CHUONG 6
BAI TOAN PUONG DI NGAN NHAT

1. Cac khai niém
Xét db thi c6 hwéng G =(V,E), |V|=n, |E|=m. M&i cung (u,v) dat twong rng v&i mot sb thwe a(u,v) goi 1a trong
sb cla cung, a(u,v) = © néu (u,v) ¢ E.

Néu day vo, vy, . . ., V, 1a mdt dwong di trén G, thi do dai dwong di 1a tdng clia cac trong sb trén cac cung:

i a(v,-,,v;)

i1

(néu gan trong sb cho tat ca cung bang 1, thi dd dai clia dwong di la sd cung ctia dwéng di.)

Puong di ngan nhat tr dinh s dén dinh t 1a dwdng di cé dd dai nhd nhat tir s dén t, va d6 dai nhé nhat (con goi

la khodng cach) ky hiéu la d(s,t). Néu khéng cé dwdng di tir s dén t thi dat d(s,t)== .

2. Pwong di ngan nhat xuat phat tir mét dinh

Phan I&n cac thuat toan tim khoang céach gitra hai dinh s va t dwoc xay dwng nhw sau:

Tinh céan trén d[v] cia khoang céach tir s dén tat c& cac dinh v < V. M&i khi phat hién d[u] + a[u,v] < d[v] , can
trén d[v] s& dwoc lam tdt 1&én véi gia tri méi: d[v]= d[u] + a[u,v].
Qua trinh sé két thuc khi khéng lam tét thém dwoc béat ky can trén d[v] ndo. Khi dé, gia tri ctia méi d[v] sé cho

khoang céach t dinh s dén dinh v.

Dé tinh khoang cach tir s dén t, ta phai tinh khoang céach tir s dén tat ca cac dinh con lai clia dd thi. Hién nay
van chwa biét thuat toan nao tim dwong di ngén nhét gitra hai dinh 1am viéc thwe sw hiéu qua hon nhirng thuat

toan tim dworng di ngén nhat tir mét dinh dén tat ca cac dinh con lai.

2.1 Thuéat toan Ford-Bellman

Xét db thi v&i trong sb céc cung 1a tuy v va khdng cé chu trinh 8m. Tim dwdng di ngén nhét tlr dinh s dén tat

ca cac dinh con lai.

*Y twéng
Mbi dinh v gan hai gia tri :
d[v]: Khodng cach ngan nhét tr s dén v
Trwéclv] : dinh ngay trwdc v trén dwdng di ngan nhat tir s dén v.
Ban dau gan Vv veV; d[v] = trong sb cung (s,v), hodc = néu khéng cé cung (s,v) va truoc|v]=s;

done=false;
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Trong khi done = false thwc hién cac Iénh sau:
done=true;
Lan lwot xét cac dinh v tr 1 dén n (v # )
Vé&i mbi dinh v, 1an lwot cho dwong di tir s dén v qua tat ca dinh u (u # v, u # s). Néu d[v]>d[u]

+ afu,v] thi cap nhat: d[v]=d[u]+a[u,Vv]; va Truoc[v]=u; done=false;

*Cai dat
const int ve=1000;
void FordBellman() {
int d[max],truoc[max;
bool done=false;
for(int v=1;v<=n;v++){
d[i]=a[s][v]; truoc|v]=s;
}
d[s]=0;
while (! done) {
done=true;
for (int v=1;v<=n;v++)
for (int u=1;u<=n;u++)
if (ul=v&&alu][v]'=vc&&d[v]>d[u]+a[u][Vv]{

d[v]=d[u]+a[u][Vv];truoc|v]=u;done=false;

}

cout<<endl<<"\nCac duong di tu dinh "<<s<<":"<<endl;
for (int i=1; i<=n; i++)
if(i'=s){
cout<<endl<<s<<"->"<<i<<": "
if(d[i]==vc) cout<<"Khong co duong di"<<endl;
else{
int stack[max],top=-1;

stack[++top]=i;
int t=i;
do{

t=truocft];

stack[++top]=t;
twhile(t!=s);
while(top!=-1)1
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cout<<stack[top--]<<" ";

}

cout<<"; CD="<<d[i]l<<endI;

Nhan xét: Do phirc tap cla thuat toan 1a O(n®).

Vi du: tim dwdng di ngan nhat tir dinh 1 dén cac dinh con lai

Buéclap | 1 2 3 4 5

KIT 01|11fvc,1|vc,1]|31
1 011142 4,2 -1,3
2 011142 |35 |-13
3 011142 |35 |-13

Céc dwong di ngan nhét tir dinh 1:
1->2:1->2;CD=1
1->3:1->2->3;CD=4
1->4:1->2->3->5->4; CD=3
1->5:1->2->3->5; CD=-1

Vi du:

Tim dwéng di ngan nhat tv 1 dén cac dinh khac trén db thi c6 MTTS nhw sau:
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S=1|1 2 3 4 5 6

KImT|o1|11|vc,1|{vc,1{|vcl]|vecl

1 0111|132 |vecl |-1,2|-45

2.2 Thuat toan Dijkstra

Truwdng hop trong sb trén cac cung la khéng am thuat toan Dijkstra tét hon nhiéu so véi thuat toan Ford-

Bellman.

*Y twéng
Tim dwdng di ngan nhat tr s dén tat ca cac dinh con lai
M®i dinh v gan hai gia tri:

d[v]: 1a khodng cach ngan nhat tir s dén v.

truoc[v]: la dinh ngay trwéc v trén dwdng di ngan nhat tr s dén v.

ban dau gan: v veV; d[v] = trong s6 cung (s,v), hodc = néu khéng c6 cung (s,v) va truoc[v]=s;
danh dau s chon roi
lan lwot 13p (n-1) 1an, mdi lan chon mét dinh.
dinh u dwoc chon la dinh u chwa chon va c6 d[u] nhd nhét.
danh d4au u chon roi
cap nhat gia tri cho cac dinh v théa diéu kién: v chwa chon, v ké& u, d[v]>d[u]+a[u][v]. Cap nhat bang
cach gan d[v]=d[u]+a[u][v] va truoc|v]=u;

str dung mang trwée in ra dwdng di ngan nhat tir s dén tat ca cac dinh khac s

*Cai dat

int afmax][max], n;

void Dijkstra(int s){
int tham[max],d[max],truoc[max];
for(int i=1;i<=n;i++){

d[i]=a[s][i]; truoc]i]=s; tham[i]=0;
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}
tham[s]=1;
for(int i=1;i<=n-1;i++){
int u=0,j,temp=vc;
for (j=1;j<=n;j++)
if(tham[j]==0&&d[j]<temp){
u=j;temp=d[j];
}
if(u==0) break;
tham[u]=1;
for (int v=1;v<=n;v++)
if (tham[v]==0&&d[v]>d[u]+a[u][V]){
d[v]=d[u]+a[u][V];truoc|V]=u;

}

cout<<endl<<"\nCac duong di tu dinh "<<s<<":"<<end|;
for (int i=1; i<=n; i++)
if(i'=s){
cout<<endl<<s<<"->"<<j<<" "
if(d[i]==vc) cout<<"Khong co duong di"<<endl;
else{
int stack[max],top=-1;
stack[++top]=i;
int t=i;
do{
t=truocft];
stack[++top]=t;
twhile(t!=s);
while(top!=-1){
cout<<stack[top--]<<" ";

}

cout<<"; CD="<<d[i]l<<endl;

Vi du: tim ddnn ttr 1 dén cac dinh con lai
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(7)

Bwéc || Dinh || Dinh || Binh || Binh || Binh Pinh Pinh
lap 1 2 3 4 5 6 chon
2 -
N (3
Khaoi 0,1 1,1* vc,1 ||vec,1 ||vc,1l ||vc,l 1
0 1) 1)
{ (2
1 - - 6,2 3,2 vc,1l || 8,2 2
2 - - 4.4 - 7,4 8,2 4 1
+ =
3 - - - - 7,4 5,3 3 (2)
4 - - - - 6,6 - 6
5 - - - - - - 5

Cac duong di tu dinh 1:
1->2:1-2;CD=1
1->3:1-2-4-3;CD=4
1->4:1-2-4;CD=3
1->5:1-2-4-3-6-5; CD=6
1->6:1-2-4-3-6; CD=5

Chay:

- Do phtrc tap cla thuat toan 1a O(n?).

(1)

(4)

(3)

1

- Néu chi can tim dweng di ngan nhét tir s dén mot dinh t ndo do thi cé thé két thuc thuat toan khi tham duoc t.

2.3 Thuat toan Critical Path

2.3.1 Dinh ly (chap nhan)

Gia st G la dd thj co6 huwéng, trong sb tuy v, khéng cé chu trinh Khi d6 cac dinh co6 thé danh sb lai sao cho méi

cung clia d6 thi ludn huéng tir dinh cé chi sé nhé dén dinh cé chi sé 16n.

2.3.2 Thuat toan Numbering
*Y twéng:
Tinh ban béac vao cua tat ca cac dinh i, cit vao mang vaoli]

Cét cac dinh c6 ban bac vao bang 0 vao hang doi.
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k=0;

Trong khi hang doi con khac rong thi thwe hién cac 1énh sau:
Tangk lén 1
L&y mot dinh i trong hang doi, danh sd dinh i 1a vk].

Tim céac dinh j ké i, gidm vaolj] di 1, néu vaolj]=0 thi cét j vao hang doi.
Néu k<n (con dinh chwa dwoc danh sé) thi db thi chira chu trinh nén khéng danh s lai dwoc.

*Cai dat
int vc = 30000;
int a[max][max],n,v[max];
int Numbering(){
int vao[max]={0},queue[max], d=0, c=0, num=0 ,i, j;
for (j=1;j<=n;j++)
for (i=1;i<=n;i++)
if (i'=j && a[i][j]'=vc) vaol[j]++;
for (i=1;i<=n;i++)
if (vao[i]==0) queue[c++]= i
while (d!=c){
i=queue[d++]; v[++num]=i;
for (j=1;j<=n; j++)
if(i'=j && a[i][j] != ve){
vao[j] --;

if (vao[j]==0) queue[c++]=j;
}

if (num==n) return 1; else return O;//tra ve 0 la danh so khong thanh cong

Dwa vao thuat toan danh sb ta cé thé xay dwng thuat toan Critical Path tim chiéu dai dwéng di ngén nhét t

dinh ngudn dén cac dinh con lai trén d6 thj cé trong s tuy v, khéng cé chu trinh nhw sau:

2.3.3 Thuat toan critical path

Gia st d6 thi da dwoc danh sb lai la v1,...,vn. Hay tim chiéu dai ddnn tir v1 dén cac dinh v2,...,vn.
*Y twéng

S dung thuat toan danh sé dé danh sbé lai cac dinh 1a v[1],...,v[n]
7
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Goi d[v[i]] 1& khodng cach ngan nhéat tir v[1] dén v[i], v&i moi ity 1 dén n
Ban dau gan d[v[1]]=0; va d[v[i]]=a [ v[1]][ V[i] ] v&i moi i tlr 2 dén n
Lan lwot xét cac dinh trung gian V[i] (i tr 2 dén n-1)
Xét tAt ca cac dinh v[j] ké v&i V[i] (j ttr i+1 dén n)
Néu d[v[j]]>d[v[i]]+a[V[i]][v[j]] nghTa la ttr v[1] dén V[j] qua v[i] ng&n hon khodng cach hién c6
thi cap nhat d[v[j]] = d[v[i]l+a[Vv[i][v[]]

* Cai dat
/1d[V[i]] 1a kenn tir v[1] dén V]i]
void CriticalPath(){
inti, j, dfmax];
if(Numbering()==0){
cout<<"co chu trinh"<<endl; return;
}
d[v[1]]=0;
for (i=2; i<=n; i++) d[v[i]]=a[v[1]][V[i]];
for (i=2;i<n;i++)
for (j=i+1;j<=n;j++) //xet cac dinh V[j] ke voi V][i]
if( a[v{il][vill'=vc && d[v[i]]>d[v[i]]+a[V[iI[V[]])
div[ill = div[ifl+alv{ilv{ill;
for(i=2;i<=n;i++)
cout<<y[l]<<"->"<<y[i]<<"="<<d[V[i]]<<end];
}
Nhan xét: D6 phtrc tap clia thuat toan la O(m)

Vi du: Danh sé lai cac dinh dd thj sau va tim dd nn ti v1 dén cac dinh v2,..,v9.

+ Panh s6: v1=5, v2=1, v3=3, v4=4, v5= 6, v6=7, v7=2, v8=9, v9=8

+ Cap nhat kenn tir v dén v khi lan lwot cho qua v; voi i=2,...,8

8
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1 3 4 6 7 2 9 8
Vi\vj|v2 | v3 |Vv4 | V5 |Vv6 |Vv7 |v8|V9
KIT |1 |1 |2 |vc|vC|VC |VC|VC
v2 111 |2 |3 |8 |vc|vc|VvC
v3 111 |2 |3 |8 |vc|4 |vC
v4 111 |2 |3 |7 |vc|4 |vC
v6 |1 |1 |2 |3 |7 [13|4 |8
V6 1|12 |3 |7 |13|4 |8
v7 112 |3 |7 |13|4 |8
v8 |1 |1 |2 |3 |7 [13|4 |8

+ Kenn tir v1=5 dén cac dinh con lai:
5->1=1; 5->3=1; 5->4=2; 5->6=3; 5->7=7; 5->2=13; 5->9=4; 5->8=8

2.4 Thuat toan PERT (Project Evaluation and Review Technique) hay CPM (Critical path Method).
Mét dw &n gdm nhiéu cong viéc, ¢ nhirng cdng viéc can lam trwdc cong viéc khac. t[i] 1a thdi gian hoan thanh
cv[i]. Gia st thoi diém bat dau dw an 1a 0, hay tim thdi diém bat dau thwc hién méi cong viéc sao cho dy an

dwoc hoan thanh trong théi gian sém nhét.

Ta xay dwng dd thi cé6 hwéng n dinh, méi dinh (rng v&i mot cong viéc, néu cong viéc i phai dwoc thuc hién

trwdc cdng viéc j thi trén dé thi cé cung (i,j) v&i trong sé t[i].

Thém vao db thi hai dinh 0 va n+1: dinh 0 twong rng v&i cong viéc 18 khdi cong, né phai dwoc thuc hién trudc
tat c& cac cong viéc khac, va dinh n+1 twong (rng véi cdng viéc cat bang khanh thanh, né phai duwoc thue hién
sau tat ca cac cong viéc khac, véi t[0]=t[n+1]=0. Ta ndi dinh 0 vé&i tat ca cac dinh c6 ban bac vao bang 0 va néi

tat c& cac dinh c6 ban bac ra bang 0 v&i dinh n+1.

Bai toan quan ly dw an tré thanh bai toan tim dwéng di dai nhat tir dinh 0 dén tat ca cac dinh con lai trén dé thi
c6 hwéng, khéng chiva chu trinh, nén dé giai bai toan cé thé ap dung thuat toan critical path, chi can déi tim
Min thanh tim Max.

Khi két thuc thuat toan critical path, ta co d[v] Ia dé dai dwdng di dai nhat t&r dinh 0 dén dinh v. Khi d6 d[v] la
thdi diém s&m nhét co thé bat dau thwe hién cong viéc v, d[n+1] la thoi diém sém nhét cé thé cét bang khanh
thanh, tirc 1a thoi diém s&m nhét co thé hoan thanh toan bd dy an.

Lwu y: tim dd dai nhat ch&r khéng phai tim dd ngan nhét, vi du: cv1:4; cv2:5;cv3:6; biét 1->2,1->3, 2->3

9
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Vi du

cv | i
1 19
2 |15
3 |80
4 |45
5 |4

6 |15
7 |30
8 |15

CV lam trwoc

5,6

Khéng cé

7,3

7,3

Khéng cé

15 30 6

g 7 1
0 19
0 1N
] 1 30 p
3 a0 4 45: 3 4 2
+Cac dinh dwoc danh s6 lai
v0=0; v1=3; v2=8; v3=7; v4=4,; v5=6; v6=5; v7=1; v8=2; v9=9;
+Thoi diém sém nhét thwc hién cong viéc i =1,..,8:
1:129; 2:129; 3: 0; 4:80; 5:125; 6:80; 7:15; 8:0
+Thoi diém sém nhét hoan thanh dy an: 148
+Cap nhat kedn tir vo dén v; khi lan lwot cho qua v; vai i=1,...
3 [8 [7 [4 [6 |5 1 2 9
Vilvj vl |v2|v3 |v4 [V |Vv6 |Vv7 |v8 |V9
Kt |0 [0 |-vc|-vc|-vC|-vC |-vC |-vC | -VC
vl O |0 [-vc |80 |80 |-vc |-vCc |-vC |-vC
v2 O |0 (15 |80 |80 |-vc |-vCc |-vC | -vC
v3 O [0 |15 |80 |80 |-vc |-vc |-vC |-vC
v4 O |0 |15 |80 |80 | 125 | -vc | -vCc | -vC
v5 O |0 |15 |80 |80 |125|-vc |95 | -vc
V6 O |0 |15 |80 |80 | 125|129 | 129 | -vc
v7 O |0 |15 |80 |80 | 125|129 | 129 | 148
v8 O |0 |15 |80 |80 | 125|129 | 129 | 148

3. DPwong Di Ngan Nhat Giira Tat Ca Cac Cap Pinh

*Y twéng

Mbi cap dinh (i,j) gan hai gia tri:
d[i][j] : 6 dai dwéng di ngén nhét tee dinh | dén dinh .
p[il[i] : dinh ngay trwédc dinh j trén dwdng di ngan nhat tir i dén j.

Ban dau gan: v(i,j) d[i][j]=a[i][j] hodc e néu khoéng cé cung (i,j) va plil[j]=i;

Lan lwot xét cac dinh trung gian k=1,..,n va cho tat ca cac cap dinh (i,j) qua k
Néu (d[ili]>d[i]k]+d[K][i]) thi cap nhat d[i][j]=d[i][K]+d[K][]; va p[il[i]=pIKI[l;

10
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*Cai dat

void Floyd() {

for (i=1;i<=n;i++)

for (j=1;j<=n;j++){
dfijjl=alil(il; plfl=i;
}

for (k=1;k<=n;k++)

for (i=1;i<=n;i++)
for (j=1;j<=n;j++)
if (d[i]i]>d[ilk]+dIK]E]) {
dlili1=d[ikI+dK]0T; pOlG1=PIKILL;

}
}
Vi du: Hay tim duong di ngén nhat giita tit ca cac cap dinh bang thuét toan Floyd.
(7)
2 ‘ 1 [2 [3 [4 [5 [6
2 —(5:' (1—) 1101 |11 | w1 ]| w1]|o1]|e1
2| =2]02 [52 [22 [«2]72
| 3| w3 [©3]03 [©3]=3]|13
) 4 (23 () ) (L 4124 [04]14 |04 [44 |4
5] w5[©5]«=5[35][05 |5
() 6 6| =6 | =6 =616 |06
1 . A ,5 Khdi tao
(2)
(3)

1 |2 |3 |4 |5 |6 1 [2 [3 [4 [5 Jse 1 |2 [3 [4 |5 |s
1101 |11 |o1|w1|[e1]|1|[21]01 |11 |62 |32 ]=1]82 1/01 |11 (62 |32 |x~1]|73
2|02]02 [52 ][22 [«2][72 [[2][=w2]02 [52 [22 |«2]72 2| =202 [52 |22 [=2]63
3] 03| 23|03 |®x3|«3]13 3103|303 |®©3]|«x3]13 3] 03| 3|03 |«©3|«x3]13
4124 |31 |14 |04 |44 |4 |[4]24 [31]14 [04 |44 |102][4|24 31|14 |04 |44 |23
5[ w5 |©5]«5[35[05 |©5]|[5]~x5]«=5|~5][35 |05 |«=5 |[5]«=5]~5]«=5[35][05 =5
6| 06| 06| =6]|=6]|16 |06 6| 06|06 |~6|~6|16 |06 6| 06|26 |~6|x6|16 |06

k=1 k=2 k=3

11
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1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
1101 |11 44 (32|74 |53 1101 |11 (44|32 |74 |53 1(01(11[44][32]66]53
2144 (02 |34 |22 |64 43 2144 (02 |34|22 [6,4 |43 2440234225643
3|03| 3|03 |®03]|«x3|13 3| 03] 03|03 |x3]|«3|13 3748103552613
4124 (31114 [04 (44 |23 4124 (31|14 ]04 |44 |23 4124103114 ]04[36]23
5/54 |61 |44 |35 |05 |53 5/54|61|44|35 |05 |53 5(54/[6,1|44[35]|05]5,3
6] 6|w6|=6|~6[16 06| [6]64[71[54(45|16 06| [6(64|71|54 451606

k=4 k=5 k=6

KQ:
1->2(CD= 1):2<-1 2->1(CD= 4):1<-4<-2 3->1(CD= 7):1<-4<-5<-6<-3
1->3(CD= 4):3<-4<-2<-1 2->3(CD= 3):3<-4<-2 3->2(CD= 8):2<-1<-4<-5<-6<-3
1->4(CD= 3):4<-2<-1 2->4(CD= 2):4<-2 3->4(CD= 5):4<-5<-6<-3
1->5(CD= 6):5<-6<-3<-4<-2<-1 2->5(CD= 5):5<-6<-3<-4<-2 3->5(CD= 2):5<-6<-3
1->6 (CD= 5):6<-3<-4<-2<-1 2->6(CD= 4):6<-3<-4<-2 3->6 (CD= 1):6<-3
4->1(CD= 2):1<-4 5->1(CD= 5):1<-4<-5 6->1(CD= 6):1<-4<-5<-6
4->2 (CD= 3):2<-1<-4 5->2 (CD= 6):2<-1<-4<-5 6->2 (CD= 7):2<-1<-4<-5<-6
4->3 (CD= 1):3<-4 5->3 (CD= 4):3<-4<-5 6->3 (CD= 5):3<-4<-5<-6
4->5(CD= 3):5<-6<-3<-4 5->4 (CD= 3):4<-5 6->4 (CD= 4):4<-5<-6
4->6 (CD= 2):6<-3<-4 5->6 (CD= 5):6<-3<-4<-5 6->5 (CD= 1):5<-6

*Bai tap chwong 6

Bai 1: Cai dat thuat toan Ford-Bellman
Bai 2: Cai dat thuat toan Dijkstra

Bai 3: Cai dat thuat toan Critical Path
Bai 4: Cai dat thuat toan PERT

Bai 5: Cai dat thuat toan Floyd
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