CHUONG 5 o ,
CAY VA CAY KHUNG CUA PO THI

1. Cay va cac tinh chat co’ ban cua cay

- Cay |a db thj vo hwéng, lién théng, khoéng co chu trinh.

- Rwrng la db thj vé hwéng, khéng cé chu trinh. Nhw vay, rirng la db thi ma méi thanh phan lién
thong ctia n6 la mét cay.

Vi du:

T1 Tz N T3
Hinh 1. Rirng gom 3 cay Ty, T, Ts.

1.1  Pinhly1:

Gia str G=(V,E) la dd thj vd hwéng n dinh. Khi d6 cac ménh dé sau day 1a twong duong:
(1) T la cay;

(2) T khéng chtra chu trinh va c6 n-1 canh;

(3) T lién thdng va cé n-1 canh;

(4) T lién théng va méi canh cla né la cu;

(5) Hai dinh béat ky cla T dwoc ndi véi nhau béi dung méot duwéng di don;

(6) T khéng chtra chu trinh nhwng thém vao mét canh ta thu dwgc dung mét chu trinh.

Chirng minh: )
Ta sé chirng minh dinh ly theo so do sau:
M= @@= &= @@= G~ (6= (1)

(1) = (2): T la cay nén T khoéng chtra chu trinh. Ta sé chirng minh “cay c6 n dinh sé cé n-1 canh”.
R& rang khang dinh dung v&i n=1. Gid st n>1. Trwdc hét nhan xét rang trong moi cay T ¢6 n dinh
déu tim dwoc it nhat mot dinh |a dinh treo (dinh c6 bac 1a 1). Thuc vay, goi vy, Vo, . . .,V la dwdng di
dai nhét (theo sb canh) trong T. Khi d6 rd rang v, va vi la cac dinh treo, vi tl v (hodc vi) khdng co
canh ndi v&i bat cir dinh nao trong sé cac dinh vy, v, . . .,vk (do dd thi khéng chira chu trinh), ciing
nhw véi bat civ dinh ndo khac cha dé thi (do dwérng di dang xét dai nhat). Loai b v; va canh (v1v»)
khdi T ta thu dwoc cay T, v&i n-1 dinh, ma theo gia thiét qui nap cé n-2 canh. Vay cay T cé n-2+1 =
n-1 canh.

(2) = (3) Gia st T khong lién thong. Khi d6 T c6 k (k=2) phan lién théng Ty, To,. . ., Tx. Do T khéng
chta chu trinh nén méi T; (i=1,2,. . .,k) cling khéng chra chu trinh, vi thé méi T; la cay. Do d6 néu goi
n(T;) va e(T;) la s dinh va canh cia T..
Ta co:

e(T)=n(T)-1,i=1,2,...Kk,
suy ra

n-l=e(M)=e(T)+...+e(T)=n(T.) +...+n(Ty) —k =n(T) =k < n-1 (do k=2)
Mau thuan chirng té 1a T lién thong.

(3) = (4) Viéc loai bd mot canh bat ky khoi T dan dén do thi vai n dinh va n-2 canh r6 rang 1a do thi
khéng lién théng. Vay moi canh trong T déu la cau.
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(4) = (5) Do T Ia lién thong nén hai dinh bat ky clia né dugc ndi voi nhau bai mot dwong di don.
Neéu co cap dinh nao ctia T ¢6 hai dwong di don khac nhau noi ching, thi tie do suy ra do thi chira
chu trinh, va vi thé cac canh trén chu trinh nay khéng phai la cau (mau thuan gia thiét)

(5) = (B) T khéng chra chu trinh, b&i vi néu c6 chu trinh thi suy ra tim dwoc cap dinh cta T dwoc
ndi v&i nhau b&i hai dwdng di don. Bay gi®, néu thém vao T mét canh e néi hai dinh u va v nao do6
cta T. Khi dé canh nay cung véi dwdng di don ndi u véi v sé tao thanh chu trinh trong T. Chu trinh
thu dwoc nay 1a duy nhét, vi néu thu dwoc nhiéu hon mét chu trinh thi suy ra trong T trwéc d6 phai
cb sén chu trinh.

(6) = (1) Giad st T khong lién thong. Khi d6 gom it ra 1a 2 thanh phan lién thong. Vi vay, néu thém
vao T mot canh noi hai dinh thuécﬂhai thanh ph@n lién théng khac nhau ta khdong thu duwgc thém moét
chu trinh nao ca. bieu d6 mau thuan vé&i gia thiét (6).

Dinh ly dwgc chirng minh.

2. Cay khung cta doé thj

G=(V,E) la d6 thj vd hwéng lién thong. Cay khung cla db thi G 1a cay T=(V,F) véi F< E .
Nhw vay Cay khung la

- Cay (lién thdng, khéng chu trinh)

- Co cung sb dinh v&i d6 thi nhwng sé canh c6 thé it hon

Hinh 2. D6 thj va cac cay khung cla né

a /h\ b
C & C
a a@

£
E

[

2.1  Dinhly 2 (Cayley): (chap nhan)
S6 cay khung ctia db thi day da K, la n™2,

Vi du: n=3=> cé 3 cay khung, n=4 c6 16 cay khung

= J

Nhan xét: sé lwong cay khung cla d6 thj co thé rat 1on.

2.2  Cac thuat toan tim cay khung .
2.2.1 S dung thuat toan duyét theo chieu sau
void DFS1(v)
{ L
tham[v]=1; //ghi nhan |a da tham v dé vé sau khong tham ntra.
For (us Ke(v))// xét tat ca cac dinh u ke v&i v
If (tham[u])
{
T=T" (v,u); //them canh (v,u) vao tap T
DFS1(u); //neu u chua tham, tham u

2
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}

2.2.2 Str dung thuat toan duyét theo chiéu réng
void BFS1(v)

{
queue=¢ ; //kh&i tao hang doi la réng
push(queue,v); //cat v vao queue
tham[v]=1; //ghi nhan la da tham v dé vé sau khong tham nira.
while (queue * ¢)// xét tat ca cac dinh u ké véiv
{
v=pop(queue); //lay v tu queue .
for (us Ke(v))// xét tat ca cac dinh u ké voi v
If ('tham[u])
{
push(queue,u); tham[u]=1;
T=T" (v.u); //them canh (v,u) vaotap T
}
}
}

3. Tim cay khung nhé nhat ) ,
Cho G=(V,E) la d0 thj vO huwdng lién thong, moi canh e co trong so c(e)>=0. Gia str H=(V,T) la cay
khung ctia do thi G. Ta goi d6 dai c(H) ctia cay khung H la tdng trong so cac canh ctia né:

c(H) = 2= c(e)

Bai toan dat ra 1a tim cay khung v&i d6 dai nhd nhét.

Vi du: Cay khung nhé nhét dwoc chi ra béi cac canh t6 dam

10

18 16

4 26

Vi du:

* Bai toan xay dwng hé théng duwéng sat:

Xay dwng mét hé théng dwdrng sat ndi n thanh phd sao cho gitra hai thanh phd bat ky luén cé dudng
di va chi phi xay dwng nhé nhét.

Bai toan dat ra chinh la bai toan tim cay khung nhé nhét trén dé thj day da n dinh, méi dinh twong
¢ng v&i mot thanh phd, véi dd dai trén cac cac canh chinh la chi phi xay dwng duwéng ray néi hai
thanh phd twong tng.

* Bai toan nbi mang may tinh:

Trong mét co quan ¢ n phong ban, moi phong ¢ mot may tinh. Can ndi n may tinh thanh mét mang
LAN sao cho chi phi it nhat. Biét rang chi phi ndi may i v&i may j 1a cfij]
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* Nhan xét:

Néu xét tat ca cac cay khung va chon ra cay khung nhé nhit thi trong trwong hop do thi day da, sé
doi hoéi thoi gian c& nn-z’, do do6 khong thé thye hién dwoc khi sO dinh nhi{au. Rat may la doi véi bai
toan cay khung nhé nhat chiang ta da cé nhirng thuat toan rat hiéu qua dé giai chung.

3.1 Thuat toan Kruskal

*Y twéng

= S&p xép danh sach canh theo trong sé tdng dan. (P& sap xép nhanh nén st dung thuat toan
Heap Sort hoac Quick Sort)

= Lan lwot chon n-1 canh trong danh sach canh tir trai sang phai sao cho canh dwoc chon khong
tao thanh chu trinh v&i nhirng canh da chon trwédc do.

» Thuat toan kiém tra chu trinh
v' Ban dau xem cé n cay con, méi cay chi cé6 mét dinh va la gbc cay.
v Mbi cay c6 mét dinh goi la gbc, dinh gbc co trudc bang -1
v/ Xét canh (i,j), gia str i thuéc cay gbcu, j thudc cay goc v. Néu u khac v thi canh (i,j) chon

dwoc va ta gan truocfu]=v d& ghép cay gbc u va cay gbc v thanh moét cay cé gbc la v.

*Cai dat

int dsc[max][3];//danh sach canh
int n, m;//so dinh va so canh

int truoc[max]={-1};

int Goc(int i){
while (truocfi] ! = -1) i=truoc]i];
return i;

}
void Kruskal(){
SapXepDSC();
int sc=0, cd=0;
int ck[max][3];
for (int k=0; k<m;k++){
int i=dsc[k][0]; int j=dsc[k][1]; int I=dsc[K][2];
int u=Goc(i), v=Goc());
if (ul=v){
ck[sc][O]=i;ck[sc][1]=j; ck[sc][2]=I;
sc++; cd+=l; truoc[u]=v;
if(sc==n-1) break;
}
}
if(sc<n-1) cout<<”khong co cay khung’;
else{
for (int k=0; k<n-1;k++) cout<<"("<<ck[K][0]<<","<< ck[K][1]<<","<< cKk[K][2]<<™) "
cout<<endl<<"Do dai = "<<cd<<endl;

3.2 Thuat toan Prim S .
Prim tot hon Kruskal vi khdng can sap xep va khéng can phat hién chu trinh

*Y twéng
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Cay khung ban dau chi c6 mét dinh bat ky goi la s va chwa c6 canh nao, ta lan lwgt bd sung dinh va
canh cho dén khi da n-1 canh thi ngrng.

M®&i dinh v gan hai gia tri: ] ’ '
d[v]: la khoang cach ngan nhat tir v dén cay khung.
near[v]: la dinh cda cay khung gan v nhat.

ban d4u gan: v veV; d[v] = trong sé canh (s,v), hodc o néu khéng c6 canh (s,v) va near|v]=s;
danh dau s chon roi
lan lwot 18p (n-1) 1an, mbi 1an chon mét dinh, moét canh dé bd sung vao cay khung.
dinh dwoc chon 1a dinh u chwa chon va c6 d[u] nhd nhét , canh dwoc chon la (u,nearfu])
danh dau u chon roi
cap nhat gia tri cho cac dinh v thda diéu kién: v chwa chon, v ké u, d[v]>a[u][v]. Cap nhat bang
cach gan d[v]=alu][v] va near[Vv]=u;

*Cai dat
int a[max][max], n;
void Prim(){
int tham[max]={0},d[max],Near[max],ck[max];
int sc=0,cd=0;
int u,v,s=1,vc=30000;
for(v=1;v<=n;v++){
tham[v]=0;d[v]=a[s][v];Near[v]=s;

tham[s]=1;
for(int i=1;i<=n-1;i++){
int temp=vc;

for (v=1;v<=n;v++)
if(tham[v]==0&&d[v]<temp){
temp=d|[v]; u=v;

If(temp==vc) break;
ck[sc][0]=u;ck[sc][1]=Near[u]; ck[sc][2]= a[u][Near[u]];
cd+=a[u][Near[u]]; tham[u]=1; sc++;
for (v=1;v<=n;v++)
if (tham[v]==0&&d[v]>a[u][V]){
d[v]=alu][v];Near[v]=u;

}

if(sc<n-1) cout<<”khong co cay khung’;

else{
for (int k=0; k<n-1;k++) cout<<"("<<ck[K][0]<<","<< ck[K][1]<<","<< cK[K][2]<<™) "
cout<<endl<<"Do dai = "<<cd<<endl;

}

Vi duy : Tim cay khung nhé nhat cho dd thj xét trong hinh 4 theo thuat toan Prim.
Ma tran trong so clia do thi cé dang
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Bang duw&i day ghi nhan cua cac dinh trong cac bwdc lap cua thuét toan, dinh danh d4u * 1a dinh
dwoc chon dé bo sung vao cay khung (khi d6 nhan ctia né khdng con bi bien doi trong cac budce lap

tiép theo, vi vay ta danh dau * d& ghi nhan diéu do):

Buwéc lap

Khé&i tao

*

Binh 1

[0.1]

Binh 2

[33,1]

[18,3]
[18,3]
[18,3]

[18,3]

*

Binh 3

[17,1]*

Bai tap chwong 5

Binh 4

[ 1]

[16,3]

[9.5]

Bai 1: cai dat thuat toan Kruskal
Bai 2: cai dat thuat toan Prim
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Binh 5 Binh 6

[ a4 | [* 1

[4,3] [
[14,5]

(8.4]

Vh

1

1,3

1,35

1,354

1,3,5,4,6

1,3,5,4,6,2

(CH)

(31), (5.3)

(3.1), (5,3), (4,5)
(3.1),(5,3),(4,5),(6,4)

(3.1), (5,3), (4.5), (6.4), (2.3)
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