'%k = {el,..., ek} 12 ma tran con Ay cap k nam & goc trai cia ma tran A. Néu Q xéc dinh

duong thi Q v, cling x4c dinh duong. Mit khac theo ludt quan tinh ta suy ra ring cic gid tri trén

dudng chéo ciia ma tran dang chinh tic ciia dang toan phuong xac dinh dwong 1a ludn luén duong

nén dinh thtc cta né cling duong. Vay det 4;, >0, véi k=1,...,n.
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Nguoc lai, gia st Dy =det A >0, véi k =1,...,n. Theo phuong phap Jacobi (4.3.3)
ton tai co s PB'= {f yeees fn} sao cho biéu thtrc toa do cua Q trong co s& B co dang chinh

tac:

Dysy 2
nlyn .

1 2 Dy 2
V:ylfl—i_"'—i'ynfan(V):Ey] +D—1y2 + ...+ D
1 2 n

Vay Q xac dinh duong.

Truong hop (ii) dugc chiing minh tuong ty.

7.5 DPUONG BAC 2 TRONG MAT PHANG VA MAT BAC 2 TRONG KHONG GIAN
7.5.1 Mit phang v6i hé toa dd true chuin
7.5.1.1 Hé toa dé truc chudn trong mdt phing

Trong mit phing ta xét hai truc vudng goc X' OX va y' Oy cét nhau tai O theo chiéu

duong, tao nén mot hé truc O)Cy goi 1a h¢ truc toa do vuong goc Dé cac trong mat phéng. Trén

Ox, Oy ta chon hai véc to don vi lan lugtla [ va j .Hé { I, ] } 12 mdt co s& truc chudn.

7.5.1.2 Toa dé ciia mét véc to, toa d ciia mét diém trong mdt phing

Cho véc to V trong mat phéng voi hé toa 36 Oxy .Cap (Vx R Vy) duoc goi la toa do cua

véc to V néu V5V, lahinh chiéu cia vV xudng hai truc OXx, Oy .

y
Theo cac phép toan cong véc to (theo quy tic hinh binh hanh), nhan mét sé voi mot véc to

—

14 cos(;,;)

va tinh v6 hudng cua hai véc to U v = ‘u‘ -
i V= veidvy =<v,i>i+ <v,j>j.

Néu OM =xi+ yj thi (x,y) dugc goi la toa do ctia diém M , ky hidu M (x, ). Noi

cach khac toa do cua véc to OM 1a toa do cua diém M . Hai diém A, B

cotoadd (x4, v 4);(xg,vg) thivécto AB cotoadds (xg — X4, Vg -V 4).
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Y Y

J
O'i v X O i

7.5.1.3 Cdc dwong bic 2 trong mdt phing
Trong mit phing, ta xét 3 dudng bac 2 sau:
a) Puong Ellipse (Elip)
Cho Fl R F2 c¢b dinh. Puong ellipse nhan tiéu diém Fl , F2 véi do dai truc 16n a 1a tap
hop:
(E) = {M|MF, + MFy =2a}; a>cvsi FiF, =2c.

Néu Fj(=c,0), F>(c,0) thi phuong trinh cua ellipse (£) co dang:

2_p2 42, (7.41)

2 2
3 voli a

x_z +2 =1
a“ b
a 1a do dai truc 16m, b 1a @6 dai truc bé.
Khi @ =b = ¢ =0:ellipse (E) tré thanh duong tron tim O ban kinh a .
b) Hyperbol
(H)= M| |MF -~ MF,|=2a], a<c.

2 2
X
Phuong trinh (H'): A % L (6 B2 =62 u? (7.42)
a- b
¢) Parabol:
Cho duong thang (A) va diém F . Parabol c6 tiéu diém F', duong chuan (A) 14 tap hop:

(P) = {M|MF = d(M,A)}
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trong d6 d (M, A) 1a khoang cach tir M dén duong thing (A).

Néu F(p/2,0), (A):x=—p/2 thi (P) c6 phuong trinh:

y2 =2px (7.43)

(7.41), (7.42), (7.43) 1a phuong trinh chinh tic ciia 3 dudng conic

y 7 @ J:

1N
N

Ellipse Hyperbol Parabol

7.5.1.4 Phdn logi dwong béc 2 trong mdt phing

Trong mit phang cho hé toa do Descartes vudng goc Oxy . Mot dudong cong bac 2 ¢6
phuong trinh tong quat:

a 1x2 +2ayyxy + a22y2 +2a1x+2ayy+ag =0 (7.44)

trong d6 ay1, ajp, apy khong dong thoi bang khong.

Ta tim mot hé truc toa do Descartes vudng goc moi dé trong h¢ toa do nay duong cong
(7.44) c6 dang chinh tic.

al a2

bat A=|: :|, ajp =ajg.

a1 a4z

Ma trin A d6i xtmg nén chéo héa truc giao duge, nghia 1 ton tai ma tran truc giao 1’ sao

0
cho detT =1 va TP AT =| 1 .
0 A

. cos@ —sing
Theo vi du 7.5 va (7.16) ta c6 thé chon 1" = )

sing  cosQ
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{x} |:COS(0 —sin (p}{x}
Pit =
y sing cose || )

Nhu vay hé toa d6 méi Ox'y' c6 dugc bang cach quay hé truc Oxy quanh gbc O mot

goc .
Phuong trinh dudng bac 2 (7.44) trong hé toa do Ox' ' 1a:
/le'2 +ﬂu2y'2 +2a"y x'+2a'y y'+ag =0 (7.45)
(néu ayy =0 thi khong can budc nay).
1) Néu 7\,17\, y F O phuong trinh (7.45) viét dugc thanh

2 2
L a1 42 \
Yl X+—| + | y+—=| +d'(=0
1( ﬂlj 2(y /12] !

Tinh tién hé toa d6 Ox'y' dén hé toa do QLXY :

' '

X=X'+ﬂ, Yzy'+a—2,taduqc:
4 A
/1X2 2 "
1 +ﬂ,2Y +Cl0—0 i (7.46)

a)a'g# 0, MAy, >0, X a'y<0: (7.46) 1a phuong trinh mét Ellipse;
b) a'o #0, 7\,17\,2 >0, 7\.161'0 > (): (7.46) 1a phuong trinh mot Ellipse 4o;
c)a '0 #0, 7\,17\, 7 < 0: (7.46) 1a phuong trinh mdt Hyperbol;

d) a'y=0, Lhy < 0: Phuong trinh (7.46) c6 dang | 41| X ? = |25]Y% = 0 1a phuong

trinh cip dudng thang cit nhau.

e) a'g=0, Aqh, >0: Phuong trinh (7.46) c6 dang ‘Xl‘Xz +‘}\,2‘Y2 =0 1

phuong trinh mot cip duong thing ao.
2) Co6 mot trong hai gia tri ﬂ,l , ﬂ’z bang 0
a) Ay =0, A, 20, a'; # 0: Phuong trinh (7.44) c6 thé viét lai:
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, \2
Ay y'+a—2 +2a" (x'+a"y)=0 (7.47)
A
dat X = x"+a", Y:y'+a—2 ta co: Y2 Z—ZﬂX.
0 A A

Vay (7.47) 1a mot Parabol nhan truc QX 1am truc dbi xung.
b A, =0, 4 #0, a', # 0: buong cong (7. 44) 1a mot Parabol nhan truc QY lam

truc ddi xtmg.
c) /’Z’l =0, 12 #0, a'1=0 hay ﬂq #0, /12 =0, Cl'2=0:Du(‘)‘ng cong (7.44) 1a

mot cip duong thang thuc hodc ao.
Vi du 7.12: Cho duong bac 2 ¢6 phuong trinh (G) : 5x2 - 4xy + 8y2 =36.

5 =2
} c6 gia tri riéng 4] =4,4» =9 chéo hoa truc giao ta dugc:

Ma tran A=|:
-2

F=2iy L3 o2y ly
BT T
= I - 2~ | 2
'=——=it+—=] ==X +—=Y
SR @ \
phuong trinh cta (G) trong hé toa d6 moi:

2 2
4X2+97%2 =36 = XT+YT:1'

AY
\
Y 5 4
\ _-
N P4
\ P
\ Phd
\ .-
\
-
-
2 .- 3
\ -7
\ -
- »
PEZ KN »
P N
0 | X
-
-
Phe A
-
-
-
-
- \
-
\
\
AY
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7.5.2 Heé toa dd trwc chuin trong khong gian
7.5.2.1 Toa dj ciia mét véc to va toa d ciia mét diém trong khong gian
Trong khong gian ta xét ba truc vudng goc chung goc O: x'Ox, y'Oy, z'Oz; Tao

thanh mot hé truc goi 1a hé truc toa do vudng goc Descartes trong khong gian, viét tat Oxyz .
Trén ba truc toa do nay ta chon céc véc to don vilan luot1a 7, j, k . Ta chi xéthé truc Oxyz
14 hé thuan, nghia 12 néu dimg theo chiéu véc to k taséthidy i quaysang j theo nguoc chiéu

—_—

kim déng hd. V&i moi véc to Vv ta c6 thé viét
V=vyitvy, ) +vZk=<v,i>i +<v,j>j +<v,k>k

—

trong d6 Vy, V),V 1an luot 1a hinh chiéu cua V xubng céc truc Ox, Oy, Oz .

(vx,vy,vz) duogc goi 1a toa do cua véc to v, ky higu v = (vx,vy,vz). Toa @0 cua véc

to OM = (x, y,z) dugc goi la toa d6 cua diém M, ky hisu M (x, y,z).

7.5.2.2 Mt 6 mat bic 2 thuwong gap trong khong gian

I P V. . T ‘x2y222
a) Ellipsoid (Elipx6it) 1a mit (£) béc 2 ¢6 phuong trinh Sty t—5= 1.
a”~ b c
*) Néu 2 trong 3 s6 a,b,c bang nhau thi ta c6 mit ellipsoid tron xoay. Chang han néu
a = b thi ta c6 mat tron xoay quanh truc z'Oz. Néu a =b =c = R thi ta ¢6 mit cau tim O
ban kinh R;
#) Goc O 1a tam ddi xing, cac madt phang toa do 1a mat phang ddi xing;
*) Giao tuyén v6i cac mat phang song song voi cac mat phang toa do 1a cac ellipse.
2

2
4 X

b) Hyperboloid mét tang (Hyperbol6it) co phuong trinh (H): —+
a

v 2
b2 2
*) Goc O 1a tam dbi xtng;

*) Cac truc toa do la truc ddi xung;

*) Cac mat phéng toa do la mat phé‘ing ddi xung;

*) Giao cuia (H 1) v6i mit phang vudng goc voi truc z' Oz 1a mot ellipse;
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*) Giao ctia (H7) v6i mit phang chira truc z'Oz 1a mot Hyperbol.

Tuong tu c6 cac Hyperboloid mot tang:

X2 y2 22 x2 yZ 22
a”~ b c a b c
oA, . x? y2 S
¢) Hyperboloid hai tang ¢6 phuong trinh (/5 ) : —+—2——2=—1.

a~ b” ¢
*) Mat phang vuéng goc véi truc z'Oz c6 phuong trinh z =/ sao cho ‘h‘ > cit

(H») theo mot elippse;

*) Giao cia (H ) v6i mdt phing chira z' Oz 1a mot Hyperbol.

y
X
Ellisoid Hyperboloid mot ting Hyperboloid hai ting
x2 y2
d) Paraboloid elliptic (Parabdloit éliptic) (F): — + 5= 2z.
a b

*) Giao tuyén cta (A) voi mat phang vudng goc truc z'Oz nam phia trén mat phing

Oxy 1a mot ellipse;
*) Giao tuyén cia () voi mat phang chia truc z' Oz 14 Parabol.
e) Paraboloid hyperbolic (mat yén ngua) c6 phuong trinh

X
(P): —2—2—2:22.

N

146

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuong 7: Khong gian véc to Euclide dang toan phwong

*) Giao cia (P>) v6i mit phang vudng goc véi truc z' Oz 1a mot Hyperbol;
*) Giao cua (P5) voi mat phang vudng goc véi truc x'Ox 1a mot Parabol;
*) Giao cua (P ) voi mat phang vuéng goc véi truc ' Oy 1a mot Parabol.

z z

y

Paraboloid elliptic Paraboloid hyperbolic

g) Cac mdt tru bac 2

Céc mit tru bac 2 ddi xting qua mat phang xOy

*) Tru elliptic:

v

<

Tru elliptic Tru Hyperbolic Try Parabolic
147

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuong 7: Khong gian véc to Euclide dang toan phuwong

h) Céc mat no6n

Céc mit nén dbi xting qua mit phang xOy c6 phuong trinh

x2 y2 2
22
a b

*) Giao v6i miat phang vudng goc voi truc z' Oz 1a mot ellipse;

q‘l\]
[\)

*) Giao v6i mit phang chua truc z'Oz cip duong thang.

A
z

-l

v

7.5.3 Phan loai cac mat bac 2

Trong hé toa d§ Descartes vudng goc Oxyz xét mit () bac 2 c6 phuong trinh:

a lxz + a22y2 + a3322 + 2ayyxy + 2a13xz + 2a3yz
+2D01x+2byy + 2b3z + ¢ =0.

(7.48)

Matrin A = [aij ] voi ajj =ajj 12 ma tran d6i xung nén ton tai ma tran truc giao

4 3
T sao cho detT =1 (dé hé truc toa d0 moi tao thanh tam dién thudn) va
A4 0 0
T'AT =| 0 Ay 0 |. Tuong ing v6i ma tran chuyén co sé 7 1a phép quay quanh géc toa
0 0 A3
do.
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X x'

Cong thirc doitoa dd | y |=T| »'

z z'

Mit bac 2 (Q) c6 phuong trinh trong toa d§ méi:

x40 02 + 2322 42D x'42b'y y'+2b'y 2+ =0 (7.49)
Tuy theo cac gia tri ctia Ay, Ay, A3, D'y, b'y, b'3, ¢ mit (Q) cé cac dang sau:
a) Céc gia tri riéng Ay, Ay, A3 khac 0 (41 Ax A3 #0)
Bang cach tinh tién hé toa d¢ ta co thé dwa phuong trinh (7.49) vé dang:

MXZ+ Y2+ 322 =C (7.50)
#*)Néu C'# 0
o N,4,3,C" cing dau: (Q) la Ellipsoid;
o 1,49, A3 cing dau, C' trai dau: (Q) la Ellipsoid &o;
e A, A2, A3 chico hai s6 cung dau: (Q)1a Hyperboloid mot tang hodc hai tang.
*)Néu C'=0
o 1,49, A3 chi co hai s6 cing dau: (Q)1a nén bac 2.
o 1,49, A3 cingdau: (Q)lanén ao (mot diém).

Céc truong hop con lai sau day ta chi xét mdi truong hop mot loai dai dién, cac loai khac co
két qua tuong ty.

b) C6 ding mot gié tri trong ba gid tri A1, Ay, A3 bang 0.

Changhan A3 =0, A44dy #0

*) b'3 # 0: Tinh tién hé toa do ta dugc: ﬂle + /12Y2 +20'3Z =0.

Pay 1a phuong trinh Paraboloid elliptic néu A2 >0 va Paraboloid hyperbolic néu
1122 <0.

*) b'3 = 0: Tinh tién toa d ta dugc: ZIXZ + ﬂzYZ =C".
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Chuong 7: Khong gian véc to Euclide dang toan phuwong

Day 1a phuong trinh cac mit tru néu C'# 0 va cac cap mit phang cit nhau néu C'=0.

c¢) C6 ding hai gia tri trong ba gia tri /11 , 12 , 13 bing 0.

Chénghan 23 =0, /12 =0, ﬂ“l #0

*) b'y,b'3 khong dong thoi bing 0. Gia st b'p #0: Tinh tién toa do ta duogc

ZIXZ +b"> Y =0: (Q) 1a mit tru Parabolic.

*) b'5 = b'3=0: Tinh tién hé toa do ta co: /11X2 = (C". Do d6 (7.49) la phuong trinh

cip mit phang song song néu C'# 0 va tring nhau néu C'=0.

Vi du 7.13: Trong khong gian véi hé toa d0 Oxyz cho mit bac 2 ¢6 phuong trinh

(0):7x% +7y% +10z% + 2xy + dxz + 4yz —12x +12y + 72z = 24

7 1 2
Ma tran ctia dang toan phwong tuongtmg A=|1 7 2
2 210

Da thuc dic trung ‘A —/U‘ = (6—/1)2(12 -A).

Tim co s¢ cua cac khong gian riéng va truc chuan hod Gram-Shmidt ta ¢ ma tran truc giao

~1/N2 -1/43 1/J6 6 0 0
T=| 1/N2 —1\3 1/J6 |codetT=1vaT'AT={0 6 0
0 143 2/J6 0 0 12

X x'

Pditoadd | v |=T| y'| thi phuong trinh ctia mat (Q) trong toa d6 moi:

z 'z

1

B
+ 12(\/15 X' \/15 Y- jg z'j + 72(% y'+% z'j — 24

- 6(x’2 +2\/§x')+ 6(y'2 +4/3 y')+ 12(2'2 +246 ): 24

6x'2+6 y'2+12z'2—12(—
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Chuong 7: Khong gian véc to Euclide dang toan phwong

Tinh tién toa do: X = x'—f—\/z, Y= y'+2\/§ , £ = Z'+\/g,

2 2 2
suyra (Q): )3(0 +§0 +f5 =1.

Vay (Q) 1a mot Ellipsoid tron xoay theo truc Z'C2Z , €2 ¢6 toa do (— N ,—2\6 ,—\/g )

Vi du 7.14: Trong khong gian vé&i hé toa dd Oxyz cho mit bac 2 ¢6 phuong trinh

(0):2xy+2xz4+2yz—6x—6y+62=0.

© R

0 1
Ma tran cta dang toan phuong twongtng A =1 0
I 1

Da thuc dic trung ‘A - /U‘ =1+ 1)2 2-A1).
Tim co s& clia cac khong gian riéng va truc chuan hoa Gram-Shmidt ta ¢6 ma trén tryc giao

~1/v2 -1/\J6 1/3 -1 0 0
T=| 12 =1/J6 1/\3|codetT=1vaT AT =] 0 -1 0
0 2/J6 1/43 0 0 2

X x'

Pditoadd | v |=T| y'| thi phuong trinh ctia mat (Q) trong toa d6 moi:

z z'

22407 —6(—

1 1 1
x'= +——Z'
NN j

—6( c xX'— ) y'+ ! Z'j
V2§ V6T 3
= —x? —(y'z —4\/gy')+ 2(2'2 —\/gz')z 0

Tinh tién toa do: X = x', Yzy'—2\/g, ZZZ'—\/g/Z,

2X* 2v* 477 _
45 45 45
Vay (Q) 1a mot Hyperboloid mot ting.

suyra (Q): 1.
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