CHUONG 7
BAI TOAN LUONG CUC DAl TRONG MANG

1. Cac khai niém
- Mang: la d6 thi c6 hwéng G=(V,E), trong dé cé mét dinh s khdng c6 cung vao goi la dinh phat va
c6 mét dinh t khdng c6 cung ra goi la dinh thu. Mbi cung e dwoc gan véi mot sé khéng am c(e) goi

la kha ndng théng qua clia cung e. Qui wéc néu khdng cé cung e thi c(e) = 0.

- Ludng trong mang: la anh xa f: E-> R, , f(e) khéng &m va goi la luéng trén cung e, thoa 2 diéu

kién sau:

+ Diéu kién théng qua: luéng trén cung bat ky khéng vuot qua kha nang théng qua cla no:
0<f(e)=c(e)

+ Diéu kién can bang: Téng ludng trén cac cung di vao mét dinh bang tdng ludng trén cac cung di
ra khéi dinh.

- Gia tri cta ludng: tbng ludng trén cac cung di ra dinh s sé& bang tdng ludng trén cac cung di vao

dinh t, gia tri nay goi la gia tri ctia luéng, ky hiéu val(f)

- Ludng cwc dai: 1a lubng f* trong mang v&i val(f*) 1a I1&n nhét.

- Bai toan tim lubng cwc dai cé nhiéu &ng dung, vi du bai toan giao thdng: xac dinh cwdng dd lon
nhat ctia dong van tai gitra hai nat giao thong (khd nang théng qua twong tng véi sb xe trung
binh di trén doan dwéng trong mét don vi thdi gian), hodc bai toan dan dau: xac dinh ludng dau
|&n nhét c6 thé bom tir tau ché dau vao bé chira (kha ndng théng qua twong (rng véi tiét dién cla

céac 6ng).

2. Lat Cat
Lat cat (X, X)) 1a mot phan hoach tap dinh V thanh hai tap X va X = V\X, v&is€ X, t€ X .
Kha nang théng qua cua lat cit (X, X)) 1a c(X,X)= 2 c(v,w)

wex "

Lat cat v&i kha nang thong qua nhd nhat dwoc goi la lat cat hep nhéat.

*DPinh ly 1:
Gia tri cha ludng f trong mang luén nhd hon hodc béng kha nang théng qua cla lat cat (X, X))
bat ky : val(f) < c(X,X), v&i moi lat ct (X,X), va gia tri ludbng cwc dai bdng kha nang théng qua

cUa lat cat hep nhat.
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3. D6 thj Tang Ludng, Pwong Tang Ludng
Gia st f la mét ludng trong mang G = (V,E). Ta xay dwng d6 thi G; = (V, Ej), v&i tap cung E; dwoc

xac dinh theo qui tdc sau: Xét e=(u,v) € E

+ Néu f(u,v)<c(u,v), thi (u,v) € E;véitrong sb c(u,v) - f (u,v): cé thé tdng ludng f trén cung (u,v) v&i

gia tri I&n nhét 1a c(u,v) - f (u,v); cung (u,v) goi la cung thuan trén G;

+ Néu f(u,v) >0, thi (v,u) € E; v&i trong sb f(u,v): : ¢ thé gidm ludng f trén cung (u,v) v&i gia tri lon

nhat Ia f (u,v) ; cung (v,u) goi la cung nghich trén G .

Gt goi la d6 thi tAng ludng va moi duwdng di tir s dén t trén dd thj tang ludng G; goi la dwéng tang

ludng f

Vi du: (Cac sb viét canh cac cung theo thi tw 1a kha ndng théng qua va ludng trén cung)

Gia str P=(s=vp, V1, . . ., Vi=t) 1a mot dwdng tang ludng trén dé thi tdng lubng Gy. Goi ¢ la gia tri nhd

nhat ctia cac trong sé clia cac cung trén dwong di P. Xay duwng ludng f trén mang G theo qui tc sau:
f(u,v) + ¢ , néu (u,v) € P la cung thuan ctia G
f'(u,v) = f(u,v) - ¢ , néu (v,u) € P la cung nghich cia Gi

f(u,v), néu (u,v) ¢ P
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Dé& dang kiém tra f la ludng trong mang G va val(f') = val(f) + ¢ => val(f) > val(f). Ta s& goi tha tuc

bién ddi ludng f thanh £ nhw trén 14 tha tuc tang ludng doc theo dudng P.

Dinh ly 2: Cac ménh dé duéi day la twong duwong:
H fla Iu6ng cwc dai trong mang

(i) khéng tim duwgc dwong tang ludng f;

(iii) val(f)=c(X,X") v&i mot lat cat (X,X') nao dé.

Dinh Iy 2 1a co s& dé xay dwng thuat toan 18p sau day dé tim luéng cwc dai trong mang:

4. Thuat Toan Tim Ludng Cwc Pai (thuat téan Ford-Fulkerson)

B&t dau tr mot ludng f ndo d6 trong G (c6 thé 1a ludng 0), tim dwdng ting ludng P trong G , tdng
ludng doc theo dworng P ta dwoc lubng méi f trong G. Lap lai viéc tim dwong tang ludng véi ludng

mé&i f cho dén khi khéng tim duwoc dwdng tang ludng thi ludng trong G sé dat cwc dai.

Vi du: Tim lubéng cwc dai trong mang sau:

Thuat toan khéng can xay dwng do thj twérng minh Gf ma van tim dwoc dwéng tang ludng, bang cach
dung thuat toan duyét theo chiéu rong (hodc chiéu sau) va 1an lwot gan nhan [* p(v), d(v)] cho céac
dinh v, voi :

p(v) la dinh ngay trwdc dinh v trén dwéng tang ludng tr s tdi v.

d(v): gia tri I&n nhat c6 thé tang ludng trén cung (p(v), v) hodc gidm ludng trén cung (v, p(v))
+p(v): can tang ludng theo cung (p(v), v) ; -p(v): can gidm ludng theo cung (v, p(V))
* Thuat toan tim dworng tang ludng

int Find_Path(){
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gan tat ca cac dinh la chwa tham ;
queue=¢ ; queue<=s ; p[s]=s ; d[s]=+vc ;tham[s]=true;
while (queue!=4 ){
u<=queue;
for (v chua tham) {
if ((c[u,v]>0)&&( f[u,v] <c[u,v]) X // Gf co cung thuan (u,v)
p[v]=u; d[v]=min {d[u], c[u,v] — flu,V]};
if (v==1) return 1;
gueue<=v; tham[v]=true;
}
if ( (c[v,u]>0)&&(f[v,u]>0){ //co cung nghich (u,v)
p[v]=-u; d[vl=min {d[u], flv,u]} ;
if (v==1) return 1,

gueue<=v; tham[v]=true;

}

return O;

* Thuat toan tiang ludéng
void Inc_Flow(){
v=pl[t]; u=t; tang=d[t];
while (u'=s){
if (v>0) f[v,u] = f[v,u] + tang;
else{
v = -v; flu,v] = f[u,v] - tang;
}

u=v;v=nplul;

* Thuat toan tim luéng cwc dai
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void Max_Flow()
{ /lluong ban dau la luong khong
for (u € V)
for (v € V) f(u,v)=0;
stop=0;
while (!stop)
if (Find_Path()) Inc_Flow(); else stop=1;
[*
Lat cat hep nhat 1a (VT, VAVT) vé&i VT la cac dinh da tham trong lan tim dwdng tang ludng cubi
cung ma khdng thanh coéng va khi dé f 1a lubng cuc dai
*/

Vi du . Hinh a cho mang G cuing v&i théng qua cla tat ca cac cung va ludng gia tri 10 trong né. Hai
sb viét bén canh mdi cung la kha ndng théng qua cla cung (sb trong ngodc) va ludng trén cung.

Puong tang lubng co dang (s, Vs, Va, Vs, V7, t). Ta tinh dwoc d(t) = 1, gia tri ludng tang to 10 1&n 11

B(6)
. /:\v Ludng trong hinh (b) 1a cyc dai.
(a) - e % e 5 Lat cat hep nhat: X = {s, vz, V3, Vs},
414 J0r10y  X* ={va, Ve, V7, t} . Gia tri luong cyc dai = 11.
3 6 | OV 4(9 ) t
% 101 2 * Nhan xét: ,
795 12y Gia str kha nang thong qua cua tat ca cac cung
, , la cac s6 nguyén. Khi d6 sau mai lan tang ludng,
v 10010)  vs 44y vy gia tri ludng sé tang Ién it nhat la 1. Tt do suy ra
thuat toan Ford_Fulkerson sé dirng sau khong
6(6) qua val(f*) 1an tang ludng va cho ta ludng cwc dai
(b R trong mang. )
¥2 ; NVG T,uy nhién, néu cac khé nang théng qua la céq sO
a4 0(2) 0(2) 10¢10) r:‘gt I&n thi gia tri cGia ludng cwe dai cling co thé la
; rat I&n va khi do thuat toan moé ta & trén sé doi
(3) 2 A P e X
s 259 (2) {1y 139 t hql thwe hién rat nhiéu bwéc tang ludng. )
Néu cac kha nang théng qua la cac so vo fi,
nguoi ta con xay dwng dwoc vi du dé cho thuat
MY v, 10(10) wvs  4(4) vr toan khéng dirng

5. Mét sb bai toan luéng tbng quat
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Trong phan nay ta néu ra mot sé dang bai toan vé luéng tdng quat ma viéc giai chung c6 thé dan vé

bai toan lubng cuc dai trinh bay & trén.

5.1 Mang v&i nhiéu diém phat va diém thu.

Xét mang G v&i p diém phat sy, Sy, . . ., sp va q diém thu ty, to,. . . , tq. Gid s rang lubng co thé di tir
mot diém phat bat ky dén tat ca cac diém thu. Bai toan tim ludng cwc dai tir cac diém phat dén cac
diém thu co thé dwa vé bai toan véi mot diém phat va mot diém thu bang cach dwa vao mot diém
phat gid s va mot diém thu gia t va canh ndi s v&i tt ca cac diém phat va canh ndi cac diém thu véi t.
Kha ndng théng qua cla cung nbi s v&i diém phat s s& bang +vc néu khéng cé han ché vé luong
phat ctia diém phat s,, va néu lwong phat cla sy bi han ché béi by thi cung (s, sk) cd kha nang théng
qua la by. Dbi v&i cac cung néi t, voi diém thu t, gid st khd nang thdng qua cla (t, t) s& 1a giéi han
ho&c khong gi¢i han tuy theo lwong thu cia diém thu nay cé bi gi¢i han hay khéng.

Trworng hop mot sd diém thu chi nhan "hang" tr mot sb diém phat ta c6 bai toan nhiéu ludng la mot

bai toan phirc tap hon rat nhiéu so véi bai toan ludng cuwc dai gitra diém phat s va diém thu t.

£ f
3 ) & £
Difmphiteia - oAl

Cc difm phat Cc difm thu

Hinh: Mang v&i nhiéu diém phat va thu.

5.2 Bai toan v&i kha nang théng qua clia cac cung va cac dinh.
Gia st trong do thi G, ngoai kha nadng théng qua clia cac cung c(u,v), & mdi dinh v con cé kha nang
thdng qua cac dinh 1a d(v), va ddi héi tdng ludng di vao dinh v khéng duoc veot qua d(v), tice la.

2 (w,v) = d(v). Tim luéng cuwc dai gitra s va t trong mang.

wEV

Xay dwng mdt mang G’ sao cho: mdi dinh
v clia G twong trng voi 2 dinh v*, v trong
G’, mdi cung (u,v) trong G tng voi cung
(u-,v*) trong G’, moi cung (v, e) trong G
tng v&i Moi cung (v, w") trong G'. Ngoai
ra, mdi cung (v', V') trong G’ ¢6 kha nang
théng qua la d(v), tic 1a bang kha nang
thong qua cua dinh v trong G.

Do ludng di vao dinh v* phai di qua cung
(v V') vOi kha nang théng qua d(v), nén
lubng cwc dai trong G’ sé& bang luéng cwc

6da| trong G vo&i kha nang théng qua cua
cac cuna va cac dinh.
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Hinh a cho vi du mang G vé&i kha nang théng qua & cung va dinh.

Hinh b la mang G’ twong (rng chi c6 kha nang théng qua trén cac cung.

5.3 Mang trong d6 kha nang thédng qua ctia mdi cung bi chan hai phia.
Xét mang G ma trong d6 méi cung (u, v) c6 kha ndng théng qua (can trén cla ludng trén cung) c(u,v)
va can dwdi cha luéng la d(u,v). Bai toan dét ra 1a c6 tdn tai ludng f tr s dén t thod man rang budc

d(u,v) < f(u,v) < c(u,v)

(a)
R ctuts Puwa vao mang G dinh phat sa
va dinh thu ta va xay dwng mang
Ga theo qui tac:
B e M®bi cung (u,v) ma d(u,v) 0 0 sé&
twong ng v&i 2 cung (sa, v) va
¥ (u, ta) v&i kha nang théng qua la
ta d(u,v). Giam c(u,v) di d(u,v) tic
la thay kha nang théng qua cla
cung (u,v) b&i c(u,v) —d(u,v) con
can dwdi clha né dat bang O.
Ngoai ra thém vao cung (t,s) voi
c(t,s) =11 .

Oocf=,10

=, =Lcl= =)

Cba

di=, =
= clu,t2-diu,t2

Hinh a cho vi du mang G v&i kha nang théng qua ctia cac cung bi chan ca hai phia. D6 thi Ga twong

ng dwgc cho trong hinh b.

Ky hiéu d =0 d(u,v).
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d(u,v)[10
*Dinh Iy .
1) Néu ludng I&n nhat trong mang Ga tir sa dén ta bang d thi tdn tai ludng twong thich trong G.
2) Néu ludng I&n nhat trong mang Ga tlr sa dén ta la khac d” thi khong tdn tai ludng twong thich trong
G.

6. M6t sb trng dung trong td hop

6.1 Bai toan dam cw&i vung qué.

Cé m chang trai & mét ving qué no. Dbi véi méi chang trai ta biét cac c6 gai ma anh ta vira y. Hai khi
nao thi c6 thé td chirc cac dam cwdi trong dé chang trai nao ciing sanh duyén véi cac ¢d gai ma
minh vira y.

Ta c6 thé xay dwng d6 thi véi cac dinh biéu thj cac chang trai va cac ¢ gai, con cac cung biéu thi sw
vira y clia cac chang trai véi cac co gai. Khi do ta thu dwoc mot dé thi hai phia.

Thi du. C6 4 chang trai Ty, T, T3, T4va 5 cd gai Gi, Gy, G3,G4, Gs. Sw vira y cho trong bang sau

Changtrai | CAc c6 gai ma chang trai

wngy
T1 G1, Ga, Gs
T2 G2
Ts G2, G3,G4
Ty G2, G4

Do thi twong ng dwoc cho trong hinh 7.

Puwa vao diém phat s va diém thu t. Nbi s v&i tAt cd cac dinh biéu thi cac chang trai, va ndi t véi tt ca
céac dinh biéu thj cac c6 gai. Tat ca cac cung cta dé thj déu cé kha nang théng qua bang 1. Bat dau
tor lubng 0, ta tim ludng cwc dai trong mang xay dwng duwoc theo thuat toan Ford-Fulkerson. T dinh
ly vé& tinh nguyén, ludng trén cac cung |a cac s6 hoac 1. Rd rang la néu lubng cuc dai trong d6 thi co
gia tri Vmax = m, thi bai toan cé I1&i gidi, va cac cung vdi ludng bang 1 sé chi ra cach té chirc dam
cwdi thod man didu kién dat ra. Ngwoc lai, néu bai toan co I&i gidi thi Vmax = m. Bai toan vé dam
cwdi vang qué la mét trwdng hop riéng clia bai toan vé cap ghép trén dd thi hai phia ma dé giai n6 co

thé xay dwng thuat toan hiéu qua hon.
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b) Bai toan vé hé théng dai dién chung.
Cho tap m phan t&r X=01 7, Z5, . . . ,Zm . Gid st <A1, A, . . ., Ap> va <By, By, . . ., B,> 12 hai day céac
tap con cla X. Day gdbm n phan tlr khac nhau cla X: <ay, ay, . . . ,a,> dwoc goi la hé thdng cac dai
dién chung cua hai day da cho néu nhw tim dwoc mdt hoan vi 0 chatap [ 1,2,...,n0 saocho<a
az, . . . ,ar> la hé thong cac dai dién phan biét cla hai day <A;, Ay, . . ., Ay>va <Bll ), B[l (), . . ., BJ
>, trc la diéu kién sau dwoc thod man: ai [1 Ai [ By, i=1, 2, ..,n. Xay dwng mang G=(V,E) véi
tap dinh
V=0 s,t0 0 OiXXe, o« Xno O Uy oo Un 0 0 W Vo, oo o Vo O O Y Y2, oo WY
trong d6 dinh xi twong &ng véi tap Ai, dinh yi twong tng véi tap Bi, cac phan t& uj, yj twong &ng voi
phan t&r zj. Tap cac cung clia mang G duwoc xac dinh nhu sau
E =0 (s,x:1sisnll [ [ (x): v&iz [ A 1<isn, 1sjsml [
OO (v sjsmi O O (vyi): voi z L B, 1<isn, 1sjsmU) [
00 (yt): 1<isn(
Kha nang théng qua cua tat cd cac cung dwoc dat bang 1. Dé dang thay rang hé théng dai dién
chung cta hai day va tdn tai khi va chi khi trong mang G=(V,E) tim dwoc ludng v&i gia tri n. D& xét sw
ton tai cta ludbng nhw vay c6 thé s dung thuat toan tim ludng cuc dai tir s dén t trong mang G=(V,E).
c) V& mét bai toan téi wu roi rac.
Trong muc nay ta sé trinh bay thuat toan dwoc xay dwng dwa trén thuat toan tim ludng cuc dai dé
gidi mot bai toan tdi wu rdi rac 1a mé hinh toan hoc cho mét sb bai toan téi wu td hop.
Xét bai toan tdi wu roi rac:
n
max gy ¥ =@ min
f(Xl,Xz,---,Xn) = l=Z=i=m =1 (1)

vGi diéu kién

Il
2 m=pi, =1, 2, . .m|2)
=1
(3)

#=U heoac 1, =1, 2, . ., f1

trongdoa; 1 1 0,100 ,i=1,2,...,m;j=1,2,...n,;p-nguyén dwong,i=1,2,...m.
Bai toan (1)-(3) la mé hinh toan hoc cho nhiéu bai toan téi wu t6 hop thwc té. Duéi day ta dan ra mot
vai vi du dién hinh.
@Bai toan phan nhom sinh hoat. Cé m sinh vién va n nhém sinh hoat chuyén dé. V&i mbi sinh vién i,
biét
*q;=1, néu sinh vién i c6 nguyén vong tham gia vao nhém j,
#a;; =0, néu nguoc lai,
eva pij la sb lwong nhém chuy&n dé ma sinh vién i phai tham dw,i=1,2, ... ,m;j=1,2,...,n.
9
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Trong sb cac cach phan céac sinh vién vao nhém chuyén dé ma ho cé nguyén vong tham gia va dam
b&o méi sinh vién i phai tham gia dung pi nhém, hay tim cach phan phéi v&i s6 ngudi trong nhém céd
nhiéu sinh vién tham gia nhét 13 nhé nhét cé thé duoc.

DPuwa vao bién sb

x;=1, néu sinh vién i tham gia vao nhom j,

x;=0, néu nguwoc lai,

i=1,2,...m,j=1,2,...,n, khi d6 dé théy mo& hinh toan hoc cho bai toan dat ra chinh la bai toan (1)-
@3).

@Bai toan lap lich cho héi nghi. Mét hdi nghj cé m tiéu ban, méi tiéu ban can sinh hoat trong mét ngay
tai phong hop phu hop véi né. Cé n phong hop danh cho viéc sinh hoat ctia cac tiéu ban. Biét

a; = 1, néu phong hop i 1a thich hgp vai tiéu ban j,

aij=0, néu nguoc lai,

i=1,2,...m,j=1,2,...,n. Hay b tri cac phdng hop cho cac tiéu ban sao cho hdi nghj két thuic sau it
ngay lam viéc nhét.

Puwa vao bién sb

X = 1, néu b tri tiéu ban i lam viéc & phong j,

x;=0, néu nguoc lai,

i=1,2,...m,j=1,2,...,n, khi do dé théy mo& hinh toan hoc cho bai toan dat ra chinh la bai toan (1)-
(3), trong d6 pi=1, i=1, 2, .. .,m.

Bb dé 2.

Bai toan (1)-(3) c6 phwong an téi wu khi va chi khi
i
2. ay Xy = pi, =1, 2,
=1

=l hodic 1, =1, 2, . ., 1l
Chng minh. Diéu kién can clta bd dé 1a hién nhién vi tlr sy ton tai phwong an cua bai toan suy ra
cac bat dang thirc trong (4) dwoc thwe hién it nhat dwdi dang ddu déng thirc. D& chirng minh diéu
kién du, chi can chi ra rang néu diéu kién (4) dwoc thwe hién thi bai toan ludn cé phwong an. Thuc
vay, gid st didu kién (4) dwoc thue hién. Khi do ndu ky hiéu
L= 1<j<n: aify -,
thi 0 ki 2pi,i=1,2,...m. Do dénéu goi
li o Ly, OV 0D =pi, i=1, 2,. .. ,m,
thi X" = (X j)mxn VOi cac thanh phan dwoc xac dinh theo cong thirc
Xii=1,j0 i, x3=0j01i,i=1,2,...m,

la phwong an cla bai toan (1)-(3). B dé dwoc chirng minh.

10
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Do (4) |a diéu kién can dé bai toan (1)-(3) cé phwong an, nén trong phan tiép theo ta sé ludn gia thiét
rang diéu kién nay dwoc thwe hién.

Bay gi® ta chi ra rang viéc giai bai toan (1)-(3) c6 thé dan vé viéc giai mot sd hiru han bai toan ludng
cwe dai trong mang. Trwdc hét, véi mbi sb nguyén dwong k, xay dwng mang G(k) =(V,E) véi tap dinh
V=10sl U 0uwi=l, 2, .. om0 O Ow; 1 j=1, 2, .. .,n0 L0t

trong d6 s 1a diém phat, t la diém thu, va tap cung

E=0 (s,u):i=1, 2,. . .m0 O O (wwy) :i=1, 2,... . m; J=1, 2, .. . ,n0J O OO (wb): =1, 2, .. .,nLJ.

Mbi cung e [ E dwoc gan véi kha ndng thdng qua q(e) theo qui tac sau:

oq(s,u)=p;, i=1, 2,...m,

oq(u,wWi)=a;, i=1, 2,. . .m; j=1, 2, . . .,n;

eq(w;t)=k, j=1, 2, .. .,n.

Hinh 8 chi ra cach xay dwng mang G(k).

_/ alu,wisa,;
Ui\‘ i

Hinh 8. Mang G(k).

Ky hiéu: 0 = ¥l

Bb dé sau day cho thdy méi lién hé gitra lubng cwc dai trong mang G(k) va phwong an cla bai toan
1)-@3).

=B dé 3.

Gia str dbi v&i s6 nguyén dwong k nao do, lubng cuc dai nguyén trong mang G(k) c6 gia trila 0 . Khi
d6 X' = (Xj)mxn VOI céc thanh phan dwoc xac dinh theo cong thire

Xii= 0 (upwy), i=1, 2,. . .m; j=1, 2,.. . ,n.

la phwong an cia bai toan (1)-(3).

Chirng minh. Thuc vay, do ludng cwc dai trong mang c6 gia tri I va la ludbng nguyén nén

0 (s,u)=pi, i=1, 2,. . .m,

0 (uiwy) 0 00,10,i0=1, 2,...,m, =1, 2,.. .,n,

tr do suy ra
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I 11
Zl‘, ¥ = Z‘,l EY (g, wi) = EY (s =pi, 1=1, 2, . .m
= =

Vay X' la phwong an cla bai toan (1)-(3). B6 dé dwoc chirng minh.

=B6 dé 4.

Gia st X' =(xj) la phwong an téi wu va k' 1a gia tri tbi wu cla bai toan (1)-(3). Khi d6 ludng cuc dai
trong mang G(k') c6 gia tri [ .

Chtrng minh. Do gia tri ctia ludng cwc dai trong mang G(k') khéng vwot qua [ , nén dé chirng minh
bd dé ta chi can chi ra ludng v&i gia tri [ trong mang G(K).

Xay dwng ludng [~ theo cong thirc sau:

0” (s,ui) = pi, [ *(Ui, Wj) = X*ij,
1

Elwt= 22y, =12, m =12, on
=l

Dé& dang kiém tra dwoc [ 13 ludng trong mang G(m) c6 gia tri (1 . B6 dé dwoc chirng minh.

=B6 dé 5. Néu k=m thi ludng cwc dai trong mang G(m) c6 gia tri LI .

Chirng minh. Lap luan twong tw nhw trong B6 dé 4, ta chi can chi ra ludng v&i gia tri [ trong mang
G(m). Thuc vay, gid si X = (Xj)mxn |& phwong &n cla bai toan (1)-(3) xay dwng theo céng thirc (5).
Xay dwng ludng [ ~ theo cdng thirc gibng nhw trong chirng minh bd dé 4, ta c6 ludng véi gia tri [ .
Bb dé& dwoc chirng minh.

T bd dé 3 va 4 suy ra viéc giai bai toan (1)-(3) dan vé viéc tim gia tri K nguyén dwong nhé nhét sao
cho ludng cwc dai trong mang G(k') ¢ gia tri [ . B6 dé 5 cho ta thdy gia tri K 0 [1,m]. Vi vaydé giai
bai toan (1)-(3) ta c6 thé ap dung phwong phap tim kiém nhi phan trén doan [1,m] dé tim gia tri k
trong d6 & mbi bwdc can gidi mot bai toan ludng cuwc dai. D& giai bai toan tim luéng cuc dai trong
mang c6 thé st dung cac thuat toan da thirc nhw da néi & trén. Tt d6 suy ra két qua sau

&Dinh Iy 5.

Bai toan (1)-(3) giai dwoc nho thuat toan da thirc véi d phire tap tinh toan la logom.ONF, trong dé
ONF la dd phtrc tap tinh toan cta bai toan tim ludng cwc dai trong mang G(k).

BAI TAP CHUONG 7

©YBai 1

Cho G=(V,E) db thi cé huéng trong dé khéng cé cung (s,t). Chirng minh rang sé dwéorng di co ban nbi
hai dinh s va t la bang sb it nhat cac dinh cla dé thi can loai bé dé trong dd thj khéng con duéng di
ndi s véi t.

YBai 2
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Xay dung thuat toan tim tap E; tt cd cac cung cta d6 thi ma viéc tdng kha ndng thédng qua cuia bat
ky cung nao trong E déu dan dén tang gia tri cta lubng cwc dai trong mang.

©YBai 3

Cho hai day sb nguyén dwong {pi i=1,2,....m} va {q;, j=1,2,...,n}. Hay xay dwng ma tran A={a; :
i=1,2,...,m; j=1,2,...n} voi cac phan top
aij [1 {0,1} c6 tbng cac phan t& trén dong i la p, tdng cac phan td trén cot j 1a q;.

©YBai 4

CO6 m chang trai, n cd gai va k ba mdi, Méi ba mdi p (p=1,2,...,k) c6 mét danh sach L, mét sé chang
trai va co gai trong sb cac chang trai va cd gai néi trén la khach hang cua ba ta. Ba mbi p co thé se
duyén cho bat ct cap trai gai nao la khach hang cutia ba ta, nhwng khéng di strc té chirc qua dp dam
cwoi. Hay xay dwng thuat toan can ct vao danh sach L,, d, p=1,2,...,k; dwa ra cach td chirc nhiéu
nhat cac dam cudi gitka m chang trai va n cé gai véi sw gilp d& cla cac ba mbi.

©@Bai 5 : Chuyén bi

Cau bé v& N (N<=100) vong tron, danh sb tr 1 t&i N va td mau céac vong tron do (cé thé cé cac vong
tron c6 mau giéng nhau), sau dé ndi tirng cdp cac cung dinh hwédng, mdi cung cé mot mau nhét dinh.
Céac mau (ctia cung va vong tron) dwoc danh sb tr 1 dén 100.

Cau bé chon 3 sb nguyén khac nhau L, K va Q nam trong pham vi tiv 1 t&i N, d&t vao trong cac vong
tron sé L va K mbi vong mét hon bi, sau dé bat dau di chuyén bi theo nguyén téc sau:

@Bi chi dwoc chuyén theo cung c6 mau triing véi mau ctia vong tron chira vién bi thir 2.

2Bi chi dwoc chuyén theo chiéu cung

2Hai vién bi khédng dwoc ddng thei & cing mot vong tron;

@2Khong nhéat thiét phai di chuyén 1an lwot cac vién bi,

2Qua trinh di chuyén két thic, khi mét trong hai vién bi t¢i vong tron Q.

Hay |ap trinh xac dinh cach di chuyén dé& chdm dat qua trinh sau mét sé it nhat cac bwdc chuyén.

D{ liéu vao twr file BL.INP:

2Dong dau: 4 sd nguyen NL K Q

2Dong thir 2: N sd nguyén Cy, Cy,...,Cp; Cila mau vong tron i

2Dong thir 3: s6 nguyén M (01 M 10000)

@M dong sau: mdi dong 3 s6 nguyén A; B; D;; xac dinh cung mau D; tlr vong tron A; t&i vong tron B;.
Céc sb trén mot dong cach nhau mét dau cach.

Két qua dwa ra file BL.OUT:

2Dong dau: CO hodc KHONG, cho biét qua trinh co két thic dwoc hay khéng,

2Néu dong dau 1a CO thi dong 2 chira sb nguyén xac dinh sb bwéc chuyén tdi thiéu .
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BL.INP BL.OUT

5341 CO
23214 3

212
415
452
452
513
322
234
531
351

©Bai 6 : Bang dién
M6t lwdi 6 vudng dwoc phi trén mot bang dién hinh vuéng. Vi tri nam trén giao cla 2 dwdng ké cla

lwdi s& dwoc goi la nat. Tat ca cd nxn nat trén lwdi.

Inl

M

Hinh 2a Biang dién Hinh 2b. Lén gian

Cé mét s6 nut chiva tiép diém. Nhiém vu cta ban |4 can ndi cac tiép diém véi cac nat & trén bién cla
bang b&i cac doan day dan (goi 1a cac mach). Cac mach chi dwoc chay doc theo cac duéng ké cla
lwoi (nghia la khéng dwoc chay theo dwdng chéo). Hai mach khéng dwoc phép co diém chung, vi
vay hai mach bét ky khéng dwoc phép cung chay qua cung mét doan dwdng ké clha lwéi ciing nhw
khong duwoc chay qua cung mét nut cia lwdi. Cac mach ciling khéng dwoc chay doc theo cac doan
ké cla lwdi & trén bién (mach phai két thac khi né gap bién) va ciing khéng dwoc chay qua nat chra
tiép diém khac.

Vi du: Bang dién va cac tiép diém dwoc cho trong hinh 2a. Nut t&6 dam trong hinh vé thé hién vj tri

céc tiép diém.
14
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Yéu ciu: Viét chwong trinh cho phép ndi dwoc mét sbé nhiéu nhat cac tiép diém véi bbién. Cac tiép
diém & trén bién da théda man doi hdéi dat ra, vi thé khéng nhéat thiét phai thwe hién mach ndi chung.
Néu nhw cé nhiéu 1&i gidi thi chi can dwa ra mét trong sé chang.

D liéu vao: file van ban ELE.INP:

2Dong dau tién chira sb nguyén n (3 <= n <= 15).

2M06i dong trong sd n dong tiép theo chra n ky tw phan cach nhau b&i mét ddu cach. Méi ky tw chi 1a
0 hodc 1. Ky tw 1 thé hién tiép diém, ky tw 0 thé hién nGt khoéng cé tiép diém trén vi tri twong &ng cla
lwéi. Cac nut dwoc danh sé tir 1 dén n*n theo thir tw tlr trai sang phai, tir trén xudng dwéi. Chi sé cla
nut chira tiép diém sé Ia chi sé cha tiép diém.

Két qua: ghi ra file ELE.OUT:

2Dong dau tién chiva k la sé tiép diém I&n nhat c6 thé ndi véi bién béi cac mach.

@2Mbi dong trong sb k dong tiép theo md t& mdt mach néi mot trong sbé k tiép diém véi bién theo qui
cach sau: dau tién 1a chi s6 cla tiép diém duwoc ndi, tiép dén 1a day cac ky tw mé td hwéng clia mach
nbi: E: déng, W: tay, N: béc, S: nam. Gitra chi sb va day ky tw phai c6 ding mét du cach, con gitra
céac ky tw trong day ky tw khéng duwoc cd diu cach.

Két qua phai dwoc dwa ra theo thir tw tang dan cua chi s tiép diém.

Vi du:
ELE.IN ELE.OUT
6 11 E
000111 16 NWN
000010 17 SE
000111 27 S
000000 28 NWWSS
001111 29 S
000101

15
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CAC BAI TAP KHAC

YBai 1:

M6t khoa hoc gém N moén hoc, mén hoc i phai hoc trong ti ngay. Gilra cac mén hoc co mdi quan hé
trwdc/sau: cé6 mén hoc chi hoc dwoc sau khi da hoc mét sé mén hoc khac. Mbi quan hé d6 dwoc thé
hién b&i mét mang hai chiéu A[i, j];

i,j=1, ..., N trong do Al[i, j] = 1/0 va A[i, i] bing O v&i moi i, Ali, j] = 1 khi va chi khi mon hoc i phai
dwoc day xong trwde khi hoc mén j (ngay két thic mén i phai triroc ngay bat dau mén j). Mén hoc i
phai day trwdc mén hoc j néu c6 mét day mén hoc iy, iy, ..., ik sao cho a[it, it:1] = 1, 1 <=t <= k-1, i1=i
va ik=j. Néu c6 mot nhém cac mén hoc tirng déi modt khdng c6 quan hé truwdc/sau thi trong méi ngay,
vé nguyeén tac, ta c6 thé hoc déng thoi tAt c nhitng mén hoc nay (néu khéng vi pham quan hé voi
cac moén hoc khac). Mang A[i, j] dwoc goi 1a bé tdc néu cé mot day cac mén hoc iy, ia,..., ik, k> 1, ma
mon i; phai day trwdc mén i, mdn i, phai day trwdc mén is, ..., moén ik.; phai day trwédc mén ik, moén
ik phai day trid'c mon i.

Hay viét chwong trinh véi tén KT3.PAS lam cac viéc sau:

1. Hay xét xem mang A c6 bé tac hay khong.

2. Néu mang A khong bé téc, hay tinh xem khoa hoc cé thé két thic trong thdi gian nhanh nhét la
bao nhiéu ngay.

3. Theo cac hoc bdo dam thdi gian hoan thanh ngan nhéat & cau 2, hay tinh xem mét hoc sinh trong
qua trinh hoc phai hoc déng th&i trong mét ngay nhiéu nhat bao nhiéu mén.

Dt liéu vao dwoc cho bai file text co tén MH.DAT trong d6 s6 N ghi & dong thir nhét, trong nhom N
dong tiép theo, dong thr i ghi N sb A[i, 1], ..., Afi, N] dong cudi cung ghi N sb nguyén dwong ti khdng
I&n hon 30, 1 <=i<=N; N <= 30.

uKét qua ghi ra file TKB.DAT nhw sau: dong thir nhat ghi sé6 1/0 tly theo mang A bé tic / khéng bé
tac. Néu dong thir nhat ghi s 0, ta mai ghi tiép két qua cau 2 va 3.

uKét qua cau 2 ghi tiép vao file TKB.DAT N+1 dong nhw sau: dong diu ghi sb T Ia sé ngay tbi thiéu
c6 thé hoan thanh khoéa hoc, tiép theo la N dong trong d6 dong thir i ghi 2 s6 X, Y vé&i y nghia mén
hoc tht i hoc tlr ngay thir X dén ngay thir Y (chu yrang Y — X = ti — 1).

uKét qua cau 3 ghi tiép vao file TKB.DAT nhw sau: dong thir nhat ghi 2 s6 Z, W v&i y nghia trong
ngay Z phai hoc W mén (W la sb nhiéu nhat cac mdn hoc phai hoc ddng thoi trong mét ngay), tiép
theo |a moét dong ghi tén cac mén hoc phai hoc ddng thei trong ngay Z.

Trong cac cau 2 va 3, co thé cé nhiéu 10i gidi twong dwong chi can dwa ra moét |&i gidi.

Vidu 1

MH.DAT TKB.DAT
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1
4
0100
0010
0001
1000
1111
Vidu 2
MH.DAT TKB.DAT
7 0
0100000 | 22
0001000
0001000 |3 4
0000110
0000000 |12
0000001 |13 22
0000000 | 13 14
22841023| 15 17
1 2
1
YBai 2:

Giam dbc mot cong ty quyét dinh td chire budi tiéc tra gap gé toan thé nhan vién trong céng ty. Coéng
ty dwoc té chirc theo md hinh phan cip lanh dao va médi quan hé tha trwdng — nhan vién tao thanh
cay co gbc |a giam déc. D& dam bao khéng khi tw nhién, giam déc quyét dinh khéng dé tha trwdng va
nhan vién dwdi quyén ngdi cing mot ban. P goi la tha trwdng cta Q, néu P 13 tha trwdng truc tiép
clia Q hodc ton tai day Py, Py, ..., Pk (1 <k), sao cho P = P;, Q = Pk va Pi |4 tha trwéng truc tiép cla
Pi,a (i=1, 2, ..., k-1). TAt cd moi ngwdi trong cong ty dwoc danh sé tir 1 dén N (N [a tdng s6 nguoi

trong cdng ty v&i giam dbc bat dau tw 1).

CuuDuongThanCong.com
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2Yéu cau: tinh sb lwong ban it nhat can thiét dé co thé bd tri cho moi ngudi ngdi theo yéu cau néu
trén va cho mét phwong an bé tri ngudi & mbi ban.
2D liéu vao: file text COMPANY.INP, dong dau tién la s nguyén m — sb ghé t6i da cho mét ban,
dong thé 2 — s6 nguyén N — sb nguoi trong cong ty, dong thr ba (va cac dong sau néu can) la day
sb nguyén, cac sb cach nhau it nhat moét dau cach hodc nhém ky tw xudng dong, sé nguyén thi i
trong day cho biét ai la tht trwdng trwc tiép cla nhan vién i. Giam déc khéng co tha trwéng nén sb
nay bang 0.
2<=m<=10, 1<=N<=200.
2Két qua: dua ra file text COMPANY.OUT, dong dau tién la sb ban it nhat can thiét, cac dong sau
méi dong twong rng véi mot ban va chira day sb nguyén xac dinh ai dwoc bd tri ngdi sau ban dé.
@Vi du:
COMPANY.INP
4
13
01999221178810
File két qua COMPANY.OUT c6 thé c6 noi dung:
5
13345
1068
791112
2
1
YBai 3:
Trén ban c& NxN, hay tim cach sap xép sb lwong tbi da cac con hau sao cho khéng con nao co thé
an con nao.
YBai 4:
Cho 1 d6 thj c6 hwédng G, hay tim mét tap hop Xo it nhat cac dinh ctia G sao cho moi dinh i ctia G
hodc thudc Xo hodc i ndi tructiép v@i dinh j thuéc Xo. Lam bai 14 trong trwdng hop G vo huwéng.
©Bai 5:
Trén ban c& NxN, hay tim cach sap xép sb lwong t6i thiéu cac con hau sao cho moi 6 ¢c& trén ban co
bi chiéu b&i it nhat 1 con.
YBai 6:
Mét ky tic xa nudi 15 ¢bd gai. Hang ngay cac c¢d di choi véi nhau theo b 3. Hai cé thé dua cac co di
choi trong tdi da bao nhiéu ngay dé khéng cé 2 ¢b nao di chung trong mét bd 3 qua 1 lan.
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Hay tbng quat hda bai toan.

YBai 7:

Trong 1 trai giam & thanh phd A, méi nha giam cé mét tram gac ddc 1ap, nhwng ngudi ding gac,
chéng han & nha giam X, cling cé thé thdy nhirng gi xay ra & cac trai giam xi, X2, Xs... khac do cac
nha giam nay thdng v&i xo b&i 1 hanh lang thang. Gia st biét cac théng tin trén, hay xac dinh sb
lwong tdi thiéu cac linh canh dé co thé quan sat dwoc moi nha giam.

YBai 8:

M6t s6 hai cadng X1, X2, Xs... €6 cadc mat hang ma cac hai cang yi, Yo, Ys...can dén. Lwong hang cé &
xi la si va yéu cau hang héa cua vyi la di. Néu co tau di ti xi t&i yj thi ta ky hiéu cij 1a tdng lwvong hang
ma cac tau cé thé van chuyén tir xi t&i yj. Vay cé thé thda man moi yéu ciu khong? T chirc van
chuyén ra sao? Hay viét chwong trinh giai quyét bai toan trén.

YBai 9:

Trong mét cudc du lich, m gia dinh phan nhau di trén n xe. Cac gia dinh twong &ng co rq, r2, ..., rm
nguwoi va cac xe twong rng cd sy, Sp, ..., sn chd ngdi. Hay tim cach phan phéi sao cho 2 ngudi cling
gia dinh khéng ngdi chung mét xe ho&c cho biét khdng thé lam nhw vay.

©Bai 10:

Trong mét trwdng trung hoc, mdi hoc sinh ni¥ c6 m ban nam va méi hoc sinh nam ¢6 m ban nir. Hay
chi ra cach sap xép dé mébi cod gai co thé 1an lwot khiéu vii véi cac ban trai ctia minh va cac chang trai
c6 thé 1an lwot khiéu vii véi cac ban gai ctia minh.

©Bai 11:

M6t nha in phai san xuét n cudn sach bang 2 may: mot dé in, mot d& dong sach. Goi ak la thdi gian
can cho viéc in cudn th& k va bk la thei gian can cho viéc dong cubn do. T4t nhién 1a sach phai in
xong mé&i dong, do d& may déng cé thé phai chd doi 1au hay chéng. Vay tién hanh theo thi tw nao
dé c6 thé xong viéc sém nhét.

©@Bai 12: On dinh

Trong mét I&p cé N day ban va méi day cé M chd ngdi. Trong 16p cd K can sw I&p. M&i mét can sw
cam mot dé bai tap. Cac can sy nay cé nhiém vu chuyén dé bai tap dén cac hoc sinh khac ngbi ké
minh & phia trwdc, sau, trai va phai. Sau khi cac can sy lam xong céng viéc ctia minh, mdi hoc sinh
thdng bao sb lwong dé bai tap minh da nhan dwoc. Dua trén thoéng tin nay hay xac dinh vi tri ctia cac
can sy trong I6p.

©Bai 13:

C6 mot may thu va mot may phat tin hiéu. Gia st may phat cé thé phat di 5 loai tin hiéu khac nhau a,

b, ¢, d, e. O’ may thu méi tin hiéu c6 thé dwoc hiéu theo 2 cach khac nhau: tin hiéu a cé thé hiéu p
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hay q, tin hiéu b c6 thé hiéu q hay r, ... S6 cwc dai cac tin hiéu ma ta co thé sir dung 1a bao nhiéu dé
cho & may thu khéng xay ra nham |an gitra céc tin hiéu dwoc st dung.
@Bai 14:
Cho 1 d6 thi vé huwéng G. Ngudi ta mudn té cac dinh clia G bang 2 mau den, trdng sao cho 2 dinh ké
nhau khéng dwoc té b&i cung 1 mau. Hay cho biét c6 thé 1am duoc diéu nay khéong. Néu dwoc hay
chi ra cach t6.
©Bai 15:
Cho mét d6 thi khéng dinh hwéng trong mét tép van ban véi cach ma héa nhu sau
Dong dau 1a sé dinh (n). Cac dinh dwoc xem danh sé lién tiép tir 1 dén n.
Mbi dong sau l1a md td mét canh cho bang chi sb 2 dinh [a ddu mat ctia canh do.
Yéu cau t6 mau mot sd dinh thanh ma dé sao cho sb dinh dé 1a Ién nhat nhwng khéng cé canh nao
duwoc phép cé ca hai dau mut 1a cac dinh dé. K&t qua cho ra trén hai dong. Dong th&r nhét la sé dinh
mau dd, dong tht hai la sb thi tw cac dinh c6 mau dé.
©YBai 16:
Giam déc mot cong ty quyét dinh td chire budi tiéc tra gap g& toan thé nhan vién trong coéng ty. Coéng
ty dwoc té chirc theo md hinh phan cap lanh dao va médi quan hé tha trudng — nhan vién tao thanh
cay co gbc la giam dbc. D& dam bao khéng khi tw nhién, giam déc quyét dinh khéng dé tha trwdng va
nhan vién dwdi quyén ngdi cing mét ban. P goi la tha trwdng cla Q, néu 1a P tha trwdng truc tiép
ctia Q hoac ton tai day P1, P2, ..., Pk (1 < k), sao cho P = P1, Q = Pk va Pi la thu trwdng truc tiép cla
Pi+1 (i = 1,2, ..., k-1). Tt c& moi ngudi trong cong ty dwoc danh sbé tir 1 dén N — tdng sb ngudi trong
cong ty, bat dau twr giam déc véi sé 1a 1.
Yéu cau tinh s6 lwong ban it nhat can thiét dé cé thé bd tri cho moi nguwdi ngdi theo yéu cau néu trén
va cho mét phwong an b tri ngudi & mébi ban.
2D liéu vao : File ASCII COMPANY.INP, dong dau tién la s6 nguyén m — sb ghé t6i da cho mét ban,
dong thir 2 — s6 nguyén N — sb ngudi trong cong ty, dong thir 3 (va cac dong sau néu can) la day sb
nguyén, cac sb cach nhau it nhat mét dau cach hodc nhom ky tw xudng dong, sb nguyén thir i trong
day cho biét ai la tha trwdng truc tiép ciia nhan vién i. Giam dbc khéng cé thd trwdng nén sb nay
bang 0. 2 <= m <= 10, 1 <= N <= 200.
2Két qua : dwa ra file ASCII COMPANY.OUT, dong dau tién 1a sé ban it nhat can thiét, cac dong sau
méi dong twong rng vé&i mot ban va chira day sb nguyén xac dinh ai dwoc bd tri ngdi sau ban dé.
2Vidu:
COMPANY.INP
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01999221178810

File két quda COMPANY.OUT cé thé ¢c6 ndi dung :

5

13345

1068

791112

2

1

©YBai 17:

Mot hé théng cd N (N<=50) thanh phé (dwoc danh sb tir 1 dén N) dwoc néi véi nhau bang mét hé
thdng giao théng duwoc cho bang cac dwdng ndi truc tiép cac cdp hai thanh phd: mdi doan nbi truc
tiép co6 do dai la 1 va 1a dwdng di hai chiéu. Hé thdng nay dwoc goi 1a "chan-1&" néu nhw khi hai thanh
phé dwoc ndi véi nhau (cé thé qua cac thanh phé khac) béi mot dwong di véi dd dai chan thi ludn tim
duwoc dwdng di co do dai |é ndi hai thanh phd do. Cac bai toan dwoc dat ra :

Cau 1 : V&i mot hé thdng giao thong da cho, kiém tra xem né cé tinh "ch&n-1&" hay khéng ?

Cau 2 : Néu cau tra 16i ctiia cau 1 1a pha dinh thi hay chi ra tap con X trong hé thdng cac thanh phd
noi trén va cé nhiéu nhat cac thanh phé ma dadm bao diéu kién sau: Néu c6 duweng di ndi hai thanh
phd bat ky trong X thi d6 dai dworng di d6 phai chdn (gitr nguyén hé thong giao théng).

Pidu kién ky thuat :

File d¥ liéu vao tén CHANLE.INP:

w Dong dau tién chira gia tri N.

w Cac dong tiép theo chira lwong chdn cac sb nguyén khdng Am ma hai sd nguyén cudi cuing la 0,
con moi s6 nguyén khac chi la chi sb thanh phd; trng cdp hai sd nguyén sé chi ra sd hiéu c3a hai
thanh phd dwoc ndi truc tiép véi nhau.

File két qua ra c6 tén CHANLE.OUT:

w Dong dau co6 sd 0 hodc 1 cho cau 1, trong d6 1 chi ra rang hé thdng ndi trén c6 tinh chan 1&, 0 ph
dinh.

w Néu cé két qua phu dinh thi cac dong tiép theo cé dang :

+ Dong thir 2 c6 sb lwong phan t&r cia X.

+ Cac dong tiép theo (tr dong thr 3 tré di) chira sb hiéu cac thanh phé cé trong X.

Vi du:

CHANLE.INP c6 néi dung :

4

121300

21

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

CHANLE.OUT
0

3

234

Néu file CHANLE.INP c6 ndi dung :

5

1223
344551
00
CHANLE.OUT
1
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