LOI GIOI THIEU

Toén roi rac 1a mat linh vye nghién ctru va xir 1y cac ddi tuong roi rac dung dé dém cac dbi tuong, va
nghién ctru mbi quan hé gitra cac tap roi rac. Mot trong nhitng yéu t6 1am Toan rdi rac trd nén quan
trong 1a viéc luu trit, xtr 1y thong tin trong cac hé théng mdy tinh vé ban chit 13 roi rac. Chinh vi ly
do d6, Toan hoc roi rac 12 mot mdn hoc bat bude mang tinh chét kinh dién cua céc nganh Cong nghé
thong tin va Dién tir Vién thong. Tai liéu hudng dan mén hoc Toan hoc roi rac duge xay dung cho hé
dao tao tir xa Hoc vién cong nghé Buu chinh Vién thong dugc xay dung dua trén co s kinh nghiém
giang day mon hoc va ké thira tir gido trinh “Toan hoc rdi rac Gmg dung trong tin hoc” ciia Kenneth
Rossen. Tai liéu duoc trinh bay thanh hai phan:

Phan I trinh bay nhimg kién thirc co ban vé Iy thuyét t6 hop théng qua vige giai quyet bdn bai toan co
ban d6 la: Bai toan dem Bai toan ton tai, Bai toan liét ké va Bai toan toi wu. Phan II trinh bay nhiing
kién thirc co ban vé Ly thuyet dd thi: khai niém, dinh nghia, cac thuat toan trén dd thi, d6 thi Euler,
dd thi Hamilton. Mt s6 bai toan cd ung dung thuc tién quan trong khac cua ly thuyét dd thi cling
duogc chi trong giai quyét d6 1a Bai toan t6 mau do thi, Bai toan tim dwdng di ngin nhat va Bai toan
ludng cyc dai trong mang.

Trong mdi phan cua tai liéu, chung t6i ¢b gang trinh bay ngan gon truc tiép vao ban chit cia van
dé, dong thoi cai dat hau hét cac thuat toan bang ngdn ngit 1ap trinh C nham dat dugc hai muc
tiéu chinh cho nguoi hoc: Nang cao tu duy toan hoc trong phan tich, thiét ké thuat toan va rén
luyén k¥ ning 1ap trinh voi nhitng thuat toan phiic tap. Mic du da rat can trong trong qua trinh
bién soan, tuy nhién tai liéu khong tranh khoi nhiing thiéu sot va han ché. Chung toi rat mong
duoc sy gop ¥ qui bau cua tat ca doc gia va cac ban dong nghiép. Moi gbp ¥ xin giri vé: Khoa
Cong nghé Thong tin — Hoc vién Cong nghé Buu chinh Vién thong.

Ha ndi, thang 05 ndm 2006
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PHAN I. LY THUYET TO HQP

CHUONG 1- NHUNG KIEN THUC BAN

Noi dung chinh cua chuong nay dé cap dén nhiing kién thirc co ban vé logic ménh dé va ly thuyét tap
hop. Bao gbm:

v Gidi thiéu tong quan vé 1y thuyét to hop

v Nhiing kién thirc co ban vé logic.

v' Nhirng kién thirc co ban vé 1y thuyét tap hop.

v' Mot sb tmg dung cta logic va 1y thuyét tip hop trong tin hoc.

Ban doc c6 thé tim thdy nhing kién thirc sdu hon va chi tiét hon trong cac tai liéu [1] va [2] cia tai
liéu tham khao.

1.1-  Giéi thiéu chung

Td hop 1a mdt linh vuc quan trong cua toan hoc roi rac dé cap toi nhiéu vin dé khac nhau cua toan
hoc. Ly thuyét T6 hop nghién ctru viée phén b cac phan tir vao cac tap hop. Thong thuong cac phan
tur cua tap hop la hitu han va viéc phan b ching phai thoda man nhiing diéu kién nhét dinh nao do tuy
theo yéu cau cua bai toan nghién ciru. M01 cach phan bd dwoc coi 1a mot “cdu hinh ciia t6 hop”.
Nguyén ly chung dé giai quyét bai toan t6 hop dugc dya trén nhitng nguyén 1y co s¢ do6 1a nguyén ly
cong, nguyén ly nhan va mot sb nguyén ly khac, nhung mét dac thu khong thé tach roi cua toan hoc
t6 hop d6 13 viéc chimg minh va kiém chimg cac phuong phap giai quyét bai toan khong thé tach roi
may tinh.

Nhimg dang bai toan quan trong ma ly thuyét t6 hop dé cap do 1a bai toan dém, bai toan liét ké, bai
toan ton tai va bai toan t6i wu.

Bai toan dém: day 1a dang bai todn nham tra 1i cdu hoi “c6 bao nhiéu ciu hinh thoa min diéu kién
d3 néu?”. Bai toan dém duogc ap dung ¢ hiéu qua vao nhitng cong viéc mang tinh chit danh gia nhu
xéac suét cua mot su kién, do phuec tap thuat toan.

Bai toan liét ké: bai toan liét ké quan tam dén tat ca cac cAu hinh c6 thé co duoc, vi vay loi gidi cua
n6 duoc biéu dién dudi dang thuat toan “vét can” tAt ca cac cAu hinh. Bai toan liét ké thuong dugc
1am nén cho nhiéu bai toan khac. Hién nay, mot s6 bai toan ton tai, bai toan tdi ru, bai toan dém van
chua c6 cach nao giai quyét ngoai phuong phap 1iét ké. Phuong phap liét ké cang tré nén quan trong
hon khi n6 dugc hd trg boi cac hé thong may tinh.

Bai toan toi wu: khic v6i bai toan liét ké, bai toan toi wu chi quan tam tGi céu hinh “tot nhat” theo
mot nghia nao d6. bay 1a mét bai toan cd nhiéu tng dung thyuc tidn va Iy thuyét to hop da dong gop
mot phan dang ké trong viéc xdy dung cac thuat toan dé dua ra dwoc nhitng mé hinh tdi wu.

Bai to4n ton tai: néu nhu bai toan dém thuc hién dém bao nhiéu ciu hinh c6 thé cé, bai toan liét
ké:liét ké tit ca cac cau hinh co thé co, bai toan toi wu chi ra mot cAu hinh tot nhat thi bai toan ton tai
giai quyét nhimg van dé con nghi van nghia 1a ngay ké ca van dé c6 hay khong mot cau hinh ciing
chua blet Nhirng bai toan nay thuong 1a nhiing bai toan kho, viéc sir dung may tinh dé chung to bai
toan d6 ton tai hay khong ton tai it nhat (hodc khong) mot cau hinh cang tré nén hét sirc quan trong.
1.2. Nhirng Kién thirc co ban vé Logic

Céc qui tic co ban cua Logic cho ta y nghia chinh x4c ciia cac ménh dé. Nhiing qui tic nay dugc sir
dung gifra cac 1ap luan toan hoc ding va khong dang. Vi muc ti€u co ban cua gido trinh nay la trang
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bi cho sinh vién hiéu va xay dung duoc nhimg phuong phap lap luén toan hoc dung dan, nén ching
ta s& bit ddu nghién ciru toan hoc r0i rac bang nhiing kién thirc co ban ciia mén logic hoc.

Hiéu dugc phuong phap 1ap luan toan hoc ¢ nghia hét strc quan trong trong tin hoc. Nhing
qui tic cua logic chinh 13 cong cu co sé dé ching ta co thé xay dung nén cac ngdn ngir 1ap trinh, cac
mang may tinh, kiém chtng tinh dung dn ctia chuong trinh va nhiéu img dung quan trong khéc.

1.2.1- Pinh nghia & phép toan
D4i turgng nghién ctru cua logic hoc 1a nhimg ménh dé. Mot ménh dé dugc hicu 1a mot cAu khing
dinh hodc ding hoac sai chtr khong thé vira dung vira sai.
Vi du: Nhing cau khing dinh sau day 1a mot ménh dé:

O “Ha noi la thu do cua Viét nam.”
0 1+1=2
0 2+2=3

EENT

Céc ménh d& “ Ha ngi la thii d6 ciia vi¢t nam”, * 1 +1 =2 “ 1a nhing ménh d¢ dung, ménh dé 2 +2
=37 1a sai. Nhung nhiing cau trong vi du sau s€ khong phai la mét ménh dé vi n6 nhiing cau doé
khong cho ta khang dinh dung cling chang cho ta khing dinh sai.

1 “Bdy gio la mdy gic ?”

00 “Hay suy nghi diéu nay cho kj heong”

0 x+1=2

0 x+y=z
Ta ky hi¢u nhiing chir cai A, B, C, D, p,q, r,S...la nhiing ménh dé. Gia tri cua mot ménh dé ding

duoc ky hiéu la T, gia t{i ménh dé sai duoc ky hiéu 1a F. Tap gia tri { T, F } con duoc goi 1a gia tri
chan ly cia mdt ménh de.

Pinh nghia 1. Ménh dé p tuyén voi ménh dé q (ky hiéu p v p) 1a mot ménh ma no chi nhéan gia tri
T khi va chi khi it nhat mot trong hai ménh dé p, ¢ nhan gid tri T. Ménh dé& p v q nhan gié tri F khi va
chi khi ca p, q déu nhan gia tri F.

Pinh nghia 2. Ménh dé p hoi ménh d& q (ky hiéu p 4 q ) 1a mot ménh dé ma no chi nhan gia tri T khi
va chi khi p, q nhan gia tri T. Ménh dé p 4 q nhan gia tri F khi va chi khi hodc p, g, hodc ca hai nhan
gia tri F.

Pinh nghia 3. Phu dinh ménh d& p (ki hiéu —p) 1a mot ménh dé nhan gia tri F khi va chi khi ménh
de p nhan gia tri T, nhan gia tri F khi va chi khi p nhan gia tri T.

Pinh nghia 4. Ménh dé tuyén loai cua p va q, dugc ky hi¢u la p@q, 1a mdt ménh dé chi ding khi mdt
trong p hodc q la diing va sai trong cac truong hop khac con lai.

Pinh nghia 5. Ménh dé p suy ra ménh dé q (ky hiéu p — q) nhan gia T khi va chi khi p nhéan gia tri F
hodc p va g ciing nhan gi4 tri T. Ménh dé p—q nhan gia tri F khi va chi khi p nhan gia tri T va q nhan
gia tri F.

Pinh nghia 6. Hai ménh deé p, g duoc goi la kéo theo nhau (ky hi€u : p <> Q) c6 gia tri dang khi p va
g c6 cung gia tri chan ly va sai trong cac trudng hop khac con lai.

Cac phép toan : v, A, —, @,— < c6 thé duoc dinh nghia thong qua bang gia tri chan 1y sau:
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Bdng 1.1: Bang gid tri chdn ly ciia cdc phép todn v, A, =, @, »,&

P | a pvg pAq - P&y p—q p<q
T | T T T F F T T
T | F T F F T F F
F | T T F T T T F
F | F F F T F T T

1.2.2- Su twong dwong giira caic ménh dé

Mot van dé hét stc quan trong trong 18p luén toan hoc la viéc thay thé nay bang mot ménh dé khac
c6 cung gia tri chan ly. Hai ménh dé c6 cung mot gia tri chan ly chung ta c6 thé hiéu theo cach thong
thuong 1a chung tuong duorng nhau vé ngit nghia. Do vay, ta s& tiép c4n va phéan loai cac ménh dé
phurc hop thong qua céc gia tri chan ly ctuia chung.

Pinh nghia 1. Mot ménh dé phu'c hop ma luén lu6n dung voi bat ké céc gia tri chan ly cua cac m¢nh
dé thanh phan cta n6 dugc goi 1a hang ding (tautology) Mot ménh d& ludn ludn sai voi moi gia tri
chan 1y ctia cac ménh dé thanh phan cta né dugc goi 1a mau thuan.

\{1 du: ménh dé phuc hop p v—( 1a hang dung, p A —q 1a mau thudn vi gia tri chan 1y clia cic ménh
de trén luon luén dang, hoac luon ludn sai nhu dugc chi ra trong bang 1.2.

Bing 1.2. Vi du vé ménh dé hang diing & ménh dé mau thudn

p —|p p \/—|q p/\—|q
T F T F
F T T F

Pinh nghia 2. Hai ménh d¢ p, q dugc goi 1a trong duong logic voi nhau (ky hiéu : p =q) khi va chi

khi cac cot cho gia tri chan 1y cua chung gidng nhau. Hay ménh d& p—>q la hang dang.

Vi du: hai ménh d&& — (p v ) va —p A —q 1a twong duong logic vi cac cot gid tri chan 1y cia ching

duogc thé hién qua bang sau:

Bing 1.3. Bing gid tri chin Iy d6i véi —(p v ) Vd —pA—Q
p q pPAg —(pvq) —p —q —PA—(Q
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

CuubDuongThanCong.com

Dung bang gia tri chan 1y dé ching minh tinh twong duong logic gitra hai ménh dé phuc hop cho ta
mot phuong phap truc quan dé hiéu. Tuy nhién, véi nhiing ménh dé loglc phuc hop ¢6 k ménh dé thi
can t6i 2% gia tri chan ly dé biéu dién bang gia tri chan 1y. Trong nhiéu truong hop ching ta c6 thé
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chtng minh tinh twong logic bang viéc thay thé mot ménh d& phirc hop bang nhiing twong duong
logic c6 trudc.

Bang phuong phap bang chéan 1y, dé dang ching minh dugc sy twong dwong cta cac cong thirc dudi
day:

pP—=q =-pvq

p=q  =(p—>a)A@—p)

—(—P) =p

Bang 1.4. Bdng cdc twong dwong logic
TUONG PUONG TEN GOI

pAT=p Luat ddng nhat
prF=p
pvT=T Luat nudt
pAaF=F
pvp=p Luat luy dang
PAP=p
—(=p)=p Luat phu dinh kép
pvg=qvp Luét giao hoan
PAQ=QqAp
(pvavr=pv(gvr) Luat két hop
(Prg)Ar=pA(g Ar)
pv(gan=(pEvg)al(pvr) Luat phan phdi
pa(avn=(pPAaqv(Pan
—(pArq)=—pv—Q Luat De Morgan
—(pPvg)=—pA—qQ

Vi du: Chimg minh ring —( p 2 (—q 4 q ) 1a trong duong logic v6i —p A —q.

Chirng minh:

—ApAr(grq)=—pPpA—ApP~rq) theo luat De Morgan thir 2
=-pa[—p) v— theo luat De Morgan thtr 2
=palpv—al] theo luat phu dinh kép
=(—-pap) v(—p A1) theo luat phan phdi
=F v(—-p A —0) vVi—-pap=F
=—pA— Ménh dé dugc ching minh.

6
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1.2.3. Dang chuin tic

Cac cong thirc (ménh dé) trong duong dugc xem nhu cac biéu dién khac nhau cua cung mot ménh
dé. Pé dé dang viét cac chuong trinh mdy tinh thao tac trén cac cong thire, chung ta can chuan héa
cac cong thue, dwa chung vé dang biéu dién chudn duogc goi la dgng chudn héi. Mot cong thirc
duoc goi la ¢ dang chuin hoi néu né 1a hoi ctia cac ménh dé tuyen.

Phuong phap dé bién ddi mot cong thirc bat ky vé dang chuén hoi bang cach ap dung cac thi tuc sau:
v B cac phép kéo theo (—) bang cach thay (p—q) boi (—p—0Q).

v Chuyén cac phép phu dinh (=) vao sat cac ky hiéu ménh dé bang cach ap dung luat
De Morgan va thay —(—p) bai p.

v Ap dung luat phan phéi thay cac cong thiic ¢ dang (pv(gar)) boi (pva)A(pvr).
Vi du. Ta chuén héa cong thirc (p—q)v—(rv—s):
(—pva) v(=rAs)
((=pva)v=r) A((=pva)vs)
(=pvav—nA(=pvavs)
Nhu vay cong thitc (p—q)v—(rv—s) dugc dia vé dang chuan hoi (—=pvav—r)A(—pvavs)

(P—>q)v—(rv—s)

1.3- Vi tir va lwgng tir
Trong toan hoc hay trong cac chuong trinh mdy tinh ching ta rat hay gap nhimng khéqg dinh chua
phai 12 mdt ménh d¢. Nhitng khang dinh d6 déu co lién quan dén cac bién. Chang han khang dinh:
P(x) = “x > 3” khong phai 1a mft ménh dé nhung tai nhitng gia tri cu thé cia x = xo nao dé thi P(xo)
lai 1a mot ménh dé. Hodc trong nhitng doan chuong trinh gép cau 1énh:

if (x>3)then x:=x +1,;

thi chuong trinh s& dat gia tri cu thé ciia bién x vao P(x), néu ménh d& P(x) cho gi tri diing x
s€ dugc tang Ién 1 boi cau Iénh x:=x+1, P(x) c6 gia tri sai gia tri cia x dugc gitr nguyén sau khi thuc
hién cau lénh if.

Chung ta c6 thé phan tich mdi khing dinh thanh hai phan chu ngir va vi ngit (hay vi tir), trong cau “x
16n hon 3” ta co théﬂ coi x la chu ngtr, - lén hon 3” 1a vi ngit, ham P(x) dugc g(_)i la ham ménh dé. M(f):c
ham ménh dé c6 thé c6 mdt hodc nhiéu biép, gia tri chan 1y cia ham ménh d¢ tai nhirng gia tri cu thé
cua bién dugc xac dinh nhu nhitng ménh dé thong thuong.

Vidu: Cho Q(x, y, z) 1a ham ménh dé xac dinh cau x* = y? +7% hdy xéac dinh gia tri chan ly
cuacacménh de Q (3,2, 1),Q (5,4, 3).
Giai:

bat gia tri cu thé cta x , y, z vao Q(x,y,z) ta co :

Q(3.2,1) la mé¢nh dé “3% = 2* + 1> 1a sai do d6 Q(3,2,1) la ménh d¢ sai. Trong d6, Q (5, 4, 3)
1a ménh dé “ 5° = 4% + 3% dung, do d6 Q(5,4,3) 1a ménh dé dung.
Téng quat, gia su M 1a mot tap hop cac ghﬁn ti nao d6. M thuong dugc goi 1a truong hay mién xac
dinh cua cac phan ttr thuoc M. Khi do, bi€u thire P(x) goi 1a vi tir xac dinh trén truong M néu khi thay
x b1 mot phan tir bat ky cta truong M thi P(x) s€ tré thanh mot ménh dé trén truong M.
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Khi tat ca cac bién cia ham ménh dé déu dugc gan nhitng gia tri cu thé, thi ménh dé tao ra s& xac
dinh gid tri chén ly. Tuy nhién, c6 mdt phuong phap quan trong khac dé bién mot ham ménh d& thanh
mot ménh dé ma khong can phai kiém chimg moi gia tri chan 1y ctia ham ménh dé tuong g voi cac
gi4 tri cua bién thudc truong dang xét. Phuong phap d6 goi 1a su luong hoa hay luong tir. Chung ta
xét hai luong tir quan trong 13 luong tir v6i moi (ky hiéu :V), lwong tir ton tai (ky hiéu :3).

Pinh nghia 1. Luong tir v6i moi cta P(x) ky hiéu 1a Vx P(x) 1a mot ménh dé “ P(x) dung voi moi
phan tir x thudc trudng dang xét”.

Vi du : Cho ham ménh dé P(x) = X* + X + 41 1a nguyén t6. X4c dinh gia trj chan Iy ciia ménh dé V
P(x) v6i x thudgc khong gian bao gobm céac so tu nhién [0..39].

Giai: vi P(x) ding v4i moi gia tri cia x € [0..39] = V P(x) la ding.

Vi du : Cho P(x) la ham ménh dé “ x + 1 > x”. Xéc dinh gid trj chan ly ctia ménh d& V x P(x), trong
khong gian cac so thuc.

Giii : vi P(x) ding v6i moi sb thuc x nén Vx P(x) 1a dung.

Dinh nghia 2. Lugng tir ton tai ciia ham ménh dé P(x) (dwoc ky hiéu 1a:3 x P(x) ) 1a mt ménh dé
Ton tai mot phan tr x trong khong gian sao cho P(x) 1a dung “.

Vi du: Cho P(x) 1a ham ménh dé “x > 3”. Hiy tim gid tri chan 1y cia ménh dé 3 x P(x) trong khéng
gian cac so thuc.

Giai: vi P(4) 1a “ 4 > 3” dung nén 3 x P(x) la dung.

Vi du: Cho Q(x) 1a “x + 1 > x”. Hiy tim gi4 tri chan Iy cia ménh dé 3 x Q(x) trong khdng gian cac
s6 thuc.

Giai: vi Q(x) sai v6i moi x € R nén ménh dé 3 x Q(x) 1a sai.

Béang 1.5: Gia tri chan ly cua lugng tur V, 3

VX P(x) P(x) dung v6i moi x C6 mot gid tri cia x dé P(x) sai

3Ix P(x) Co6 mot gia tri cua x dé P(x) dang P(x) sai v6i moi x

Dich nhitng ciu thong thwong thanh biéu thire logic: Dich mdt ciu dugc phat biéu biang ngon ngi
tu nhién (cau hoi thong thudng) thanh mot biéu thire logic ¢ vai tro hét sitc quan trong trong Xxay
dung cac ngdn ngir 1ap trinh, chuong trinh dich va xir Iy ngdn ngt tw nhién. Qua trinh dich mot cau
tir ngdn ngit tw nhién thanh mot bicu thire s& lam mét di tinh tw nhién ciia ngdn ngit vi da sé) cac ngobn
ngit déu khéng rd rang, nhung mot biéu thirc logic lai rat ro rang chit ché tir ca phap thé hién dén
ngit nghia ciia cau. Piéu nay dan dén phai c6 mét tap hop céc gia thiét hop 1y dya trén mot ham xéc
dinh ngit nghia cua cau d6. Mot khi cau da duoc chuyén dich thanh biéu thic logic, ching ta 6 thé
xac dinh duoc gia tri chan 1y cuia biéu thirc logic, thao tac trén biéu thirc logic, bién doi twong duong
trén biéu thirc logic.

Chung ta s€ minh hoa viéc dich mét cau thong thuong thanh biéu thirc logic thong qua nhiing sau.

Vi du dich cau “Ban khong dugc lai xe may néu ban cao dudi 1.5 mét trir phi ban trén 18 tudi”
thanh biéu thuc logic.

Giai:

Ta goi p 1a cau : Ban dugc 14i xe may.
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qlacéu : Ban cao dudi 1.5m.
rlacau : Ban trén 18 tudi.
Khi d6: Cau hoi trén dugc dich la: (gA—=r) > —p
Vi du: Dich cau “ Tét ca cac sinh vién hoc tin hoc déu hoc mén toan hoc roi rac”

Giai: Goi P(x) 1a cAu “x can hoc mén toan hoc rdi rac” va x duge xac dinh trong khong gian ctia cac
sinh vién hoc tin hoc. Khi d6 chung ta c6 thé phat bicu: V X P(x)

Vi du: Dich cdu “C6 mot sinh vién & 10p ndy it nhat d ¢ tt ca cac phong cua it nhat mot nha tron+g
ky tuc xa”.

Giai : Goi tap sinh vién trong 16p 1a khong gian xac dinh sinh vién x, tdp cac nha trong ky tic x4 la
khong gian xdc dinh cén nha y, tap cac phong 1a khong gian xac dinh phong z. Ta goi P(z,y) la “ z
thudc y”, Q(x,z) 1a “ x da ¢ z”. Khi do ta c6 the phat biéu :

Ax3yVvz (P(zy) — QX2);
1.4. Mt s6 irng dung trén may tinh

Céc phép toan bit: Cac hé théng may tinh thudng ding cac bit (binary digit) dé biéu dién thong tin.
Mot bit ¢ hai gia tri chan 1y hodc 0 hodc 1. Vi gia tri chan 1y cia mot biéu thire logic cling ¢6 hai gia
tri hodc dung (T) hodc sai (F). Néu ta coi gia tri dung c6 gia tri 1 va gia tri sai 1a 0 thi cac phép toan
véi céc bit trong may tinh dugc tuong tmg vai cac lién tur logic.

Mot x4u bit (hodc xau nhi phan) 1a diy khong hodc nhiéu bit. Chiéu dai cua x4u 1a sb cac bit trong
xau do.
Vi du:

Xau nhi 101010011 ¢6 @6 daila 9.

Mot sb nguyén dugc biéu dién nhu mot xau nhi phan c6 d¢ dai 16 bit.

Cac phép toan voi bit dugc xay dung trén cac xau bit c6 cung do dai, bao gdm : AND bit (phép va
cap bit), OR (phép hodc cap bit), XOR (phép tuyén loai trur cap bit). Vi du: cho hai xau bit 01101
10110 va 11000 11101 hay tim xau AND bit, OR bit, XOR bit.

Phép AND
01101 10110
11000 11101

01000 10100
Phép OR

01101 10110

11000 11101

11101 11111
Phép XOR

01101 10110

11000 11101
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10101 01011

Thuét toan cac phép tinh s0 nguyén: Cac thuat toan thyuc hién cac phép tinh véi cac s6 nguyén khi
dung khai trién nhi phan 1a hét st quan trong trong bo xu 1y s6 hoc cuia may tinh. Nhu chiing ta da
biét, thuc chit cac sb nguyén dugc biéu dlen trong may tinh 1a cac xau bit nhi phan, do vay ching ta
c6 thé sir dung biéu dién nhi phan cua cac sb dé thyc hién cac phép tinh.

Gia st khai trién nhi phan cua cac s0 nguyén a va b tuong ung la:

a= (an 1an 2. 3.13.0)2 ,b= (bn.lbn.z .. .b1b0)2 . Khai trién ctaavabco dﬁng n bit ( Ché.p nhan
nhing bit 0 ¢ dau dé lam ddc n bit).

Xét bai toan cong hai s6 nguyén viét & dang nhi _phan. Thu tyc thuc hién viéc cong cling gidng nhu
lam trén glay thong thuong. Phuong phap nay tién hanh bang cach cdng cac bit nhi phan twong ng
c6 nhd dé tinh tong hai sb nguyén. Sau dy 1a mo ta chi tiét cho qué trinh cong hai x4u bit nhj phan.

Dé cong a voi b, trude hét ta cong hai bit phai nhét, nghia la:

ap + b = Cp*2 + Sp; trong do sp 1a bit phai nhét cua s nguyén téng a+Db, cola sb can dé nhé
n6 co thé bang 0 hodc 1. Sau doé ta cdng hai bit ti€p theo va so6 nhd:

a1 + by + Co = C1*2 + sy 51 1a bit tiép theo cua sda+b, cila s6 nhé. Tiép tuc qua trinh nay
bang cach cong cac bit trong Ung trong khai trlen nhi phén va s6 nh¢, ¢ giai doan cubi cung : an.g +
Pn-1 + Cn2 = Cpy * 2 + Sy, Bit cudi cung cua tong 1a ¢yy. Khi d6 khai trién nhi phén cua tong at+bla
(Snan-1 - - -S150)2.

Vi du: cong a =(1110),, b = (1011),
Giai:
Trude hét lay:
Qt+by=0+1=0*2+1=1¢0=0,5=1
Tiép tuc:
athb+c=1+1+0=1*2+0=0¢=1,5,=0
Qthy+c=1+40+1=1*2+0=10¢=1,5,=0
azths+co=1+1+1=1*2+1=0c3=1,53=1
Cubi cung:
sS4 =C3=1=a+b=(11001),
Thuat toan cong:
void Cong(a, b: positive integer)
{
a=(ap1an2...2180)2, b = (bn1bno . . .b1bo)2
c=0;
for (j=0; j<n-1; j++) {
d=[(a + bj+c)/ 2];
Sj=a;+ bj+c—2d;
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Shp = C,
khai trién nhi phan cua téng la (span-1 - . -5150)2;
}
Thuat toan nhan: Dé nhén hai s nguyén n bit a, b ta bt dau tir viéc phan tich:
a = (ap-18n-2. . -2180), b = (by-1bn-2. . .b1bg)

; n—1 -
—ab=ay""'bj2] =Za(b,-2’)

Ta c6 thé tinh a.b tir phuong trinh trén. Trudc hét, ta nhan thay ab; = a néu b;=1, abj=0 néu b;=0. Mdi
lan tinh ta nhan v6i 2! hay dich chuyen sang trai j bit 0 bang cach thém j bit 0 vao bén trai két qua
nhan duge. Cubi cung, cong n sb nguyén ab; 2 (j=0..n-1) ta nhan duoc a.b. Vi dy sau dy s& minh
hoa cho thuat toan nhan:

Vi du: Tim tich ctia a = (110),, b= (101),
Giai: Ta nhan thy

ab2° = (110),*1*2° = (110),

ab,2' = (110),*0*2* = (0000),

ab,22 = (110),*1*2% = (11000),

Str dung thuat toan tinh téng hai sb nguyén a, b co biéu dién n bit ta nhan duoc(ta co thé thém s 0
vao dau moi toan hang):

(0 110), + (0000), = (0110); ;
(0 0110), +(11000), = (11110), = ab.
Thuat todn nhan hai s6 nguyén n bit c6 thé dugc mé phong nhu sau:
void Nhan( a, b : Positive integer){
/* khai trién nhi phan twong vng cua a = (an1an-2. . .218),
b = (bn-1bn-2. . .bibg) */
for (j=0; j<n-1; j++) {
if ((b==1)
ci=a* 2 /% q dwoc dich trdi j bit 0 %/
else ¢ =0;
}
I*Co, Cy.., Cn1 ld nhitng tich riéng ciia ab; 2(j=0..n-1 */
p=0;
for (j=0; j< n-1; j++)
p=p+cj;
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/* p la gia tri cua tich ab */

1.5.Nhirng kién thirc co' ban vé 1y thuyét tap hop
1.5.1- Khai niém & dinh nghia

Cac tap hop dung dé nhom cac ddi tuong lai voi nhau. Thong thuong, cac dbi tuong trong tap hop c6
cac tinh chat trong ty nhau. Vi dy, tit ca sinh vién moi nhép truong tao nén mot tap hop, tat ca sinh
vién thudc khoa Cong nghé thong tin 12 mot tap hop, cac sb tu nhién, cc sd thuc . . cling tao nén
cac tap hop. Cht ¥ rang, thuat ngir d6i tuong dugc dung & day khong chi rd cu the mot dbi tuong
nao, sy mod ta mot tap hop nao d6 hoan toan mang tinh truc giac vé cac ddi tuong.

Pinh nghia 1. Tap cac dbi tuong trong mot tap hop duge goi 13 cac phan tir ciia tap hop. Céac tip hop
thuong dugc ky hi¢u boi nhitng chir cai in hoa dam nhu A, B, X, Y .. ., cac ph?m tur thude tap hop
hay dugc ky hi¢u boi cac chir cai in thuong nhu a, b, c,u, v. .. Pé chiala phﬁn tur cua tap hop A ta
viét a €A, trai lai néu a khong thudc A ta viéta gA.

Tap hop khong chira bit ky mét phan tir ndo dwoc goi 1a tap rdng (ki hiéu 1a ¢ hodc { })

Tap hop A duoc goi 1a bang tap hop B khi va chi khi ching c6 cung chung cac phan tir va dugc ki
hiéula A=B. Vidutap A={1,3,5 } s€bangtapB=1{3,5, 1 }.

Pinh nghia 2. Tap A duoc goi 1a mét tip con cua tap hop B va ky hiéu 1a AcB khi va chi khi mdi
phan tir ciia A 1a mot phan tir cia B. Hay A < B khi va chi khi luong tir

V X (xe A = X € B) cho ta gia tri dung.
Tir dinh nghia trén ching ta rit ra mot s6 hé qua sau:
0 Tap rong ¢ la tap con ctia moi tap hop.
[0 Moi tap hop la tap con cua chinh no.
[1 NéuAc BvaB c A thi A=B hay ménh dé :
X (Xe A—>xeB) v Vx(xeB — x e A)cho ta gia tri diing.
1 Néu Ac B va A+B thi tandi A la tap con thyuc su cia B va ky hi¢u la AcB.

Pinh nghia 3. Cho S 1a mot tdp hop. Néu S ¢6 chinh xac n phan tir phén biét trong S, voin la sO
nguyén khong am thi ta néi S 1a mét tap hiru han va n dugc goi 1a ban so cua S. Ban so cua S duoc
ky hiéula |S |.

Pinh nghia 4. Cho tip hop S. Tap luy thira ciia S ky hiéu 1a P(S) 1a tap tt ca cac tip con cua S.
ViduS=1{0,1,2}=P(S)={ ¢, {0}, {1}, {2}, {0,1}, {0, 23}, {1, 2} {0, 1, 2}}.

Pinh nghia 5. Day sip tht tu (a1, 8z,.., ) 12 mot tip hop sip thir tw co aj 1a phan tir thir nhét, a, 12
phan tir thir 2, .., a, 1a phan tu tha n.

Chung ta no6i hai day sap thr tu 13 l‘)éng nhau khi va chi khi cic phan tir tuong tmg ctia chiing 1a bang
nhau. Noi cach khéc (a;, a,,.., a,) bang (bs, ba,.., by) khi va chi khi a; = b; véi moi i=1, 2, .n.

Pinh nghia 6. Cho A va B 14 hai tap hop. Tich dé cac ciia A va B duogc ky hiéu 1a AxB, 1a tap hop
clia tat ca cac cdp (a,b) vdi acA, b €B. Hay c6 thé biéu dién bang biéu thirc:

AxB={(a,b)| ac ArbeB}
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Pinh nghia 7. Tich dé cac ciia cac tap A1, A,, . ., A, duoc ky hiéu 1a AjxAgx..xA, 14 tip hop cta day
sa“ip thtr tu (ay, 8y,.., &) trong d6 ajeAj voii= 1, 2,.n. Noi cach khac:

ArxAox.xAp={ (a1, az,.., an) | ai€Ajvoii=1,2,.n}
1.5.2. Cac phép toan trén tap hop

Céc tap hop c6 thé dugc t6 hop v6i nhau theo nhiéu cach khac nhau théng qua cac phép toan trén tap
hop. Cac phép toan trén tap hop bao gom: Phép hop (Union), phép giao (Intersection), phép trur
(Minus).

binh nghia 1. Cho A va B la hai tap hop. Hop cua A va B dugce ky hiéu 1a AUB, la tap chira tat ca
cac phan tr hoac thudc tap hop A hodc thudc tap hop B. Noi cach khac:

AuLB={x|xeAv xeB}

Pinh I}ghia 2. Cho A va B 1a hai tap hop. Giao cua A va B dugc ky hi¢u la AnB, Ia tap chua tat ca
cac phan tr thudc A va thudc B. No6i cach khéc:

AuB={x|xeAA xeB}
Pinh nghia 3. Hai tip hop A va B duoc goi 13 roi nhau néu giao cua chung 1a tip rdng (ANB =¢).

Dinh nghia 4. Cho A va B la hai tép hop. Hi¢u ciia A va B la tap hop duge ky hiéu la A-B, c6 cac
phén tir thude tap hop A nhung khong thudce tap hop B. Hiu cua A va B con duge goi 1a phan bu cua
B d61 vdi A. Noi cach khac:

A-B={x|xe Arx¢B}

Pinh nghia 5. Cho tap hop A. Ta goi Al phan bu cua A 1a mot tap hop bao gdm nhiing phan tir
khong thudc A. Hay :

={x|x g A}

Pinh nghia 6. Cho céc tip hop Ay, Ay, . ., Ay. Hop cia cac tap hop 1 tap hop chira tat cé cac phén tir
thudc it nhat mot trong so cac tap hop A; (i=1, 2, . ., n). Ky hié¢u:

n
Ud;= 41U 4o2U---U 4
i=1

binh nghia 7: Cho cac tdp hop Aj, Ay, . ., An. Giao cua cdc tap hop 1a tap hop chira cac phan tur
thudc tat ca n tap hop A; (i=1, 2, . ., n).

UA. A1NA2 N..Ap
i=1

1.5.3. Cac hing ding thirc trén tap hop

Madi tap con ciia tdp hop twong tmg vi mot tinh chat xac dinh trén tap hop da cho duoc goi 1a ménh
dé. Véi twong tmg ndy, cac phép toan trén tap hop duge chuyén sang cac phép toan cta logic ménh
de:

0 Phidinhcia A, kyhiéu A  (hay NOT A) tuong tmg v6i phan bu A
0 Tuyén cia A va B, ky hiéu A v B (hay A or B) tuong tmg v6i A U B
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(1 Hoi cua A va B, ky hiéu A A B (hay A and B) tuong trng v61 A N B

Cac ménh dé cing véi cac phép toan trén nd lap thanh mot dai sé ménh dé (hay dai sb logic).
Nhu thé dai s6 tap hop va dai sd logic 12 hai dai s6 dang céu v6i nhau (nhitng ménh dé phat biéu trén
dai s6 logic trong duong voi ménh dé phat biéu trén dai s6 tap hop). Voi nhiing truong hop cu the,
tuy theo tinh hudng, mot bai toan c6 thé dugce phat biéu bang ngdn ngir cua dai s logic hay ngén ngir
ctia dai sb tap hop. Bang 1.5 thé hién mot s6 hang dang thirc cua dai sb tap hop.

Ta goi U la tap hop vil tru hay tap hop cia tit ca cac tap hop.

Bing 1.5: Mt sé hang ding thirc trén tip hop

HANG PANG THUC TEN GOI
Aud=A Luat dong nhat
AN U=A (U la tap vil try)
AuU=U Luét nudt
ANnd=A
ANA=A Luat luy dang
AUA=A
A=A Luit bu
AnB=BnA Luat giao hoan
AuB=BUA
AU (BuC)=(AuUB)UC Luat két hop
ANBNC)=(AnB)nC
AUB NC)=(AUB)U(ANC) Luét phan phi
An(B uC)=(AuB)Nn(AuUC)
AUB =ANB Luat De Morgan
ANnB =AUB

1.6- Biéu dién tap hop trén may tinh

C6 nhiéu cach khac nhau dé biéu dién tap hop trén may tinh, phuong phap phd bién 1a luu
trir cac phan tir clia tap hop khong sap thir tw. Véi viée luu trit bang phuwong phap nay, ngoai nhiing
lang phi bo nh¢ khong can thiét, thi qua trinh tinh hop, giao, hiéu cac tdp hop gip nhiéu khé khan va
mat nhiéu thoi gian vi mdi phep tinh doi hoi nhiéu thao tac tim kiém trén céac phan tir. Mot phuong
phap luu trir cac phan tir bang cach biéu dién co thir ty clia cac phan tir clia mot tap vil tru to ra hiéu
qua hon rat nhiéu trong qua trinh tinh toan.

Gia sir tap vii try U 1a hitu han gdm n phan ti(hitu han duoc hiéu theo nghia cac phan tir cia
U luu trir dugc trong b nhd may tinh). Gia st ta mudn bicu dién tap hop Ac U. Trudce hét ta chon
mot thir ty tuy ¥y nao d6 doi voi cac phan tir cua tap vii tru U, gid su ta dugce b co tha tu az,ay, . ., an.
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Sau d6 xay dung mot xau bit nhi phan c¢6 d6 dai n, sao cho néu bit thir i co gia tri 1 thi phﬁn tr ajeA,
néu a; =0 thi a;¢ A (i=1,2..,n). Vi du sau s& minh hoa k¥ thuat biéu dién tip hop bang xau bit nhi phan.

Vidu: Giase U=1{1,2,3,4,5,6,7,8,9, 10 }. Hiy biéu dién tip hop A c U la
1- Tap cac sb nguyén 1é Ac U.

2- Tap cac sd nguyén chin BcU.

3- Tap cac sd nguyén nho hon 5 Cc U.

4- TimAUB

5- TimANC...

Giai : Trudc hét ta coi tht tu cac phé”ln tr duoc sép xép theo tht tu ting dan tic a;=i
(i=1,2,..,10). Khi do :

1- Xau bit biéu dién cac sb 1¢ trong U ( {1, 3,5, 7,9 } ) 1a xau c6 d¢ dai n = 10 trong d6 cac
bit~(7 vitritht 1, 3,5, 7,9 c6 gia tri 1a 1, cac bit con lai c6 gia tri 1a 0. Tur d6 ta c6 xau bit biéu
dientaphop A1a:1010101010.

2- Xau bit biéu dién cac s6 chin trong U ( {2, 4, 6, 8, 10 } ) 1 xau c6 d6 dai n = 10 trong d6
cé§ bitN(”y vi tri thr 2, 4, 6, 8, 10 c6 gia tri 1a 1, cac bit con lai c6 gia tri 1a 0. Tur d6 ta c6 xau bit
bicudien tap hopB1a: 010101010 1.

3- X4u bit biéu dién cac s6 nho hon 5 trong U ( {1, 2, 3, 4 } ) 1a xdu c¢6 d6 dai n = 10 trong
d(’)ﬁ cac pit O vitritha 1,2, 3,4 c6 gia tri 1a 1, cac bit con lai c6 gia tri 1a 0. T d6 ta c6 xau bit
biéu didn tap hop C1a: 111100000 0.

4- Xau bit biéu didn taphop AUB12:(1010101010v0101010101)1axaulll
1111111 Nhuviy, AUB=U.

5- Tuong tu nhu vay v6iANC <<= (1010101010A1111000000) laxéu
1010000000.NhwvayAnC={1,3}

1.7. Nhirng ndi dung cin ghi nhé

Cén hiéu va ndm viing dwuoc nhitng ndi dung sau:

Céc phép toan hai, tuyén, tuyén loai, suy ra, kéo theo ctia logic m¢nh dé.

Céac phuong phéap chiing minh dinh 1y dung bang chan ly va céc tuong duong locgic.
Phuong phap biéu dién cac ciu hoi thong thuong bang logic vi ti.

DPinh nghia va cac phép toan trén tap hop.

AN NN N

Phuong phap biéu dién tap hop trén may tinh
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BAI TAP CHUONG 1

1. Lap bang gia tri chan 1y cho cac ménh dé phirc hop sau:

a) (p—q) © (=0—>-p) b) (p =) =(q —p)

) (peoa)v(p®—0) d) (p®q) — (p ©-0)
e) (p0) v (p®—0) f) (-p © —0) & (pe>q)
g (pva)A—r h)(pA Q) v—r

) (p>q) v (=g J) (4P ©—0) ©(qor)

2- Dung bang chan ly ching minh:
a) Luat giao hoan
pvg<qvp
PAQ<=QAp
b) Luat két hop
(Pva)vrepv(gvn
(P Ag)AT=pA(@AT)
¢) Luat phan phdi
pa(@vne(Pagv(par)
3- Chuing minh cac cong thuc sau day la dong nhat diing bang cach 1ap bang gia tri chan ly:
) (X=>(Y>2) > (X >Y)>(X—>2);
b) (X>Y)>((X—>2)—>(X—>(YAZ)));
c) (X=2) > (Y-=>2)—((XvY)—>2)).
4. Chiing minh cac cong thuc sau day 1a tuong duong logic
a) Xv (YA, A AY, (X VY)AXVY,) AL AXVY,)
b) XA (Y,vY,v..vY, S (XAY)V(XAY,)V..v(XAY,)
) (XyvX,vevX, & X, AX AAX,
d) X, AX,AnAX, & X vX,vev X,
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a) AnBNC=AUBUC
b) (AnBNC)c(AnB)
c) (A-B)-Cc(A-C)
5.Cho A, B, C la céac tap hop. Chimg minh rang: d) (A-C)N(C-B)=®
e) B-Au(C-A=(BuUC)-A
f) A—-B=AnB
9) (AnB)U(ANB=A
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CHUONG 2. BAI TOAN PEM & BAI TOAN TON TAI

Dém cac dbi twong c6 nhimg tinh chat nao d6 1a mot bai toan quan trong cia 1y thuyét to hop. Giai
quyét t6t bai toan dém giup ta giai nhiéu bai toan khac nhau trong danh gia do phirc tap tinh toan cua
cac thudt toan va tim x4c suét roi rac cac bién cd. Phuong phap chung de giai bai toan dém duoc dwa
trén cac nguyén ly dém co ban (nguyén ly cong, nguyén ly nhan). Mot sO bai toan dém phuc tap hon
duoc giai bang cach qui vé cac bai toan con dé sir dung dugc cac nguyén Iy dém co ban hodc tim ra
hé thuc truy hdi tong quat.

Noi dung chinh duoc d& cép trong chuong nay bao gdm:

v Céc nguyén 1y ¢ém co ban
v Nguyén 1y bu trir

v Hoan vi va to hop

v Hé thuc truy hoi

v Qui vé cac bai toan con

v Gi6i thi¢u bai toén ton tai
Ban doc c6 thé tim hiéu nhiéu k¥ thuat dém cao cap hon trong tai liéu [1], [2] trong phan tham khao
cua tai liéu nay.
2.1- Nhirng nguyén 1y dém co ban
2.1.1- Nguyén ly cong

Gia str ¢6 hai cong viéc. Vigc thu nhét co thé tién hanh béng ny cach, viéc thir hai c6 thé tién hanh
bang n, cach va néu hai viéc nay khong thé tién hanh dong thoi. Khi d6 s€ ¢6 ny + n, cach dé giai giai
quyet mot trong hai viéc trén.

Chung ta ¢ thé mé rong qui tic cong cho truong hop nhiéu hon hai cong viée. Gia sir cac viée Ty,
To,.., T 6 thé 1am tuo‘ng ung bang N1, Ny, .., N cach va gid su khong co6 hai viée Tj, Tj nao lam viéc
dong thoi (i,j =1, 2, .., m ; i #j ). Khi d6, c() n; + Ny +.. +nNpy, cach thuc hién mot trong cac cong vige
Ty, To ooy T

Qui tic cong duoc phat biéu dudi dang clia ngon ngit tip hop nhur sau:
[1 Néu A va B 14 hai tip roi nhau (A N B = ¢) thi : N(AUB) = N(A) + N(B).
[ NéuAyg A, .., Ay la nhitng tap hop roi nhau thi:
N(AL U A U .. UA,) =N(AD) + N(AL) +..+ N(A).

Vidu 1. Gia sir can chon hodac mot can b hoac mot sinh vién tham gia mot hoi dong cua mot truong
dai hoc. Hoi c6 bao nhiéu cach chon vi dai bi€u nay néu nhu c6 37 can bd va 63 sinh vién.

Giai: goi viéc thir nhat 1a chon mot can bd tur tap can b ta c6 37 cach. Goi viéc thtr hai la chon mét
sinh vién tur tap sinh vién ta c6 63 cach. Vi tap can by va tap sinh vién la ro1 nhau, theo nguyén ly
cong ta c6 tong so cach chon vi dai bi€u nay 1a 37 + 63 = 100 cach chon.

Vi du 2. mét doan van dong vién gom moén ban sing va boi duoc cir di thi dau ¢ nudc ngoai. SO van
dong vién nam Ia 10 nguoi. SO van dong vién thi ban sing ké ca nam va nir 1a 14 nguoi. SO nit van
dong vién thi boi bang s6 van dong vién nam thi ban sing. Hoéi doan c6 bao nhiéu nguoi.
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Giai: chia doan thanh hai tap, tap cac van dong vién nam va tap cac van dong vién nir. Ta nhan théiy
tap nir lai duoc chia thanh hai: thi ban sting va thi boi. Thay s nir thi boi bang s6 nam thi ban sung ,
ta dugc so nir bang tong so0 van dong vién thi ban sung. Tur d6 theo nguyén ly cong toan doan co 14 +
10 = 24 nguoi.

Vi du 3. gia trj ctia bién k s& bang bao nhiéu sau khi thuc hién doan chuong trinh sau :

k:=0

foriy:=1ton;
k:=k+1

for iz:= 1to n,
k:=k+1

forim:=1tony
k:=k+1

Giai: coi mdi vong for 1a mot cong viée, do d6 ta co m cong viéc Ty, Ty, . ., Tm. Trong d6 T; thuc
hién boi nj cach (i= 1, 2, .., m). Vi cac vong for khong long nhau hay cac cong viéc khong thyc hién
dong thoi nén theo nguyén ly cong tong tat ca cac cach dé hoan thanh Ty, Ts,.., T lak=ny +n, +.. +
Np.

2.1.2- Nguyén ly nhén

Gia st mot nhiém vu nao d6 dugc tach ra hai cong viéc. Viéc thir nhat duoc thuc hién b'img ny cach,
viéc thir hai dugc thuc hién bang n, cach sau khi viéc thir nhat da dugc lam, khi d6 sé cé ny.n, cach
thyc hién nhi¢ém vu nay.

Nguyén Iy nhan c6 thé dugc phat biéu téng quat bang ngdn ngit tp hop nhu sau:

Néu Ay, Ay, .., Ap 12 nhimng tap hop hiru han, khi d6 sé phan tir cua tich dé cac cac tap nay bang tich
s0 cac phan tur cia moi tép thanh phan. Hay dang thuc:

N (Arx Azx .. An) =N (A1) N (A2) ... N (An).
Néu A;= Ay =. . Ay thi N(A¥) = N(A)
Vi du 1. gia trj ctia k s& bang bao nhiéu sau khi ta thyc hién doan chuong trinh sau:
k:=0
forip=1tonm

fori,=1ton,

fori,=1to np
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ki=k +1

Giai : Gia tri khoi tao k=0. Mdi vong lap kong nhau di qua gia tri cua k dugce tang 1én 1 don vi. Goi
Ti 1a viéc thi hanh vong lap thtr i. Khi d6, s6 1an vong lap 1a s cach thuc hién cong viée. S6 cach
thuc hién cong viéc T la nj j=1,2, . ., n). Theo qui tac nhan ta vong lip kép dugc duyét qua n; +n,
+..+Np 1an va chinh 1a gia tri cua k.

Vi du 2. Nguoi ta co thé ghi nhén cho nhing chiéc ghé cua mot giang duong bang mot chir cai va
sau do la mot s6 nguyén nho hon 100. Bang cach nhu vay hoi ¢6 nhi€u nhat bao nhi€u chiéc ghe co
thé ghi nhan khéc nhau.

Giai: c6 nhiéu nhit 1a 26 x 100 = 2600 ghé duoc ghi nhin. Vi ki tu gan nhén dau tién 1a mot chir cai
vy ¢ 26 cach chon céc chir cai khac nhau dé ghi ki tu dau tién, tlep theo sau 1a mot s6 nguyén
dwong nho6 hon 100 do vay c6 100 cach chon cac s6 nguyén dé gan tiép sau ciia mot nhan. Theo qui
tdc nhan ta nhan dugc 26 x 100 = 2600 nhan khéac nhau.

Vi du 3. C6 bao nhi€u xau nhi phan c6 do dai 7.

Giai: mot xau nhi phan c6 do dai 7 gém 7 bit, mdi bit c6 hai cach chon (hodc gia tri 0 hodc gia tri 1),
theo qui tic nhén ta c6 2.2.2.2.2.2.2 = 2" = 128 x4u bit nj phan d6 dai 7.

Vi du 4. C6 bao nhiéu ham don anh x4c dinh tir mot tdp A ¢6 m phan tir nhan gia tri trén tap B con
phan tu.

Giai : Trudc tién ta nhan thiy, néu m >n thi ton tai it nhat hai phan tir khac nhau ciia A cing nhan
mot gia tri trén B, nhu vay vi m>n thi s6 cac ham don &anh tir A—B 1a 0. Néu m<=n, khi d6 phan tu
dau tién cua A c6 n cach chon, phan tir thir hai ¢6 n-1 cach chon, . ., phan tir thir k ¢6 n-k+1 cach
chon. Theo qui tac nhan ta c6 n(n-1) (n-2) . . .(n-m+1) ham don anh tir tdp A sang tap B.

Vi du 5. Dang cua s6 dién thoai & Bic My§ duoc qui dinh nhu sau: s6 dién thoai gém 10 chit s6 duoc
tach ra thanh mot nhdm ma ving gom 3 chir s6, nhém ma chi nhanh gém 3 chir s6 va nhém ma may
g0m 4 chir s6. Vi nhitng nguyén nhan ky thuat nén c6 mot s6 han ché dbi voi mot sé con sb. Ta gia
str, X biéu thi mot s6 c6 thé nhan cac giatritr 0.9, N la s6 c6 thé nhan cac chir sb tir 2..9, Y 1a cac sd
c6 thé nhén céc chir sb 0 hodc 1.

Hoi theo hai dy an danh s6 NYX NNX XXXX va NXX NXX XXXX ¢ bao nhiéu s6 dién thoai
dugc danh s6 khac nhau ¢ Bac My.

Giai: danh s6 theo dy an NYX NNX XXXX duoc nhiéu nhat 14 :
8x2x10x8x8x10x10 x10 x 10 x 10 x10 = 2 x 8% x 10° = 1 024. 10°
danh sb theo dy 4n NXX NXX XXXX dugc nhiéu nhit 12 :
8x 10 x 10 x 8 x 10 x10 x10 x10 x 10 x 10 x10 = 8 x 10® = 64. 10°

Vi du 6. Ding qui tic nhan hay chi ra rang s6 tdp con ctia mot tip S hitu han 1a 2N®),

Giai: ta liét ké cac phan tir ciia tap S 14 s3, Sp, .. » SN(S)- Xay dung mot xau bit nhi phan dai N(S) bit,
trong d6 néu bit thir i co gié tri 0 thi phan tur sj €S, néu bit thir i c6 gid tri 1 thi phan tir s;eS (i=1, 2,

., N(S) ). Nhu vay, theo nguyén Iy nhén, s6 tip con ctia tip hop S chinh 13 sé x4u bit nhi phan c6 do
dai N(S). Theo vi du 3, chiing ta c6 2® x4u bit nhi phan d6 dai N(S).

2.2- Nguyén ly bu triur

Trong mot s6 bai toan dém phirc tap hon. Néu khong c6 gia thiét gi vé su rdi nhau giita hai tp A va
B thi N(AuB) = N(A) + N(B) — N(AnB).

20

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Vi du 1. 16p toan hoc roi rac ¢6 25 sinh vién gidi ti’n h(_)g, 13 sinh vién gioi toan va 8 sinh vién gioi
ca toan va tin hoc. Hoéi 16p ¢6 bao nhiéu sinh vién néu moi sinh vién hoac gidi toan hodc hoc gidi tin
hoc hodc gioi ca hai mon?
Giai: Goi A tap la tap cac sinh vién gidi Tin h~()c, B 1a tip cac sinh vién gioi toan. Khi do A n B la
tap sinh vién gidi ca toan hoc va tin hoc. Vi moi sinh vién trong 16p hoac gidi toan, hodc gidi tin hoc
hodc gioi ca hai nén ta c6 tong sb sinh vién trong 16p 1a N(AUB). Do vy ta co:

N(AUB) = N(A) + N(B) - N(AnB) =25 + 13 -8 = 30.
Vi du 2. C6 bao nhiéu sé nguyén khong 16n hon 1000 chia hét cho 7 hodc 11.
Giii : Goi A 1a tap cac s6 nguyén khong 16n hon 1000 chia hét cho 7, B 1a tap céc sb nguyén khong
16n hon 1000 chia hét cho 11. Khi d6 tap s6 nguyén khong 16n hon 1000 hoac chia hét cho 7 hoac
chia hét cho 11 1a N(AUB). Theo cong thirc 1 ta co:

N(AUB) = N(A) + N(B) — N(AnB) =1.1000/7_+1000/11] - | 1000/7.11]
=142 + 90 - 12 = 220.

Trude khi dua ra cong thirc tong quat cho n tdp hop hiru han. Chung ta dua ra cong thirc tinh s phan
ti cua hop 3 tap A, B, C.

Ta nhan thdy N(A) + N(B) + N(C) dém mét 1an nhitng phan tir chi thuoc mot trong ba tap hop. Nhu
vdy, s0 phan tr cia AN B, ANC, BNC dugc dém hai lan va bang N(ANB), N(ANC), N(BNC), dugce
dém ba lan l1a nhitng phan tr thuoc ANBNC. Nhu vay, biéu thirc:

N(AUBUC) — N(ANB)- N(ANC) — N(BNC) chi dém cac phén tir chi thude mdt trong ba tap hop va
loai bé di nhitng phan tir dugc dém hai lan. Nhu vay, s6 phan tor dugc dém bﬁ lan chua duogc dém,
nén ta phai cong thém vdi giao cua ca ba tap hop. Tur do ta c6 cong thirc doi vaoi 3 tap khong roi
nhau:

N(AUBUC) = N(A) + N(B) + N(C) — N(AnB) — N(AnC) — N(BNC) + N(AnBNC)
Dinh ly. Nguyén ly bu trir. Gid sir A1, Ay, . ., An 1a nhiing tap hiru han. Khi do
N(AUA; U. . .UAR) = Ni- No + .. +(-1)™*Npp, (2)

trong d6 Ny 1a tong phan tir ctia tit ca cac giao cua k tap ldy tir m tdp dd cho. (ndi riéng N1=N(A;) +
N(A2) +..+ N(An), Nm=NA1 " Az .. .0nAR) . NOoi cach khac:

N(AUA U.A)=D NA)- D N(ANA)+ D NANANA - +(D"™NA NA N.NA)

I<i<n I<i, j=<n I<i< j<k<n
Dinh 1y dugc ching minh bang cach chi ra mdi phan tir ctia hop n tap hop duoc dém dung mot lan.
Ban doc c6 thé tham khdo cach chimg minh trong tai li¢u [1].

Vi du 3. Tim cong thirc tinh sb phén tir ctia 4 tap hop.
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Giai : Tu nguyén ly bu tru ta co
N(ALUAUAUAL) = N(A1) + N(A2) + N(As) + N(Ag) — N(A1NA) — N(A1NA3) — N(ANA,) —

N(AzﬁAg) - N(AzﬂA4) - N(A3ﬁA4) + N(AlﬂAzﬂA:;) + N(AlﬂAzﬁA4) + N(Alf\AgﬁA4) +
N(AzﬁAgﬁA4) — N(AlﬂAzﬂAgﬂAzo

Vi du 4. Hoi trong tap X = { 1, 2, . ., 10000} c6 bao nhiéu s6 khong chia hét cho bat cir s6 nao trong
cacso3,4,7.

Giai: Goi A la t§1p céc s6 nho hon IOOQO chia hét cho 3, B 1a tap cac s6 nho hon 10000 chia hét cho
4, C la tap cac s6 nhd hon 10000 chia hét cho 7. Theo nguyén ly bu trur ta c6:

N(AU BU C) = N(A)+N(B) + N(C) — N(AnB — N(ANC) — N(BNC) + N(A~BNC)
trong do :
N(A) + N(B) + N (C) =[10000/3] + [10 000/4] + [10 000/7]
= 3333+ 2500 + 1428 = 7261
N(ANB) = N(A) + N(B) — N(A~B) = 3333 + 2500 — [10000/3x4] = 833
N(ANC) = N(A) + N(C) — N(ANC) = 3333 + 1428 — [10000/3x7] = 476
N(BNC) = N(B) + N(C) — N(BNC) = 2500 + 1428 — [10000/4x7] = 357
N(ANB) + N(ANC) + N(BNC) = 833 + 476 + 357 = 1666
N(ANBNC) = [10000/3x4x7] = 119.
=>S4 céc sd nho hon 10000 can dém 14 :
1000 - N(AUBUC) = 7261 — 1666 + 119 = 4286.
Vi du 5. C6 bao nhiéu xau nhi phan d6 dai 10 bat dau boi 00 hodc két thuc boi 11.

Gii : Goi A 12 s6 xau nhi phan d6 dai 10 bat dau boi 00 , B 1a s6 x4u nhi phan d6 dai 10 két thic boi
11. D2 rang nhan thiy, N(A) = N(B) = 256, N(AnB) = 2° = 64. Theo nguyén Iy bu trir ta c6:

N(AUB) = N(A) + N(B) - N(AnB)
= 256 + 256 — 64 = 448.

Vi du 6. Bai toan bo thu. Cé n 14 thu va n phong bi ghi san dia chi. Bo ngiu nhién cac 14 thu vao cac
phong bi. Hoi xac suat dé xay ra khong mot 1a thu nao bo dung dia chi 1a bao nhiéu?

Giai: C6 tat ca n! cach bo thu. Van dé dat ra 1a dém s6 cach bo thu sao cho khong 14 thu nao dung
dia chi. Goi X 1a tdp hop tat ca cac cach bo thu va Ag la tinh chat 14 thu k bo dung dia chi. Khi do6
theo nguyén ly bu trir ta co:

N =N-N,+N, —..+(-D"N,
Trong do . 1a sb can tim, N = n!, Ny la s tat ca cac cach bo thu sao cho co k 14 thu dung dia chi.

Nhan xét rang, Ny 1a moi cach l1ay k 14 thu tir n 14, voi mdi cach 14y k 14 thu, ¢6 (n-k)! cach bo dé k 14
thu nay dung dia chi, tir d6 ta nhan dugc.

n— 1 1 -1)"
= —K)=— =n(l-=4+=—--.
N, =C(n,k)(n-k)! m va N =n!(1 ZL|+ i + o

Tur d6 ta c6 xac xuat can tim la:
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1 1 ="
1__+__...+u =e‘l
n 2 n!
S6 duogc tinh nhu trén dugc goi 1a sé mat thir tu va duge ky hiéu 1a Dy. Dudi day la mot vai gia tri
ctia Dy, sy ting nhanh cta D, mot 1an nita cho ta thy rd sy bung nd t6 hop.

N |23 ] 4 5 6 7 8 9 10 11
D, | 1] 2 9 | 44 | 265 | 1845 14833 133496 1334961 4890741

2.3. Pém cac hoan vi va té hop
2.3.1- Chinh hop lip

Dinh nghia 1. Mot chinh hop 1ap chap k ctia n phin tir 1a bd ¢6 thir ty gom k thanh phan lay tir n
phan tir cua tap da cho.

Nhu vay, mét chinh hop lap chép k cua n phén tir ¢6 thé xem 1a phan tir ctia tich de cac AXvoi A la
tap da cho. Theo nguyén 1y nhan, s6 cac tit ca cac chinh hop 1ap chéap k cua n s& 1a n*.

Vi du 1. Tinh s6 ham tir tap c6 k phan tir vio tip c6 n phan tir.
Giai: Biéu di5n~m6i ham b‘allng mot bo k thanh phan, trong d6 thanh phan tht i la anh cﬁa’phe‘in tur thr
1 (1<=i<=k). Moi thanh phan duoc lay ra tir mét trong n gid tri. Tir 6 suy ra s6 ham 1a s6 b k thanh
phan 14y tir n thanh phan bang n*.
Vi du 2. Tir bang chit cai tiéng Anh c6 thé tao ra dugc bao nhiéu xau c6 d6 dai n.
Gidi : Bang chit cai tiéng Anh gom 26 ki tw ['A’.."Z’], s6 cac xAu c6 do dai n dugc chon tir 26 chit
cai chinh 1a chinh hgp 1dp n cua 26 phan tir va bang 26".
Vi du 3. Tinh xac xudt lay ra lién tiép duoc 3 qua bong do ra khoi binh kin chira 5 qua do, 7 qua xanh
néu sau moi lan lay mgt qua bong ra lai bo no tro lai binh.
Gidi: SO két cuc c6 loi d€ ta 1y ra lién tiép 3 qua bong do 1a 5° vi c6 5 qua do ta phai ldy 3 qua (chd
¥ vi c6 hoan lai). Toan b két cuc c6 thé dé lay ra ba qua bong bat ky trong 12 qua bong la 123, Nhu
vay, xac suat dé co thé lay ra 3 qua bong do lién tiép 1a 5%/12°,
2.3.2- Chinh hgp khong lip
Dinh nghia 2. Chinh hop khong 1ap chép k cua n phan tir 1 bd c¢6 tha tu gdm k thanh phan 1y ra tir
n phan tu da cho. Cac phan tir khong duoc lap lai.
Pé xay dung moét chinh hop khong lap, ta xay dung tir thanh phan dau tién. Thanh phﬁp nay c6 n kha
nang chon. Moéi thanh phan ti€p theo nhiing kha nang chon giam di 1 (vi khong dugc lay lap lai). Toi
thanh phan thir k c¢6 n-k + 1 kha nang chon. Theo nguyén ly nhén ta c6 s6 chinh hop lap k cua tap
hop n phan tr ky hiéu la P(n, k) dugc tinh theo cong thuec:

n!

(n—k)!

Vidu 1. Tim s6 ham don anh c6 thé xay dung dugc tur tap k phﬁn ti sang tdp n phz‘in tur.

P(n,k) =n(n-1).(n-k+1) =

Giai: S6 ham don anh tir tap k phan tir sang tip n phan tir chinh 14 P(n,k).
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Vi du 2. Gia st ¢ tam van dong vién chay thi. Nguoi vé nhat s& ‘duqc nhan huan chuong vang,
nguoi vé nhi nhan huén chuong bac, nguoi v€ ba nhan huy chuong dong. Hoi ¢6 bao nhi€u cach trao
huy chuong néu tat ca cac két cuc deu co the xay ra.

Giai: SO cach trao huy chuwong chinh 14 s6 chinh hop chép 3 cua tdp hop 8 phan tir. Vi thé co P(8,3)
= 8.7.6 = 336 cach trao huy chuong.

Vi du 3. C6 bao nhi€u cach chon 4 cau thu khac nhau trong d6i bong gdbm 10 cau thu dé tham gia
cac tran dau don.

Gidi : Co P(10,4) = 10.9.8.7 = 5040 cach chon.

2.3.3- Hoan vi

binh nghia 3. Ta goi cac hoan vi cia n phan tir 13 mot cach xép c6 thir ty cac phan tir d6. SO cac
hoan vi ctia tip n phan tir ¢6 thé coi 14 trudng hop riéng cua chinh hop khong lap véi k = n.

Ta ciing c6 thé déng nhat mot hoan vi voi mot song anh tir tip n phan tir 1én chinh nd. Nhu vy, sb
hoan vi ctia tap gom n phan tur 1a P(n, n) = n!.

Vi du 1. C6 6 ngudi xép thanh hang dé chup anh. Hoi c6 thé bd tri chup duoc bao nhiéu kiéu khac
nhau.

Giai: Mbi kiéu anh 12 mot hodn vi cta 6 nguoi. Do d6 c6 6! = 720 kiéu anh khac nhau c6 thé chuyp.
Vi du 2. Can b6 tri thyc hién n chuong trinh trén mot may tinh. Hoi ¢6 bao nhiéu cach b tri khac
nhau.

Giai: S6 chuong trinh dugc danh s6 tr 1, 2, . ., n. Nhu vay, sb chuong trinh can thyuc hién trén mot
may tinh la so hoanvicua 1, 2, ..,n

Vi du 3. M6t thuong nhan di ban hang tai tam thanh phd. Chi ta ¢6 thé bat dau hanh trinh ctia minh
tai mQt thanh pho nao d6 nhung phai qua 7 thanh pho kia theo bat ky thir tu nao ma chi ta mudon. Hoi
¢6 bao nhiéu 16 trinh khac nhau ma chi ta c6 thé di.

Giai: Vi thanh phé xuit phat di dugc xac dinh. Do vy thuong nhan co thé chon tuy ¥ 7 thanh phé
con lai dé hanh trinh. Nhu vay, tat ca so hanh trinh ciia thuong nhan c6 thé di qua 1a 7! = 5040 céch.
2.3.4- T6 hop

binh nghia 4. Mot t6 hop chap k cua n phan tir 1a mot bo khong ké thtr ty gom k thanh phan khac
nhau lay torn phan tir da cho. N6i cach khac, ta co thé coi mot t6 hop chép k ciia n phan tir 1a mot tap
con k phan tir iy trong n phan tir. S6 t6 hop chap k ctia n phan tir ki hiéu 1a C(n,k).

Ta co thé tinh dugc truc tiép sd cac to hop chap k ciia tip n phan tir thong qua chinh hop khong lap
cua k phan ttr.

Xét tap hop tit ca cac chinh hop khong ldp chap k ctia n phan tir. Sip xép chiing thanh nhiing 16p
sao cho hai chinh hop thudc cung mot 16p chi khac nhau Vé thir ty. R6 rang mdi 16p nhu vay 1a mot
t6 hop chép k cia n phan tu(P(n,k)). So chinh hop trong mdi 16p déu bang nhau va bang k! (s6 hoan
vi k phan tir: P(k,k) ). S6 cac 16p bang sb t6 hop chap k cta n (P(n,k)). Tir d6 ta co:

P(n,k) n!
ki k{(n—k)!

P(n,k) = C(n,k).P(k,k) = C(n,k) = )

Vidul.ChoS={a,b,cd}timC(4,.2).
Giai. R0 rang C(4,2) = 6 twong trng vai 6 tap con {a, b}, {a, ¢}, {a, d}, {b,c}, {b, d} {c,d}.
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Vi du 2. C6 n d6i bong thi diu vong tron. Hoi phai to chirc bao nhiéu tran dau.

Giai: Cur hai doi bong thi c6 mot tran. Tur d6 suy ra §6 tran dau s& béng sb cach chon 2 trong n doi,
nghia la bang C(n, 2) =n! / 2!(n-2)! = n(n-1)/2 tran dau.

Vi du 3. Chiing minh

a) C(n,k) =C(n, n-k) (2
b) C(n,0)=C(n,n)=1 3)
c) C(nk)=C(n-1k-1) + C(n-1,k) 4)

Giai a. C(n,n-k) =n!/(n-k)! (n-n+k)! = nl/k!(n-k)! = C(n,Kk).
Hodc C(n, k) = n!/k!(n-k)! = nl/ (n-k)! (n-(n-k))! = C(n, n-k);
b) Cha y 0!=1 => b hién nhién dung
c) C(n,k) = C(n-1,k-1) + C(n-1,k)

C(h-Lk-1) +C(n—-1k) = (n—1)! 4 (=1
(k-D!(n-1-k+1)! kI(n—k—1)!
B (n-=1)! ( 1 +£j_ (n=1''n
C(k-D!n-k-D'\n-k k) (k-)k(n—k-1!(n-k)
n!
:m:C(nk)

Tt nhitng tinh chét trén, ta c6 thé tinh tt ca cac hé s6 to hop chi bang phép cong. Cac hé sd nay
duogc tinh va viét 1an lugt theo dong, trén moi dong ta tinh va thyc hién theo cft. Bang c6 dang tam
giéc chinh la tam giac Pascal.

Céac hé sb td hop c6 lién quan chat ché téi viée khai trién luy thtra cia mdt nhi thirc. Thuc vay, trong
tich

(x+Y)" = (x+y)(x+y). . (x+y) hé’sé ctia x“y*" s& 1a s6 cach chon k phan tir (x+y) ma tir d6 1dy ra x
va dong thoi (n-k) nhan tir con lai lay ra y, nghia la:

(X+Yy)" =C(n,0)x" +C(NDX" 'y +...+C(n,n=1)xy" " +C(n,0)y" = ZEZOC(n,k)x""‘y" (5)

Cong th@c (5) con dugc goi la khai trién nhj thirc Newton, cac h@ s6 t6 hop con dugc goi la hé s6 nhi
thirc. Chang han lu¥ thira bac 8 ciia nhi thie (x+y)® duge khai trién nhur sau:

(x+y)® =x%+8x"y +28x°y* +56x°y° + 70x*y* +56x°y° + 28x°y® +8xy’ +y°
Trong trudng hop y=1, tirc khai trién (x+1)" ta co:

(x+1)" =C(n,0)x" +C(n)x"* +...+C(n,n=1)x+C(n,n)
Hoac dfmg thire sau s& duge rat ra tir khai trién nhj thirc Newton:

2"=@1+1)" =C(n,0)+C(n,D) +...+C(n,n—=1) +C(n,n)

C6 thé néi rat nhiéu déng thire vé hé sb to hop s€ dugc suy ra. Nhu tinh cac tap 1é, dao ham . . .
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2.4- H¢ thirc truy hoi

2.4.1- Pinh nghia va vi du

Thong thuong nguoi ta thudng quan tdm to1 nhimg bai toan dém trong d6 két qua dém phu thudc vao
mot tham sé dau vao (ma ta ky hi¢u la n), chang han nhu cc sé mat thi ty Dy, . Viéc biéu dién két
quéa ndy nhu mot ham cta n bang mot sé hiru han cdc phép toan khong phai la don gian. Trong nhiéu
truong hop, viéc tim ra mot cong thire tryc tiép gitta két qua dém va n 1a hét sirc kho khin va nhiéu
khi khong giai quyét dugc, trong khi d6 cong thic lién hé giita két qua dém ung véi gia tri n v6i cac
két qua bé hon n lai don gian va d& tim. Thong qua cong thirc ndy va mot vai gia tri ban dau, ta c6 thé
tinh moi gi4 tri con lai khac. Cong thirc d6 goi 13 cong thirc truy hodi hay cong thirc dé qui. Pac biét,
cong thirc truy hoi rat thich hop vai lap trinh trén may tinh. N6 ciing cho phép giam déng ké do phirc
tap cling nhu gia ting d6 6n dinh cta qua trinh tinh toan.

Pinh nghia 1. H¢ thuc truy hdi dbi voi diy sd {a,} 1a cong thic biéu dién a, qua mot hay nhiéu sé
hang di trude cua diy, cy thé 1a ai, @, .., a1 Vo1 moi n=n0 nguyén duong. Day s6 duoc goi 1a 101 giai
hay nghiém cta hé thic truy hdi néu cac s hang cua n6 thoa man hé thirc truy hoi.

Vi du 1. Lai kép. Gia st mot nguoi giri 10000 d6 la vao tai khoan cua minh tai mot ngan hang voi 1ai
xuat kép 11% moi ndm. Hoi sau 30 ndm anh ta c6 bao nhiéu tién trong tai khoan cua minh?

Giai: Goi P, la téng sd tién c6 trong tai khoan sau n ndm. Vi sO tién c6 trong tai khoan sau n nim
bang s6 tién c6 dugce trong n-1 nam cong vai 1ai xuat nam thir n. Nén day {P,} thoa mén hé thirc truy
hoi :
Pn=Pn1+0.11p13 = 1.11P4

Chung ta c6 thé ding phuong phap lap dé tim cong thirc trén cho P,. D& nhén thiy rang:

P, =10000

Py =1.11P,

P, =1.11P; = (1.11)%P,

Pn=1.11P,; = (1.11)"*P,

Ta c6 thé ching minh tinh dung dén cta cong thirc truy hdi bang qui nap.

Thay Po= 10000, va n = 30 ta dugc:

50 = (1.11)*°10000 = 228922,97 $

Vi du 2. Ho nha tho va s6 Fibonaci. Mot cap tho sinh d6i (mot con duc va mdt con cai) dugc tha 1én
mot hon dao. Gia sir rang cap tho s& chua sinh san dugc trudc khi day hai thang tudi. Tir khi chiing
day hai thang tudi, mdi thang chiing sinh thém dugc mot cip tho. Tim cong thirc truy hoi tinh s cap
tho trén ddo sau n thang vé1 gid st cac cap tho 1a truong tho.

S6 thang S cip sinh san S6 cidp tho con Tdng s cip tho
1 0 1 1
2 0 1 1
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Giai: Gia su f, 1a sb cap tho sau n thang. Ta s€ chi ra rﬁng fi, £, .., fn(n=1,2,..,n) la cac sb cua day
fibonaci.

Cubi thang thi nhat s6 cip tho trén dao 1a f, = 1. Vi thang tht hai cdp tho van chua dén tudi sinh san
duogc nén trong thang thir hai f, =1. Vi moi cap tho chi dugc sinh san sau it nhat hai thang tuoi, nén ta
tim sO cap tho sau thang thir n bang cach cong so cap tho sau thang n-2 va thang n-1 hay f, = f,; + f,..
2. Do vay, day { f,} thoa man h¢ thirc truy hoi

fo=fia+fovoin>=3vaf=1,f,=1.
Vi du 3: Tinh s mat thir tu Dy,
Giai: Danh sb thu va phong bi thu tur 1 dén n (thu 1 gtri ding dia chi néu bo vao phong bi i). Mot
cach bo thu dugc dong nhat voi hoan vi (ag, az, . ., ap) cia { 1, 2, . ., n }. Mot mat thtr ty dugc dinh
nghia 1a 1a mot hoan vi (aj, ay, . ., &) Sa0 cho aj#i v4i moi i. Thanh phan a; ¢6 thé chap nhan moi gia
tri ngoai 1. V&i mdi gia tri k (k1) ctia ag, xét hai truomg hop:

1. ax =1, khi d6 cac thanh phén con lai dugc xac dinh nhu mot mat thir tu cua n-2 phén tr,
tuc 1a s6 mat thu tu loai nay bang Dy.,.

2. agzl, khi do cac thanh phﬁn tr 2 dén n duoc xac dinh nhu mot mat thir tu cia n-1 ph?m tor
con lai, tre 1a s6 mat thur ty nay thudc loai Dy.;.

Twr d6 ta nhan dugc cong thirc
D, = (n-l) (Dn-l + Dn-Z), n>=3 voi D; =0, D, =1.

Moi gia tri con lai dugc tinh don gidn nho luat ké thura.

D3 = (3-1) (0 +1) =2
Dy=(4-1)(1+2) =9
Ds=(5-1)(9+2) =44
D = (6-1)(9 + 44) =265
D; = (7 -1)( 44 + 265)= 1854
Dg=(8-1)(265+1854)  =14833

Pé cong thirc dung véin =2, ta coi Dy =1
C6 thé nhan dugc s6 mat thi tu thong qua cong thuc truy hoi trén vi:

Dn = (n _1)(Dn71 + Dn—z) = Dn - nDn—l = _(Dn—l - (n _1)Dn—2)

batV, =D, —nD, , taco:
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D,-nD,, =V, =-V_, =---=(-1)""V, = (-1)". Hay ta c6 thé viét:

n n—.

&_ Dn—l _(_1)n
no o (n-)! n

. Cong cac hé thuc trén véin =1, 2, .., n ta dugc:

&=1—1+£—~-+ﬂ.Tl‘rd()thulaidu(yccéngthl'rccﬁ:
n! 2 n!
Dnzn!(1—1+1—---+(_1) )

2 n!

Vi du 3. Tinh hé s t6 hop C(n,k).

Giai: Chon phan tir ¢6 dinh a trong n phan tir dang xét. Chia sé cach chon tap con k phan tir nay
thanh hai 16p (16p chtra a va 16p khong chira a). Néu a dugc chon thi ta can bd xung k-1 phén tir tir n-
1 phﬁn tu con lai, tur @6 16p chua a gém C(n-1, k-1) cach. Néu a khong dugc chon, thi ta phai chon k
phan tir tir n-1 phan tir con lai, tir d6 16p khong chira a gdm C(n-1, k) cach. Theo nguyén 1y cong ta
dugc cong thie truy hoi:

C(n, k) = C(n-1, k-1) + C(n-1,k) véi cac gia tri bién dugc suy ra truc tiép:
C(n,0) =C(n,n) = 1.

Phuong phap nay dugc goi 1a phuong phap khir. Khong phai luc nao cling dé dang khir dugc
cong thuc truy hoi dé dua vé cong thirc truc tiép. Tuy nhién, trong mot sd trudng hop dic biét ta co
thé dua ra phuong phap téng quat dé giai cong thire truy hoi.

2.4.2- Giai cong thirc truy hoi tuyén tinh thuin nhit véi hé so6 hang so

Pinh nghia 1. Mot hé thic truy hdi tuyén tinh thun nhat bac k véi hé s hang s6 1a hé thirc truy hoi
c6 dang:

a,=c¢a,,+ca,,+---+c.a, , (1), trongdod cyCy, . ., Clacac s6 thue va ¢, 20

Ta can tim cong thic truc tiép cho sb hang a, cua day s6 {an} thoa man cong thirc (1). Theo
nguyén ly thir hai cua qui nap toan hoc thi day s6 thoa man dinh nghia trén duge xac dinh duy nhét
néu nhu no thoa méan k diéu kién dau:

ag=Cp, a1 =Cy, .., a1 =Cxaq, trong d6 Cq, Cy, .., Cyalacac héng Sé.

Vi du 1. Hé thirc truy hoi P,=(1.11)P,.1 1 hé thirc truy hdi tuyén tinh thuan nhat bac 1. Hé
thirc truy hoi £, = frq + fop 12 hé thirc truy hoi tuyén tinh thuan nhit bac 2. Hé thirc truy hoi an = ans
1a hé thire truy hdi tuyén tinh thun nhat bac 5. Hé thire truy hoi B,=nB,.1 khdng phai 1a hé thuc truy
héi tuyén tinh thuan nhat vi n6 khong c6 hé sé hing sé.

Phuong phép co ban dé giai hé thuc truy hdi tuyén tinh thuan nhat 1a tim nghiém dudi dang
a, = 1", trong d6 r 1a hiang s6. Ciing can cha y rang a, = I" 1a nghiém cua hé thic truy hoi a, = Cjang +
Cz an2 + . .+ Cx@nk néu va chi néu

an = Cilpg + Colpp +. .+ Gk
Chia ca hai vé cho rn-k ta nhan duoc

Mot — e - —gar—cc=0  (2)
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Vay diy {a,} voi a,=r" 1a nghiém néu va chi néu r 12 nghiém cta (2). Phuong trinh 2 con
dugc goi 1a phuong trinh dic trung cta hé thic truy hoi, nghiém cta nd 1a nghiém dic trung cua hé
thirc truy hdi. Nghiém cua phuong trinh dic trung ding dé biéu dién cong thirc tit ca cac nghiém cua
hé thire truy hoi.

Chung ta s& trinh bay cac két qua voi hé thire truy hdi tuyén tinh thuan nhit bac hai. Sau do ta
s€ néu ra nhiing két qua tuong tu cho truong hop tong quat khi bac 16n hon hai.

Pinh Iy 1. Cho ¢y, ¢, 1a cac hing s thyc. Gia sir I’ — ¢1r + ¢, =0 c6 hai nghiém phan biét ry,
r,. Khi d6 day {a,} 1a nghiém cua hé thirc truy hoi a, = C1a,.1 + Cpan khi va chi khi a, = aqry" +
ara véin=1,2, ..., oy, oy la cac hiang so.

Chirng minh: Pé chimg minh dinh 1y ndy ta can thyc hién hai viéc. Pau tién ta can chi ra
rang néu ry, r; 1a hai nghiém cua phuong trinh dac trung va o, o, 1a hai hang so thi day {a.} voi
a, =a,l," +a,r) 1a nghiém cta hé thic truy hdi. Nguoce lai, can phai ching minh riang néu {a,} la
nghiém thi @, = o,I," + I, véi a1, @, 1a cac hang s6 nio do.

(=): Gia st rl va r2 la hai nghiém phan biét cua rr — cr + c=0 , khi dé
> =c’r,+c,; r7 =c,r, +C,ddng thoi ta thuc hién diy cac phép bién doi sau:
n-1 n-2 n-2 n-2
Cia,; +Ca,, =Clah +a,h, ") +C (ol " +a,n, ")
n-1 n-2
=ayl (Gl +C,) +a,l, (¢r, +¢,)

n-2,2 n-2,2

=o' +a,,

=a,I" +a,r, =a,
Piéu nay chimg t6 diy {a,} véi a, = a,I," +a,r, 1a nghiém ciia hé thirc truy hdi da cho.

(<):Pé ching minh nguoc lai, ta gia sir diy {a,} 1a mot nghiém bt ky cuia hé thirc truy hdi. Ta chon
o, ap a0 cho day {a,} voi a, = o, 1" +a, I, thoa man cac didu kién ddu  ag =Cy, a; = Cy. Thuc
vay,
a,=C, =, +a,
a =C, =, +a,,
Tir phuong trinh ddu ta c6 o, = Cp - a3 thé vao phuong trinh thir hai ta co:
C,=ah+(C,—a)r, =a,(r, —1,)+C, —r,; Tir day suy ra:
(Cl_Corz). (C1_Cor2) (Cor1_C1)
a =——=%g, =6 - 05 Cir— = .
h—r h—n hn-n

Nhu vay, khi chon nhiing gia trj trén cho a1, o, ddy {an} véi a, = o 1," +a,r, thoa mén cac
diéu kién dau. Vi h€ thuc truy hoéi va cac dieu kién dau dugc xéc dinh duy nhat nén
a, =a I’ +a,r, . Pinh ly dugc chimg minh.

Vi du 1. Tim nghi¢m cta hé thic truy hdi an = ang +2an.p véiag =2, a; = 7.

Giai: Phuong trinh déc trung cta hé thirc truy hdi c6 dang 12 -r-2=0.Nghitmcuandlar=2var=-
1. Theo dinh 1y 1, day {a, } 1a nghiém cta h¢ thic truy hoi néu va chi néu :
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an = a12" +ap(-1)" v8i auy, o 1a cac hang s6 nao do. Tir cac diéu kién dau suy ra:
p=2=0q +a
aa=7=042 +(X.2(-1)

Giai ra ta dugc a,=3, a,,=-1. VAy nghiém cua biéu thirc truy hdi v6i didu kién dau 1a ddy {a,} véi a,
=3.2"(-1)".

Vi du 2. Tim cong thuc hién cua cac so fibonaci.

Giai: Céc sb fibonaci thoa man hé thuc f, = oy + . va cac diéu kién dau f, = 0, f;=1. Cac
nghiém cua phuong trinh dac trung la:

_[1+\/§j_ _[1—\/5
= , =

> > j theo dinh 1y 1 ta suy ra s fibonaci dugc cho boi cong thic

sau:

2

dugc dung dé xac dinh cac hang s6 oy, o.

1+v5)  (1-45) .y ‘ ‘
f, =a{ +\/§] +a2(T\/§J vOi 04, 0 1a hai hang s6. Cac diéu kién dau f,=0, f;=1

fo=a,+a,=0

f 1+/5 1-+5 _1
A TEUdguDnE

1 . ) .
;a, =——= do d06 céac so fibonaci dugc cho bang cong

J5

1
Tu hai phuong trinh nay ta suy ra o, = —
NG
thirc dang hién nhu sau:

o _1(1445) _1(1-4BY)
N N

Dinh 1y 1 khong dung dugc trong truong hop nghiém cua phuong trinh déc trung 1a nghiém bdi. Khi
phuong trinh déc trung c6 nghiém boi ta st dung dinh ly sau.

Pinh 1y 2. Cho ¢y, ¢, 14 cac hang sb thuc, ¢,20. Gia sir r* —1r —¢, = 0 chi ¢6 mot nghiém ro. Day {a,}
1a nghiém cua hé thirc truy hdi a, = C1an.1 + Coan.2 khi va chi khi a, =al, +a,nr'voin=1,2, ..
trong d6 ¢, o 1a nhitng hang so.

Chtng minh tuong tu nhu dinh ly 1.

Vi du 3. Tim nghiém cta cong thuc truy hdi ay = 6a,.1 —9an, Vi cac didu kién dau ap=1, a; = 6.

Giai: Phuong trinh dic trung r? — 6r —9 =0 c6 nghiém kép r=3. Do d6 nghiém cta hé thirc truy hoi co
dang:

a, = 3" +a,n3" véi al, a2 1a cac hang s6 nao do. Tur cac diéu kién dau ta suy ra:

ag =1=0y

30

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

a1 = 6 = a;3+a23 = ay =1, a,=1 viy nghiém ctia hé thirc truy hdi va cac diéu kién dau da
cho la:

a, = 3"+n3"

Bay gid ta phat biéu két qua tong quat vé nghiém cac hé thirc truy hoi tuyén tinh thuan nhét voi cac
hé so hang so.

Pinh ly 3. Choc;, Cp, .., Cclacac $b thyc. Gia su phuong trinh dac trung

¥ — cyr!-. .-cx = 0 ¢6 k nghiém phan biét ry, 1y, . ., 1. Khi d6 diy {a,} 1a nghiém cta hé
thtrc truy hoi

a,=¢a,, +c,a, ,+---+c.a, , khivachikhi a, =" +a,r, +---+a,r, véi n=0,1,2,
.., trong d6 a4, 0, . ., o la cac héng $.

Vi du 4. Tim nghiém cta hé thiic truy hdi a, = 6ay.1 —11a,2+6a,.3 voi diéu kién dau ap=2, a
=5, a,=15.

Giai: Pa thic dic trung cua hé thic truy hoi 14 :
r*—6r’ + 11r — 6 c6 cac nghiém la r;=1, r, = 2, r; = 3. Do vy nghiém cuia hé thtc truy hdi ¢6
dang: a, =, 1"+, 2" + ;3"
DPé tim cac héng s6 oy, o, 03 ta dya vao nhiing diéu kién ban dau:
Q=2=0oq+aoy+o3
a1 =5=oy + a2 tos3
a, = 15=qy + a4 +039

Giii: h¢ phuong trinh ndy ta nhan duoc oy = 1, az =-1, az=2. Vi v@y nghiém duy nhit cua hé
thtrc truy hoi nay va cac diéu dau da cho la day {a,} voi:

a,=1-2"+23"
2.5- Qui vé céc bai toan don gian

Mot trong nhitng phuong phéap giai quyét bai toan dém phtrc tap 13 qui bai toan dang xét vé
nhitng bai toan nho hon. Sy phan chia nay duoc thuc hién mot cach lién tiép cho t&1 khi nhan duogc
10 giai ctia bai todn nhé mot cach dé dang. Tuy nhién diéu nay khong phai luc nao ciing thuc hién
duoc vi n6 doi hoi mét sy phan tich sau sdc cau hinh can dém.

Gia sir rang c6 mot thuat toan phan chia bai todn ¢& n thanh a bai toan nho, trong d6 mdi bai
toan nho c6 c¢& n/b(dé don gian ta gia sir n chia hét cho b); trong thuc té cic bai toan nhé thuong co
& 1a s6 nguyén gan nhat véi n/b. Gia st tong cic phép toan thém vao khi thuc hién phan chia bai
toan ¢ n thanh cac bai toan ¢ nho hon 1a g(n). Khi d6 néu f(n) 1a s6 cac phép toan can thiét dé giai
bai toan da cho thi f thoa man hé thirc truy hoi sau:

f(n) =af (Ej + g(n) ; hé thirc nay c6 tén 1a h¢ thirc chia dé tri.

Vi du 1. Xet thuat toan nhan hai sd nguyén kich ¢& 2n bit. Ky thut nay goi la thuat toan
nhan nhanh c6 dung k¥ thuéat chia dé tri.
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Giai: Gia sir a va b 1a cac s6 nguyén c6 biéu dién nhi phén 1a 2n bit (c6 thé thém cac bit 0 vao
dau deé chung c6 thé dai bang nhau) .

a=(ay,43, 5 " &3;),va b=(b,, ,b,, ,---bby),
Giasva= 2nA1 +Ay, b= ZnBl +Bg

trong do

A= (B0 485057 80480) 55 Ay = (8,48, 5 21),

B, = (0,, 40, ,--b, b)), A, = (a,,a, ,---a,a,),
Thuat toan nhan nhanh dugc dua trén déng thirc:
ab=(2"+2")AB, +2"(A - A)(B, - B)+(2" +1)A,B,

Diéu nay chi ra rang phép nhan hai s6 nguyén 2n bit ¢6 thé thyc hién bang cach ding 3 phép
nhén cac sO nguyén n bit va cac phép cong, trir dich chuyén. Nhu vay, néu f(n) la tong cac phép toan
nhi phan can thiét dé nhan hai so n bit thi

f(2n) =3f(n+Cn

Ba phép nhén cac sc"'z nhi phén n bit cér} 3f(n) phép toan nhi phan. Mdi mot phép toén cong,
trir, dich chuyén dung mot hang so nhan véi n 1an chinh la Cn.

Vi du 2. Bai toan xép khach ctia Lucas. C6 mét ban tron, xung quanh ¢6 2n ghé. Can sap chd
cho n cap vo chong sao cho cac ong ng01 sen k& cac ba va khong c6 hai cap vo chong nao ngdi canh
nhau. Hoi ¢6 tit ca bao nhiéu cach xép ?

Giai: Goi s6 phai tim 1a M. Xép cho cac ba truge(clr Xep mot ghé thi mot ghé dé tréng danh
cho cac ong), sb cach x&p cho cac ba la 2n! cach. Goi s6 cach x€p cho cac 6ng img vdi mét cach xép
cac ba la U, ta duoc so cach xep la

M, = 2n! x U, .Van dé con lai 1a tinh s6 U,

Panh s cac ba (da xep) tir 1 dén n, danh s cac ong tuong g vdi cac ba (6ng 1 la chdng ba
i), sau d6 danh sé cac ghé trong theo nguyen tic: ghe sO 1 nam gitra ba 1 va ba i+1 (cac phép cong
duoc hiéu 1dy modul n nghia 1a n +1 = 1). Mdi cach xép cac ong dugc biéu dién bang mot phép thé ¢
trén tap {1, 2, .., n } voi qui udc @(i) = j c6 nghia 1a ghé i duogc xép cho 6ng j. Theo gia thiét ¢ phai
thod man:

o(i) # i va e(i)=i+1 *)

Nhu vay, U, la sO tit ca cac phép thé ¢ thod man didu kién (*). Trong toan hoc goi U, la sd
phan bo.

Xét tap hop tat ca cac phép thé ¢ ciia { 1,2, .., n }. Trén tap nay ta goi P; 1a tinh chat (i) =
i, Qi la tinh chat (i) = i+1. Dat Py = Q;, theo nguyén 1y bu trir tuong (mg voi 2n tinh chat P; ta co:

U, = N = ni=N, + N, +... trong d6 Ny 1a tong s tat ca cac phép thé thod méan k tinh chat
lay tir 2n tinh chét dang xét. C?m chu y rang, khong thé xay ra dong thoi ‘thoa man P;va Qi. Do d6
trong cac phép lay ra k tinh chat tir 2n tinh chat dang xét can thém vao di€u kién: P va Q; hodc Pi
va Qi khong duge dong thoi c6 mat. Goi sO cdc cach nay la  g(2n, k) (noi riéng g(2n,k)=0 khi k>n).

V6i mbi cach lay ra k tinh chéat nhu vay (k<=n) ta ¢6 (n-k)! phép thé thao man ching. Tir d6 ta nhan
duoce N = g(2n, k) (n-k)! va
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U, =n—g2n)(n-YH+g(2n—-2)(n—2)—---+ (-1)"g(2n,n)
Bay gio chiing ta phai tinh cac hé s6 g(2n,k), k=1,2,..,n

Xép 2n tinh chét dang xét trén cong tron theo thu tu Py, Qq, P2, Q2, .., Pn, Qn, ta théy réng
g(2n,k) chinh 1a s6 céch lay k phan tir trong 2n phan tir xép thanh vong tron sao cho khong c6 hai
phan tir nao ké nhau cung dugc lay ra. BE tinh g(2n,k) ta giai hai bai toan con sau:

Bai to4n 1. C4 bao nhiéu c4ch 14y ra k phan tir trong n phan tir xép trén duong thing sao cho
khong c6 hai phan tir nao ké nhau cung dugc lay ra.

Giai: Khi 1éy k phén tir, ta con n-k phan tir. Giita n-k phan tir con lai ¢6 n-k+1 khoang tréng
(ké ca hai dau). M01 cach ldy ra k khoang tir cac khoang nay s& tuong tmg v6i mot cach chon k phan
tir thoa mén yéu cau di néu. Vay sb cach chon can tim 1a  C(n-k+1, K).

Bai toan 2. Giéng nhu bai toan 1 nhung n phan tir xép trén vong tron.
Giai: C6 dinh phan tir a dugc chon chia cac cach lay thanh 2 16p

1- Cac cach ma a duge chon khi do 2 phén tir ké a s& khong dugc chon va phai liy k-1 phan
tur tir n-3 phan tir con lai. Cac phan tir nay xem nhu két qua cua bai toan 1. Theo bai toan
1, s0 cach thudc 16p kiéu nay 1a C(n-k-1, k-1).

2- Cac cach ma a khong dugc chon, khi d6 bo a di va bai toan tré vé bai toan 1 chon k phﬁn
tir tir n-1 phan tir xep trén duong thang. Theo bai toan 1 s6 cach xép kiéu nay la C(n-k,K).

Vay theo nguyén Iy cong s6 cach can tim 14 :
C(h—k-1k—1)+C(n—kk) :nkC(n—k,k)
n_

Tur két qua cua hai bai toan trén ta nhan dugc:

g(2n,k) = 2n C(2n k,k) va s6 phan bé U, dugc tinh bang
U =n-—2"cn—11)n -4 -2 c2n-2,2)(n—2)1-+ (-1)" 22 C(2n,n)
2n—-1 2n—2 n
i Dudi day 1a mot $6 gia tri cua Uy, mot 14n nita chung ta lai dugc quan sat hién tugng bung nd
to hop.
n 2 3 4 5 6 7 8 9 10
Un 0 1 2 13 80 579 4783 43387 439792

2.6- Phuwong phap liét ké

Viéc tim mot cong thire cho két qua dém ngay ca trong truong hop cong thire truy hoéi khong phai dé
dang va lic nao ciing thyc hién dugc. Cho dén nay con nhiéu bai toan dém chua c6 10i giai dudi
dang mot cong thirc. D6i v6i nhimng bai toan nhu vy, ngudi ta chi con cach chi ra mot phuong phap
liét ké, theo do c6 thé di qua dugc tat ca cac cau hinh can dém. Rd rang ban than phuong phap liét ké
khong chi ra dugc mot két qua cy thé nao nhung qua d6 ngudi ta c6 thé 1ap trinh cho méy tinh dién tir
deém ho.

Dé minh hoa cho phuong phap liét ké, ta xét mot cau hinh to hop ndi tiéng do6 1a cac hinh chir
nhat la tinh.
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Gia st S 13 tAp gdm n phan tir. Khong mat tinh téng quat ta giasu S={l1,2, .., n} Mot hinh
chir nhét la tinh trén S la mot bang gdém p dong, q ¢t sao cho mdi dong cua nd la mot chinh hop
khong 1ap chap q ctia S va mdi cot ctia n6 12 mot chinh hop khong 1ip chap p cua S.

Theo dinh nghia ta c6 p<n, g<n. Pic biét trong truong hop q = n, mdi dong cua hinh chit nhat
la tinh la mdt hodn vi cua S, sao cho khong c6 cot nao chira hai phan tir 1ap lai. Hinh chit nhat la tinh
dang nay duogc goi la chuan néu dong dau cua n6 la hoan vi 1, 2,. ., n.

Thi du:
1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 2
12 mot hinh la tinh chuén trén tapS=1{1,2,3,4,5,6,7}
Goi L(p,n) 1a s6 hinh chit nhat la tinh p x n, con K(p,n) la s6 hinh chit nhat la tinh chuén p xntaco:
L(p.n) = n! K(p.n)

D@ dang nhan thiy rang, sé méat Dy 1a s6 hinh la tinh chuan 2 x n, s6 phan bd U, 1a s6 hinh chit nhat la
tinh chuan 3 x n véi hai dong dau la:

1 2 . n-1 n

2 3 . n 1
Riodan J(1946) da chung minh cong thuec:

K@n)=>, C(nkD,,DU,_, trongdém=[n/2], Us=1.

Bai toan dém véi s6 dong nhidu hon dén nay van chua duoc giai quyét. Nguoi ta méi chi dua
ra dugc mot vai dang ti€ém can cua L(p,n).

Néu p=q=n, thi hinh chir nhét la tinh dugc goi 1a hinh vuéng la tinh. M6t hinh vuéng la tinh
cap n dugc goi 1a chuin néu c6 dong dau va cot dau 1a hoan vi 1, 2,. .n. Thi du mét hinh vuéng la tinh
chuan cép 7.

1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 2
4 5 6 7 1 2 3
5 6 7 il 2 3 4
6 7 1 2 3 4 5
7 1 2 3 4 5 6

Goi I, 14 s6 cac hinh vudng nhu thé ta 6 L(n,n) = n!(n-1)!l,

Viéc tim mot cong thire cho In dén nay van bo ngé. Tuy nhién ta c6 thé nhd may tinh liét ké tat ca
cac hinh vudng chuan cap n. Duédi day la mot vai gia tri tinh dugc.
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I 1 1 1 4 56 9408 16942080

2.7. Bai toan ton tai

Chung ta d3 giai quyét bai toan dém sb cac cau hinh t6 hop thoa man mot tinh chat nao do, ching
han nhu dém s6 t6 hop, s6 chinh hop, hodc s6 hoan vi. Trong nhiing bai toan do su tdn tai cuia cac
c4u hinh 13 hién nhién va cong viéc chinh 13 chung ta cin dém sd cac cau hinh té hop thoa mén tinh
chat dit ra. Tuy nhién, trong nhiéu bai toan td hop, viéc chi ra su tdn tai cia mot cau hinh thoa mén
cac tir}h chét cho trude da 1a mot viée 1am hét stc kho khan. Dang bai toan nhu vay dugc goi la bai
toan ton tai.

2.7.1. Giéi thi¢u bai toan
Mot bai toan ton tai to hop dugc xem nhu gidi xong néu hodc chi ra mot cach xay dung c4u hinh,
hoac ching minh rang chung khong ton tai. Moi kha nang déu khong dé dang. Dudi day la mdot so
bai toan ton tai to6 hop ndi tiéng.
Bai to4n 1. Bai toan vé 36 si quan

Bai toan nay dugc Euler d& nghi véi ndi dung nhu sau.

Cé mét lan nguwoi ta triéu tdp tiv 6 trung doan, moi trung doan 6 si quan thugc 6 cdp bdc khdac nhau:
thleu wy, trung uy, thuwong uy, dai uy, thiéu td, trung ta vé tham gia duyét binh 0 su doan bg. Hoi
rang, cd thé xép 36 si quan ndy thanh mét déi ngii hinh vudng sao cho trong moi hang ngang ciing
nhw moi hang doc déu cé dai dién cia cd sau trung doan va cua 6 cap bdc.

DPé don gian ta s€ dung cac chir cai in hoa A, B, C, D, E, F dé chi phiép hi¢u cua cac trung doan, cac
chir cai in thuong a, b, ¢, d, e, f dé chi cap bac. Bai toan nay co6 thé tong quat hoa néu thay 6 bdi n.
Trong truong hgp n =4 mot 161 gidi cia bai toan 16 si quan la

Ab Dd Ba Cc

Bc Ca Ad Db

Cd Bb Dc Aa

Da Ac Cb Bd

Mot 161 giai voin =5 1a

Aa Bb Cc Dd Ee

Cd De Bd Ab Bc

Eb Ac Bd Ce Da

Be Ca Db Ec Ad

Dc Ed Ae Ba Ch
Do loi gidi bai toan c6 thé biéu dién bai hai hinh vudng v6i cac chir cai la tinh hoa va la tinh thuong
nén bai toan tong quat dat ra con dugc biet véi tén goi “hinh vudng la tinh truc giao”. Trong hai vi
du trén ta c6 hinh vuong la tinh tryc giao cap 4 va 5.

Euler da mét rat nhidu cong sic dé tim ra 1i giai cho bai toan 36 si quan thé nhung 6ng da khong
thanh cong. Vi vy, ong gia thuyét 1a cach sip xép nhu vdy khong ton tai. Gia thuyét nay da dugc
nha toan hoc phap Tarri ching minh nam 1901 bang cach duyét tat ca moi kha nang x&p. Euler can
ctr vao sy khong ton tai 101 giai khi n=2 va n = 6 con dé ra gia thuyét tong quat hon 1a khong ton tai
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hinh vudng truc giao cip 4n + 2. Gia thuyét nay di ton tai hai thé ky, mai dén nim 1960 ba nha toan
hoc My 1a Bore, Parker, Srikanda méi chi ra dugc mdt 101 gidi véi n = 10 va sau d6 chi ra phuong
phéap xay dung hinh vuong truc giao cho moin =4k +2 voi k> 1.

Tuong chung bai toan chi mang y nghia thir thach tri tu¢ con ngudi thuan tuy nhu mot bai toan db.
Nhung gin ddy, ngudi ta phat hién nhitng tng dung quan trong cua van dé trén vao qui hoach, thuc
nghiém va hinh hoc xa anh.

Bai toan 2. Bai toan 4 mau

C6 nhiéu bai toan ma ndi dung ciia n6 co thé giai thich duge voi bat ky ai, 161 giai ciia nd ai cling ¢d
giang thir tim nhung kho c6 thé tim duge. Ngoai dinh 1y Fermat thi bai toan bén mau ciing 1a mot bai
toan nhu vy. Bai toan c6 thé duoc phat biéu nhu sau: Ching minh ring moi ban db déu co thé to
bang 4 mau sao cho khéng ¢ hai nudc lang giéng nao lai bi to bdi cing mot mau. Trong d6, mdi
nude trén ban dd duge coi 1a mot ving lién thong, hai nuwéc duoc goi 1a lang giéng néu ching co
chung duong bién gidi la mot duong lién tyc.

Hinh 2.2. Ban dd to béi it nhat bén mau

Con s bon mau khong phai 1a ngau nhién. Nguoi ta da chung minh dugc rang moi ban d6 déu dugc
t6 boi s6 mau 16n hon 4, con v6i sé mau it hon 4 thi khong thé t6 dugc, chang han ban do gom 4
nude nhu trén hinh 5.1 khong thé t6 dwoc voi sé mau it hon 4.

Bai toan nay xuét hi¢n vao nhimg nam 1850 tir mét lai buén ngudi Anh la Gazri khi t6 ban d6 hanh
chinh nu6c Anh da cb gang chung minh rang no c6 thé to bang bén mau. Sau d6, nam 1852, 6ng da
Vlet thu cho De Morgan dé thong bao vé gia thuyét nay. Nam 1878, keli trong mot bai bao dang &
tuyen tap cac cong trinh nghién ctru cua Hoi toan hoc Anh ¢6 hoi rang bai toan ndy da duoc giai
quyet hay chua? Tur d6 bai toan tré nén ndi tiéng, trong xudt hon mét thé ky qua, nhidu nha toan hoc
da c6 gang chimg minh gia thuyét nay. Tuy vy, mai tGi naim 1976 hai nha toan hoc My 1a K. Appel
va W. Haken m¢i chirng minh dugc né nho may tinh dién tir.

Bai toan 3. Hinh luc gidc than bi

Niam 1890 Clifford Adams dé ra bai toan hinh luc giac than bi sau: trén 19 6 lyc giac (nhu hinh
2.3) hdy dién cac s tir 1 dén 19 sao cho tong theo 6 hudng cua luc gidc 1a bang nhau (va déu
bang 38). Sau 47 nam troi kién nhin cudi cing Adams ciing di tim duoc 101 giai. Sau d6 vi so ¥
danh mat ban thao ong di ton thém 5 nam dé khéi phuc lai. Nam 1962 Adams di cong bd 10i
giai d6. Nhung that khong thé ngd dugc d6 14 10 giai duy nhat.
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Hink 2.3. Hinh luc gidc than bi

Bai toan 3. Bai toan chon 2n diém trén lwéi n x n diém

Cho mdt luéi gdm n x n diém. Hoi c6 thé chon trong sb ching 2n diém sao cho khong c6 ba diém
nao dugc chon la thang hang? Hién nay nguoi ta mdi biét duoc 101 giai cua bai todn nay khi n < 15.
Hinh 3.3 cho mot 101 giai véin = 12.

REEER :
R ..

Hinh 2.4. Mot loi giai voin = 12.
2.7.2. Phwong phap phan chirng

Mot trong nhiing cach giai bai toan ton tai 1a ding 1ap luan phan ching: gia thiét didu chimg minh 1a
sai, tir d6 dan dén mau thuan.

Vidu 1. Cho 7 doanvthéng c¢6 d6 dai 16n hon 10 va nho hon 100. Chimg minh rang ta luén luén tim
duoc 3 doan de co thé ghép lai thanh mdt tam giac.
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Giai: Diéu kién can va da dé 3 doan 1a canh ctia mot tam giac la téng cua hai canh phai 16n hon méot
canh. Ta sép cac doan thﬁng theo thir tu tang din cua do dai ay, ay, . . ., &7 va chiing minh réng day da
xép ludn tim dugce 3 doan ma tong cua hai doan dau 16n hon doan cudi. Pé ching minh, ta gia sir
khong tim dugc ba doan nao ma téng cua hai doan nhé hon mdt doan, nghia la cac bét déng thirc sau
dong thoi xay ra:

atap<ay —az>20(via,a >10)
apt+taz<a; = as>30(vi a 210, a3 >20)
agt+az<as = as>50 (vi az >20,a4,>30)
atas<as = a;>80(vi a4 =30, a5 >50)
astag<a; = a;>130(vias =50, as > 80)
= Mau thuin (bai toan duoc giai quyét).

Vi du 2. Cac dinh cua mot thap giac déu dugce danh sb boi cac s6 nguyén 0, 1, . ., 9 mot cach tuy ¥.
Chtrng minh rang luon tim dugc ba dinh lién ti€p c6 tong céac so 1a 16n hon 13.

Giai : Goi X1, X, . ., X109 la cac sb gan cho cac dinh cua thap giac déu. Gia su nguoc lai ta khong tim
duoc 3 dinh lién tiép nao thoa man khang dinh trén. Khi d6 ta co

Ki =X+ X +X3<13

Ko=Xo + X3+ X4 <13

ks = X3 + X4 + X5 <13

ks=x4 +x5+x6<13

Ks = X5 + Xg + X7 <13

Ks = Xg + X7 + Xg < 13

k7 = X7 + Xg + Xg < 13

Kg = Xg + Xg + X190 < 13

Kg = Xg + X109 + X1 <13

Kig = X0 + X1 + X2 <13
= 130> ki +ko+...+kypp = 3(Xg+t+Xp+. ..+ Xq)
3(0+1+2+...+9)
= 135 = Mau thuan vi mot sé bang 135 khong thé hon 130. Khang

dinh ching minh.
2.7.3 Nguyén ly Dirichlet

Trong rat nhiéu bai toan t6 hop, dé chiing minh sy ton tai cuia mot cau hinh véi nhiing tinh chat cho
trudc, nguoi ta su dung nguyén ly don gian sau goi 1a nguyén ly Dirichlet.

Nguyeén 1y Dirichlet. Néu dem xép nhiéu hon n ddi tugng vao n hop thi ludn tim duge mot cai hop
chtra khong it hon 2 doi tugng.

Chirng minh. Viéc ching minh nguyén 1y trén chi can sir dung mot 1ap luén phan ching don gian.
Gia sir khong tim dugc mdt hdp nao chura khong it hon hai doi tuong. Diéu d6 nghia 1a moi hop
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khong chira qua mot ddi tugng. Tir do suy ra tong cac ddi twong khong vuot qua n trai véi gia thiét
bai toan 1a ¢6 nhidu hon n dbi twong dugc xép vao ching.

Vi du 1. Trong bat ky mot nhom c6 367 ngudi thé nao ciing c6 it nhat hai ngudi ¢ ciing ngay sinh.

Giai: Vi mot nim c6 nhiéu nhat 366 ngay. Nhu vay, theo nguyén 1y Dirichlet thi c¢6 it nhit mot ngay
c6 hai nguoi cung mot ngay sinh.

Vi du 2. Trong bt ky 27 tir tiéng Anh nao ciing déu c6 it nhét hai tir cung bat ddu bang mot chir cai.
Giai: Vi bang chir cai tiéng Anh chi c6 26 chir cai. Nén theo nguyén 1y Dirichlet ton tai it nhat 2 tir s&
bat dau boi cung mot chit cai.

Vi du 3. Bai thi cac mon hoc cho sinh vién duoc chdm theo thang diém 100. Hoi 16p phai c6 it nhat
bao nhiéu sinh vién d€ c¢ it nhat hai sinh vién dugc nhan cung mot diém.

Gidi: Can ¢ it nht 102 sinh vién vi thang diém tinh tr 0 . . 100 gom 101 s6. Do vdy, theo nguyén Iy
Diriclet mudn c6 2 sinh vién nhén cung mot diém thi 16p phai c6 it nhat 1a 101 +1 = 102 sinh vién.

Nguyén Iy Dirichlet tdng quat. Néu dem xép n di twong vao k hop thi ludn tim duge mot hop chira
itnhat [n/k] dbi twong.

Nguyén 1y trén dugc nha toan hoc ngudi Bue Dirichlet dé xuat tir thé ky 19 va oéng da ap dung dé
giai nhicu bai toan t6 hop.

Vi du 4. Trong 100 ngudi co it nhat 9 ngudi sinh nhat ciing mot thang.

Giai: Mot nam c6 12 thang. Xép tit ca nhitng ngudi sinh nhat vao cung mot nhom. Theo nguyén Iy
Dirichlet ta ¢6 it nhét[ 100/12 | = 9 ngudi ciing sinh nhat mot thang.

Vi du 5. C6 nam loai hoc bong khac nhau dé phat cho sinh vién. Hoi phai c6 it nhat bao nhiéu sinh
vién de chac chan c6 5 nguoi duge nhan hoc bong nhu nhau.

Giai. S sinh vién it nhat dé co 5 sinh vién cung dugc nhan mot loai hoc béng 12 s8 n thod man | n/5]
> 5. SO nguyén bé nhat thoa man dicu kién trén la n = 25 + 1 = 26. Nhu vay phai co it nhat 26 sinh
vién d¢€ co it nhat 5 sinh vién cung dugc nhan mdt loai hoc bong.

Vi du 6. Trong mét thang c6 30 ngay mdt doi bong chay choi it nhat mdi ngay mot tran, nhung ca
thang choi khong qué 45 tran. Hiy chi ra rang phai tim dugc mot giai doan gdm mot sé ngay lién tuc
nao do trong thang sao cho trong giai doan doé dgi choi dung 14 tran.

Giai: Gia sir a; 1a s tran thi dau cho t6i ngay thi j ctia doi. Khi d6
ay, da, - .+, A30

la day ting ciia cc sb nguyén duong va 1 < a; < 45. Suy ra day

a1+ 14,8, + 14, .. ., agx + 14 ciing 1a ddy tang cac s6 nguyén duong va

15<a<59

Nhu vy, diy 60 sd nguyén duong

ai, @, .., a3, a1 +14, 8+ 14, .. agp + 14 trong do tét ca cac s6 déu nho hon hodc bang 59.
Theo nguyén ly Dirichlet thi phai ton tai it nhat hai so trong s6 hai sO nguyén nay bang nhau. Vi cac
sO ay, Ay, . . . 830 l1a doi mot khac nhau va a; + 14, a, + 14, ., azo + 14 cling d61 mot khac nhau. Nén

ta suy ra phal ton tai chi s6 i va j sao cho a;= aj + 14. Dleu do c6 nghia 13 ¢6 ding 14 tran dau trong
giai doan tir ngy j + 1 dén ngay thi i.
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2.8. Nhirng ndi dung cin ghi nhé
Ban doc can ghi nhé mot s6 kién thuc quan trong sau:
v/ Nhimng nguyén Iy dém co ban: nguyén 1y cong, nguyén 1y nhan & nguyén 1y bu tri.
St dung nhitng nguyén 1y co ban tron dém cac hoan vi, to hop.
Hiéu phuong phap cach giai quyét bai toan dém bang hé thic truy hoi.

Nam vitng cach thirc qui mdt bai toan dém ve nhiing bai toan con.

NN

Céch giai phd bién cho bai toan ton tai 13 sir dung phuong phap phan chimg hodc sir dung
nguyén ly Dirichlet.
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BAI TAP CHUONG 2

1. Xau thuin nghich doc 1a mot x4u khi viét theo thir tw nguoc lai ciing bang chinh n6. Hay dém sb
xau nhi phan c¢6 dd dai n 1a thuén nghich doc.

2. Cb6 dau va chi ré moi bbn ban dimg thanh mot hang dé chyup anh. Hoi c¢6 bao nhiéu cach xép
hang néu:

a) Cb dau dung canh chu ré
b) C6 dau khong dimg canh chi ré
¢) Cb dau dung & phia bén phai cha ré
Co bao nhiéu xau nhi phan d¢ dai 10 c6 nam s6 0 lién nhau hodc nam s6 1 lién nhau.

4. (Co bao nhiéu xau nhi phan d6 dai bé“mg 8 ¢6 3 s6 0 lién nhau hodc 4 sb 1 lién nhau.
MBbi sinh vién 16p toan hoc roi rac ’hoéc gidi toan hodc giq(")i tin hoc hoac gioi ca hai mon nay.
Trong 16p ¢ bao nhiéu sinh vién néu 38 nguoi gioi tin (k€ ca nguoi giodi ca hai mén), 23 nguoi
101 toan (ké ca nguoi gidi ca hai mon), va 7 nguoi gioi ca hai mon.

6. Chung to rang, trong n+1 s nguyén duong khong vugt quéa 2n ton tai it nhit mot s6 chia hét cho
mot so khac.

7. Chung minh réng, trong day gém n?+ 1 sb thuc phan biét déu c6 mot day con dai n+1 hoac thuc
su tang, hodc thuc sy giam.

8. Gia sir trong mot nhom 6 ngudi mdi cip hai hodc 1a ban, hodc 1a thu. Ching to ring trong nhém
c6 ba nguoi la ban cia nhau hoac 1a ké thu cua nhau.

9. Hay chi ra rang, trong 102 nguoi co chiéu cao khac nhau dung thanh mét hang c6 thé tim duoc
11 nguoi ¢6 chidu cao ting dan hodc giam dan ma khong can thay doi thir tu ctia ho trong hang.

10. Mot d6 vat tay tham gia thi ddu gianh chuc vo dich trong 75 gid. M01 gior anh ta thi déu it nhat
mot trdn, nhung toan b anh ta khong thi dau qua 125 tran. Chig t6 rang, c6 nhimng gid lién tiép
anh ta thi dau 24 tran.

11. Mot nhan vién bat dau lam viéc tai cong ty tir ndam 1987 véi mirc lwong khéi diém 1a 50000 db la.
Hang ndm anh ta dugc nhan thém 1000 d6 la va 5% luong ctiia nam trude.

a) Hay thiét 1ap hé thic truy hoi tinh lwong ctia nhan vién d6 n nam sau nam 1987.
b) Luwong vao nam 1995 cua anh ta 1a bao nhiéu?
€) Hay tim cong thirc tuong minh tinh lvong cua nhan vién nay n nam sau nam 1987.

12. Tim hé thirc truy hdi cho s6 hoan vi ciia tap n phan tir. Dung hé thic truy hdi d6 tinh hoan vi ciia
tap n phan tu.

13. Mot may ban tem ty dong chi nhan cac déng xu mot d6 la va cac loai to tién 1 do la va 5 d6 la.

a) Hay tim hé thirc truy hoi tinh s6 cach dit n d6 la vao trong may ban hang, trong d6 thir tu cac
dong xu, cac to tién l1a quan trong.

b) Tim cac dicu kién dau.

c) Co bao nhiéu cach dat 10 do la vao may dé mua mot bo tem.
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14. Giai cac h¢ thuc truy hoi véi cac dieu dau sau:

a) ap = an.1 + 6an-, véin>2,a=3,a, =6.

b) a, = 7a,.1 - 6an-; véin>2,a=2,a=1.

C) a, = 6an.1 - 8an-, véin>2, a =4, a = 10.

d) a, = 2an.1 - an2 véin>2,a=4,a=1.

€) an = an2 véin>2,a=5,a =-1.
f) ap = -6an.1 - 9a,-2 véin>2,a =3, a =-3.

Q) an+2 = -4ans1 + 5a, voin>0,a=2,a =8.

15. Tim cac nghiém dic trung ctia hé thirc truy hdi tuyén tinh thuan nhat

a) an=2ap1 - 2a2
b) Tim nghiém thoa man hé thirc truy hi trén va céac diéu kién dau ag =1, a; =2.
16. a) Tim nghiém dic trung cta hé thirc truy hoi tuyén tinh thuan nhit a, = an-4

b) Tim nghiém thoa man hé thirc truy hdi trén va céc diéu kién dau ag=1, a;=0, a=-1,
az=1.

17. Mot bao cdo vé thi trudng may tinh ca nhén cho biét c6 65000 ngudi s& mua modem cho may
tinh ctia ho trong nam tdi, 1 250 000 ngudi s& mua it nhit mot san phdm phan mém. Néu bao céo
nay noi rang 1.450.000 ngudi s& mua hoic 1a modem hodc 1a it nhat mot san phim phan mém thi
s& ¢ bao nhiéu nguoi s& mua ca modem va mua it nhat mot san phim phan mém.
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CHUONG 3. BAI TOAN LIET KE & BAI TOAN TON TAI

Dbi véi mot bai toan, khi chua tim dugc giai thuat tot dé giai thi liét ké 1a bién phap cubi cing dé
thuc hién vé6i sy hd tro clia may tinh. Co thé noi, liét ké la phuong phap phd dung nhat dé giai quyét
mat bai toan trén may tinh. Trai lai, bai toan ton tai chi can chi ra dugc bai toan c6 nghiém hay khong
c6 nghiém va thuong la nhiing bai toan kho. Nhleu bai toan ton tai dd duoc phat bleu trong nhiéu
thap ki nhung van chua duogc giai quyét.Giai quyét dugc ching sé thic ddy su phat trién cua nhidu
nganh toan hoc. Noi dung chinh ciia chuong nay tip chung giai quyét nhimng van dé co ban sau:

v Gibi thiéu bai toan liét ké va bai toan ton tai.

v Giai quyét bai toan liét ké bang phuong phap sinh.

v Giai quyét bai toan liét ké bang phuong phap quay lui dua trén giai thuat dé qui.

v' Phuong phap phan chimg giai quyét bai toan ton tai.

v' Nguyén Iy Dirichlet giai quyét bai toan ton tai.
Ban doc c6 thé tim théiy cach giai nhiéu bai toan 1iét ké va bai toan ton tai hay trong cac tai li¢u [1] va
[2] trong tai li¢u tham khao.
3.1- Giéi thi¢u bai toin
Bai toan dua ra danh sach tit ca cac cAu hinh t& hop co thé c6 duoc goi 1a bai toan liét ké t6 hop.
Khac véi bai todn dém la tim kiém mot cong thue cho 101 gidi, bai toan li¢t ké lai can xac dinh mot
thuat toan deé theo do c6 theé xay dung dugc lan luot tat ca cac cau hinh can quan tam. Mot thuat todn
ligt ké phai dam bao hai nguyén tac:

(1 Khong duoc lap lai mot cAu hinh
(1 Khong dugc bd x6t mot cAu hinh

Vi du 1. Cho tap hop cac sd ay, ay, .., 8, va s6 M. Hay tim tit ca cac tdp con k phan tir cia day sb
{an} sao cho tong so cac phan tir trong tap con d6 diing bang M.
Giai: Nhu ching ta da blet s6 cac tap con k phan tir ctia tAp gdm n phan tr la C(n,k). Nhu vay ching
ta cAn phai duyét trong s6 C(n,k) tap k phan tir dé lay ra nhirng tap co tong cac phan tr dung bang M.
Vi khéng thé xac dinh dugc c6 bao nhiéu tap k phan tir tir tip n phan tir ¢6 tong cac phan tir dung
bang M nén chung ta chi con cach liét ké cac cau hinh thoa méan diéu kién da cho.
Vi du 2. Mot thuong nhan di ban hang tai tdm thanh phé. Chi ta c6 thé bit diu hanh trinh ctia minh
tai mot thanh pho nao d6 nhung phai qua 7 thanh pho kia theo bat ky thtr tu nao ma chi ta muon.
Hay chi ra 10 trinh ngan nhat ma chi ta co thé di.
Giai: Vi thanh ph6 xuit phat da dugc xac dinh. Do vay thuong nhén c6 thé chon tuy ¥ 7 thanh ph
con lai dé hanh trinh. Nhu vay, tat ca so hanh trinh cia thuong nhan c6 thé di qua 1a 7! = 5040 céch.
Tuy nhién trong 5040 cach chung ta phai duyét toan b dé chi ra mgt hanh trinh 1a ngan nhat.

C6 thé noi phuong phap liét k€ 1a bién phap cubi cing nhung ciing 1a bién phap pho dung nhat dé
giai quyét cac bai toan t6 hop. Kho khan chinh cua phuong phap nay 1a sy bung nd t6 hop. Pé xay
dung chung 1 ty céu hinh (con s6 nay khong phai 1a 16n 601 Vv6i cac bai toan to hop nhu s6 mat thir ty
Dn, 86 phén bb Uy, s6 hinh vuong la tinh In), ta gia su can 1 gidy de liét ké mot cau hinh thi ching ta
cling can 31 nam mai glal quyét xong. Tuy nhién véi su phat trién nhanh chong cua may tinh, bang
phuong phap liét ke, nhiéu bai toan kho cua 1y thuyét to hop da duoc giai quyét va gop phan thuc day
su phat trién ciia nhiéu nganh toan hoc.
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3.2. B¢ qui
3.2.1. Pinh nghia bing dé qui

Trong thuc té, ching ta gap rat nhidu d6i twong ma kho cé thé dinh nghia n6é mot cach tuong minh,
nhung lai d& dang dinh nghia di twong qua chinh né. Ky thuat dinh nghia dbi tuong qua chinh n6
duoc goi 1a ky thuat dé qui (recursion). D€ qui dugc sir dung rong rai trong khoa hoc may tinh va ly
thuyét tinh toan. Cac giai thuat dé qui déu duoc xay dung thong qua hai budc: bude phan tich va
budc thay thé nguoc lai.

Vi du 1. Bé tinh tong S(n) = 1 + 2 + .. .+ n, chung ta co thé thyc hién thong qua hai budc nhu sau:
Budc phan tich:

= Pé tinh toan dugc S(n) trude tién ta phai tinh toan truée S(n-1) sau d6 tinh S(n) = S(n-
1) +n.

=  Pé tinh toan dugc S(n-1), ta phai tinh toan truée S(n-2) sau d6 tinh S(n-1) = S(n-2) +
n-1.

= Pé tinh toan dugc S(2), ta phai tinh toan trudc S(1) sau d6 tinh S(2) = S(1) + 2.
= Va cudi cung S(1) chiing ta c6 ngay két qua la 1.

Budre thay thé ngwoc lai:

Xuét phat tir S(1) thay thé nguoc lai chiing ta x4c dinh S(n):
= S(1)=1

S(2)=S(1)+2

S(3)=S(2) +3

S(n)=S(n-1)+n
Vi du 2. Dinh nghia ham bang dé qui
Ham f(n) = n!
Dé thay f(0) = 1.
Vi(n+tl)!'=1.23...n(n+1l) =n! (n+1), nén ta co:

f(n+1) = (n+1) . f(n) véi moi n nguyén duong.

Vi du 3. Tap hop dinh nghia bang dé qui

Pinh nghia dé qui tap cac xau : Gia st 2* 1a tdp cac xau trén bd chir cai X. Khi d6 * dugc dinh
nghia bang d¢ qui nhu sau:

* A e X* trong d6 A 1a xau rong

" WXeX*nfuweI*Vaxel*
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3.2.2. Giai thuat dé qui

Mot thuat toan dugce goi la dé qui néu nod giai bai toan béng cach rat gon bai toan ban dau thanh bai
toan tuong ty nhu vay sau mot s6 hitru han lan thuc hién. Trong moi 1an thyc hién, dir li¢u dau vao
tiém cén toi tap dit liéu dung.

Vi du : dé giai quyet bai toan tim udc s6 chung 16n nhét cua hai s6 nguyén duong a va b voi b> a, ta
c6 thé rit gon vé bai toan tim wéc sd  chung 16n nhit caa (b mod a) va a vi USCLN(b mod a, a) =

USCLN(a,b). Day cac rat gon lién tlep‘ c6 thé dat dugc cho t6i khi dat diéu kién dirng USCLN(0, a) =
USCLN(a, b) = a. Dudi day 1a vi du vé mot so thuat toan d¢ qui thong dung.

Thuét toan 1: Tinh a" béng giai thuat d¢ qui, véi moi s6 thuc a va sb tu nhién n.
double power( float a, int n ){
if (n==0)
return(1);
return(a *power(a,n-1));

Thuit toan 2: Thuat toan dé qui tinh udc s6 chung 16n nhét cia hai s6 nguyén duong a va b.
int USCLN( int a, int b){
if (@a==0)
return(b);
return(USCLN( b % a, a));
}
Thuat toan 3: Thuiat toan dé qui tinh n!
long factorial( int n){
if (n==1)
return(l);
return(n * factorial(n-1));
}
Thuat toan 4: Thuét toan dé qui tinh sb fibonacci thir n
int fibonacci( intn) {
if (n==0) return(0);
else if (n ==1) return(1);
return(fibonacci(n-1) + fibonacci(n-2));
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3.3- Phwong phap sinh

Phuong phap sinh c6 thé ap dung dé giai cac bai toan liét ké to hop dit ra néu nhu hai diéu kién sau
duoc thuc hién:

(i) C6 thé xac dinh dwgc mot thi tu trén tap cac cdu hinh td hop can liét ké. Tir d6 c6 thé xac
dinh dugc cau hinh t6 hgp dau tié€n va cudi cung trong thir tu da dugc xac dinh.

(i) X4y dung duoc thudt toan tir cu hinh chwa phai 14 cudi cung dang c6 dé dua ra ciu hinh
ke tiep sau no.

Ta goi thudt toan trong diu kién (ii) 1a thuét toan sinh ké tiép. RS rang thuat toan nay chi thyc hién
duoc khi c6 mot cau hinh dugc xac dinh theo dieu kién (i). Gid st mot bai toan déu thoa man cac
dicu kién trén, khi d6 phuong phap sinh k¢ ti€p c6 thé dugc mo ta bang thu tuc nhu sau:

void Generate(void){
<Xay dung cdu hinh ban dau>;
stop =false
while (not stop) {
<Puwea ra cau hinh dang c6>;

Sinh_Ké Tiép;

}
Trong d6 Sinh K& Tiép 1a thi tuc sinh cdu hinh ké tiép tir cAu hinh ban dau. Néu ciu hinh 13 céu
hinh cuoi cung, thu tuc nay can gan gia tri True cho stop, nguoc lai thu tuc nay sé xay dung cau hinh
ke tiép cua cau hinh dang co trong thir tu da xac dinh.

Dudi day 1a mot s6 vi du dién hinh mo ta thuét toan sinh ké tiép.
Vi du 1. Liét ké tat ca cac ddy nhi phan d6 dai n.

Giai: \iiét day nhi phan dudi dang bib,..by, trong d6 bie {0, 1 }. Xem mSi day nhi phan b=bsb,..b, 12
biéu dien nhi phan cua mdt s6 nguyén p(b). Khi do6 thtr tu hién nhién nhat c6 theé xac dinh trén tap cac
day nhi phan la thir ty tir dién dugc xac dinh nhu sau:

Ta n(')i’ day nhi phan b = bib,..b, di trudc day nhi phan b” = b’1b’,..b*, theo thir tur tir dién va
ki hi¢u b<b’néu p(b) <p(b’).

Vi du v6i n=4, cac xau nhi phan d6 dai 4 dugc liét ké theo thu tu tur dién 1a:

b p(b) b p(b)
0000 0 1000 8
0001 1 1001 9
0010 2 1010 10
0011 3 1011 11
0100 4 1100 12
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0101
0110
0111

5
6
7

1101
1110
1111

13
14
15

Nhu vay, day dau tién 1a 0000 day cudi cung 1a 1111. Nhan xét rang, néu xau nhi phén chira toan bit
1 thi qua trinh liét ké ket thuc, trai lai day ké tiép s€ nhan dugc bang cach cong thém 1 (theo modul 2
c6 nhé) vao day hién tai. Tt d6 ta nhan duoc qui tac sinh ké ti€p nhu sau:

[ Tim i dau tién tir phai xang trai (i=n, n-1, . .,1) thoa man b; =0.

[ Gén lai b; =1 va bj=0 véi tat ca j>i. Day thu duoc 14 day can tim.

Vi du ta cc:) xau nhi phan d6 dai 10: 1100111011. Ta c¢6 i = 8, ta dat bg =1, bg,b1o =0 ta duogc
xau nhi phan ke tiép: 1100111100.

Thuét toan sinh ké tiép dugc mo ta trong thu tuc sau:

void Next_Bit_String( int *B, int n ){

i=n;

while (bj==1){
bi=0
i=i-1;

}

bi =1,

Dudi day 1a chuong trinh liét ké cac xau nhi phan c6 d¢ dai n.

#include <stdio.h>
#include <alloc.h>
#include <stdlib.h>
#include <conio.h>
#define MAX 100
#define TRUE 1
#define FALSEO

int Stop, count;
void Init(int *B, int n){
inti;

for(i=1; i<=n ;i++)
B[i]=0;
count =0;
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void Result(int *B, int n){
int i;count++;
printf(*\n Xau nhi phan thu %d:",count);
for(i=1; i<=n;i++)
printf("%3d", B[i]);

}
void Next_Bits_String(int *B, int n){
inti=n;
while(i>0 && B[i]){
B[i]=0; i--;
}
if(i==0)
Stop=TRUE;
else
B[i]=1;
}
void Generate(int *B, int n){
inti;
Stop = FALSE;
while (1Stop) {
Result(B,n);
Next_Bits_String(B,n);
}

}
void main(void){
inti, *B, n;clrscr();
printf(*\n Nhap n=");scanf(*'%d",&n);
B =(int *) malloc(n*sizeof(int));
Init(B,n);Generate(B,n);free(B);getch();
}

Vi du 2. Liét ké tap con m phén tir ctia tdp n phan tor. Cho X = { 1,2, .., n }. Hay liét ké tat ca cac
tap con k phan tir ciia X (k< n).

Giai: Mbi tap con cua tap hop X c6 thé biéu dién bang bo c¢é thir tw gdm k thanh phan a =(a;a;..ay)

thoaminl <a<a<..<a<n.
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Trén tap cac tap con k phén tr cua X ¢ thé xac dinh nhiéu thir tu khac nhau. Tha ty d& nhin théy
nhat la thu ty tir dién dugc dinh nghia nhu sau:

Tandi tap con a = a;d,. . . & di trudc tap con a’ =a;’ay’. . .ax’ trong thu tu tr dién va ky hiéu la a<a’,
néu tim dugc chisoj (1 <j<k)saocho

ay=a,a=a’, ..., aj1 = a’j-l, g < a’j.

Chang han X = { 1, 2, 3, 4, 5 }, k = 3. Céc tap con 3 phan tir cia X duoc liét ké theo thir tu tir dién
nhu sau:

1 2 3
1 2 4
1 2 5
1 3 4
1 3 5
1 4 5
2 3 4
2 3 5
2 4 5
3 4 5

Nhu vay, tap con dau tién trong thir tu tir dién 1a (1, 2, . ., k) va tap con cubi cung 1a (n-k+1, n-k+2, .

., n). Gia sira = (ay, &, . ., &) 1a tap con hién tai va chua phal 1a cubi cung, khi d6 co thé chung minh
du’oc rang tap con ké tlép trong thi tu tir dién co thé duoc xay dung bang cach thyc hién cac qui tic
bién d6i sau dbi véi tap con dang co.

[1 Tim tu bén phai day ay, a,, . ., a phﬁn tor azn — K + i
0 Thay a; boi aj +1,
[ Thayajboiaj+j—i,voiji=itl,i+2,...,k

Chéng han véi n = 6, k =4. Gid su ta dang c6 tap con (1, 2, 5, 6), can xay dung tap con Kké tiép
no trong tht ty tir dién. Duyét tir bén phai ta nhan dwoc i =2, thay a, boi a, + 1 =2 + 1 =3. Duyét j tir
i+1=3chodénk, tathaythéaz=a,+3-2=3+3-2=4,a4=a2+4-2= 3+4—2=5tanhan
duoc tap con ké tiép 1a (1,3, 4, 5).

V6i qui tic sinh nhu trén, chiing ta c6 thé mé ta bang thuat toan sau:
Thuét toan liét ké tap con ké tiép m phén tir ciia tip n phan tir:
void Next_Combination( int *A, int m){
i=m;
while (‘@& == m-n+i)
i=i-1;
a=a+1;

for (j=1i+1;j<=m; j++)
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G=a+]-1I;
}
Vian ban chuong trinh liét ké tap cac tap con m phan tir cua tap n phan tir dugc the hién nhu sau:
#include <stdio.h>
#include <conio.h>
#define TRUE 1
#define FALSE O
#define MAX 100
int n, k, count, C[MAX], Stop;
void Init(void){
inti;
printf(\n Nhap n="); scanf("%d", &n);
printf(*\n Nhap k="); scanf(*%d", &k);
for(i=1; i<=k; i++)

Clil=i;
}
void Result(void){
int i;count++;
printf(*\n Tap con thu %d:", count);
for(i=1; i<=k; i++)
printf(*%3d", C[i]);
}
void Next_Combination(void){
intij;
i=k;

while(i>0 && C[i]==n-k+i)

if(i>0) {
Cli]= C[i]+1;
for(j=i+1; j<=k; j++)
ChI=CIil+j-i;
}

else Stop = TRUE;
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void Combination(void){

Stop=FALSE;
while (1Stop){
Result();

Next_Combination();

}
void main(void){
clrscr(); Init();Combination();getch();

Vl"dl.l 3. Liét ké cac hoan vi cta tap n phan tir. Cho X = { 1, 2, .., n }. Hay liét ké cac hoan vi tir n
phan tir cia X.

Giai : M&i hoan vi tir n phan tir ctia X ¢6 thé biéu dién bai b 6 thir ty n thanh phan
a=(ag, a, .., &) thoa man aje X,1=1, 2, .., n, ay= aq, p# Q.

Trén tap cac hoan vi tu n phﬁn ttr ciia X ¢6 thé xac dinh nhiéu tht ty khac nhau. Tuy nhién, thir ty dé
thay nhat la thtr tuy tir dién duoc dinh nghia nhu sau:

Ta no6i hoan vi a = ajay. . . a, di trude hodn vi a’ = aj’ay’. . .a,’ trong thir tu tir dién va ky hi¢u
la a<a’, néu tim dugc chiso k (1 <k <n) sao cho

a=ar’,a=a, ..., ak1= a1, &k <a’k

Chéng han X ={ 1, 2, 3, 4}. Cac hoan vi cac phﬁn ttr cua X duoc liét ké theo thir tu tir dién nhu sau:

1 2 3 4 3 1 2 4
1 2 4 3 3 1 4 2
1 3 2 4 3 2 1 4
1 3 4 2 3 2 4 1
1 4 2 3 3 4 1 2
1 4 3 2 3 4 2 1
2 1 3 4 4 1 2 3
2 1 4 3 4 1 3 2
2 3 1 4 4 2 1 3
2 3 4 1 4 2 3 1
2 4 1 3 4 3 1 2
2 4 3 1 4 3 2 1
Nhu vdy, hoan vi ddu tién trong thr tu tir dien 1a (1, 2, ..., n) va hoan vi cudi cung 1a (n, n-1, .. ., 1).

Gia sir a = a;. . . &, 1a mot hoan vi chua phai 1a cudi cing. Khi d6 ta c6 thé chimg minh dugc rang,
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hoan vi ké tiép trong thir tu tir dién c6 thé xay dung bang cach thuc hién cac qui tic bién doi sau ddi
v61 hoan vi hién tai:
[} Tim tir phai qua trai hoan vi c6 chi s6 j dau tién thoa méan aj <aj+1(hay j 1a chi s6 10n nhét
de aj <aji1);
[ Tim ax la s6 nhé nhét con 16n hon a; trong cac s6 & bén phai aj;
[ Dadi chd aj véi ax
0 Lat nguoc doan tir aj+1 dén a,.

Chéng han ta dang c6 hoan vi (3, 6, 2, 5, 4, 1), can xay dung hoan vi ké tiép theo thtr tu tir dién. Ta
duyét tir j= n-1 sang bén trai dé tim j dau tién thoa min aj < @j+1 ta nhan dugc j=3 ( az3=2<as=5). S6
nho nhét con 16n hon ag trong cac s6 bén phai a la as (as=4). Dai chd ag cho as ta thu duge (3,6,4,5,
2, 1), 1at nguoc doan tir a4 dén ag ta nhan dugc (3,6,4,1,2,5).

Tur d6 thuat toan sinh ké tiép 6 thé duoc mo ta béng thu tuc sau:
Thuét toan sinh hoan vi ké tiép:
void Next_Permutation( int *A, int n){
intj, k, r,s, temp;
ji=n
while (a; > &j+1)

i=i-L
k=n;
while (a; > ay )
k=k-1;

temp =a;; aj = ay; ax = temp;
r=j+1;,s=n;
while (r <s) {
temp = a; ar = as; a; = temp;
r=r+1; s=s-1;

}

Vin ban chuong trinh liét ké cac hoan vi cia tap hop gdm n phan tir nhu sau:
#include <stdio.h>

#include <stdlib.h>

#include <conio.h>

#define MAX 20

#define TRUE 1

#define FALSE 0
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int P[MAX], n, count, Stop;
void Init(void){
int i;count =0;
printf("\n Nhap n=");scanf("%d", &n);

for(i=1; i<=n; i++)

P[i]=i;
}
void Result(void){
int i;count++;
printf(*\n Hoan vi %d:",count);
for(i=1; i<=n;i++)
printf(*%3d",P[i]);
}

void Next_Permutaion(void){

intj, k, r,s, temp;

j=n-1;

while(j>0 && P[j]>P[j+1])
-

if(j==0)
Stop=TRUE;

else {
k=n;
while(P[j]>P[K]) k--;
temp = P[j]; Pl]=PLk]; P[k]=temp;

r=j+1; s=n;
while(r<s){
temp=P[r];P[r]=P[s]; P[s]=temp;
r++; s--;
}
}
}
void Permutation(void){
Stop = FALSE;

while (1Stop){
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Result();
Next_Permutaion();

}
void main(void){

Init();clrscr(); Permutation();getch();
}

Vi du 4. Bai toan: Cho n 1a sO nguyén duong. Mot cach phan chia s6 n 12 biéu dién n thanh téng cac
sO tu nhién khong 16n hon n. Chang han 8§ =2 + 3 + 2.

Giai. Hai cach chia duogc goi 1a dong nhat néu chiing c6 cung céc so hang va chi khac nhau vé thir tu
sap x&p. Bai toan dugc dat ra 1a, cho so ty nhién n, hay duy¢t moi cach phan chia so n.

Chon cach phéan chia sOn=by +by+.. . +byvéib; >by,>...> b, va duyét theo trinh ty tur dién
ngugc. Chang han véi n = 7, chiing ta c6 thtr ty tr di€n ngugc cta cac cach phan chia nhu sau:

1
1 1
1 1 1 1

P D NN WWw W wWw S DN OO 0o N
P NN P DN W R N WR N R
N e

I S = T ) T =N S N S N Sy =Y

il

Nhu véy, cach chia du tién chinh 1a n. Cach chia cudi cing 1a day n sé 1. Bay gio ching ta chi can
xay dung thuat toan sinh ké tiép cho moi cach phan chia chua phai 1a cudi cung.

Thuat toan sinh cich phén chia ké tiép:
void Next_Division(void){
inti,,R, S, D;
i=k;
while(i>0 && CJ[i]==1)
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I--
if(i>0){

CI[i] = C[i]-1;

D=k-i+1;

R=D/CJi];

S =D % CJ[il;

k=i;

if(R>0){
for(j=i+1; j<=i+R; j++)

CLI = CIil;

k = k+R;

}

if(S>0){
k=k+1; C[k] = S;

}
else Stop=TRUE;

}

Vian ban chuong trinh dugc thé hién nhu sau:

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>

#define MAX 100
#define TRUE 1
#define FALSE 0
int n, CIMAX], k, count, Stop;
void Init(void){
printf(*\n Nhap n="); scanf("%d", &n);
k=1;count=0; C[k]=n;
}
void Result(void){
int i; count++;
printf("\n Cach chia %d:", count);
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for(i=1; i<=k; i++)
printf("%3d", C[i]);

}
void Next_Division(void){
inti,j,R, S, D;
i=k;
while(i>0 && C[i]==1)
I--
if(i>0){
CI[i] = C[i]-1;
D=k-i+1;
R=D/C[i;
S=D % Cl[i];
k=i,
if(R>0){
for(j=i+1; j<=i+R; j++)
COl =CIil;
k = k+R;
}
if(S>0){
k=k+1; C[k] = S;
}
}
else Stop=TRUE;
}
void Division(void){
Stop = FALSE;
while (!Stop){
Result();
Next_Division();
}
}

void main(void){
clrscr(); Init(); Division(); getch();
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}
3.4- Thuit toan quay lui (Back track)

Phuong phap sinh ké tlep c6 thé giai quyét dugc cac bai toan liét ké khi ta nhan biét dugc cAu hinh
dau tién & cau hinh cubi cing cua bai toan. Tuy nhién, khong phai céu hinh sinh ké tiép nao ciing
dugc sinh mot cach don gian tir cau hinh hién tai, ngay ké ca viéc phat hién céu hinh ban dau ciing
khong phai dé tim vi nhleu khi chiing ta phai chimg minh su ton tai ctia cau hinh. Do vay, thuat toan
sinh ké tiép chi giai quyét duoc nhimg bai toan liét ké don gian. Dé giai quyét nhirng bai toan to hop
phuc tap, nguoi ta thuong dung thuat toan quay lui (Back Track) s€ dugc trinh bay dudi day.
Noi dung chinh cta thuat toan nay 1a xay dyng dan cac thanh phan cta cdu hinh bang cach thir tit ca
cac kha nang. Gia su can phai tim mot cAu hinh cta bai toan x = (X1, X2, . ., Xn) Ma i-1 thanh phﬁn X1,
X2, . ., Xi-1 d2 dugc xac dinh, bay gio ta xac dinh thanh ph?in thir i ctia ciu hinh béng cach duy¢t tAt ca
cac kha ning c6 thé c6 va danh sb cac kha ning tir 1 . .n;. Véi mdi kha ning j, kiém tra xem j c¢6 chp
nhan duoc hay khong. Khi d6 c6 thé xay ra hai truong hop:
[] Néu chép nhan j thi xac dinh x; theo j, néu i=n thi ta dugc mot cau hinh can tim, nguoc lai
xac dinh tiép thanh phén Xi+1.
[] Néu thir tat ca cac kha ning ma khong c6 kha ning nao dugc chap nhan thi quay lai budc
trude d6 dé xac dinh lai x.1.
Diém quan trong nhit ctia thuat toan 1a phai ghi nhé lai mdi budce di di qua, nhitng kha ning nao da
dugc thir dé tranh sy trung lap. Dé nh¢ lai nhimg bude duyét trude do, chuong trinh can phai duoc to
chirc theo co ché ngan xép (Last in first out). Vi vdy, thudt toan quay lui rat phu hop voi nhitng phép

goi dé qui. Thuat toan quay lui xac dinh thanh phan tht i ¢6 thé duge mé ta bang thu tuc Try(i) nhu
sau:

void Try(inti) {
int J
for (j=1;j<m;j++){
if (<Chdp nhdnj >) {
<Xac dinh xi theo j>
if (i==n)
<Ghi nhdn cdu hinh>;

else  Try(i+1);
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C6 thé mo ta qua trinh tim kiém 10i giai theo thuat todn quay lui bang ciy tim kiém 10i giai sau:
Géc

Kha nang chon x;

Kha nang chon x;

voi1 x; da chon

Kha nang chon x3 voi

X1, X2 da chon

Hinh 3.1. Cay liét ké loi giai theo thuat toan quay lui.
Duéi day 1a mét s6 vi du dién hinh sir dung thuat toan quay lui.
Vi du 1. Liét ké cac xau nhi phan d¢ dai n.
Biéu dién cac xau nhj phan dudi dang by, by, . . ., by, trong d6 bie {0, 1 }. Thu tuc d¢ qui Try(i) xéc
dinh b; v6i cac gia tri d€ cir cho bj 1a 0 va 1. Cac gia tri nay mac nhién dugc chap nhdn ma khong cén
phai thoa man di€u kién gi (do d6 bai toan khong can dén bién trang thai). Thu tuc Init khoi tao gia
tri n va bién dém count. Thu tuc két qua in ra day nhi phén tim dugc. Chang han v6in =3 , cay tim
kiém 101 giai dugc thé hién nhu hinh 3.2.

Go

000 001 010 011 100 101 110 111

Hinh 3.2. Cdy tim kiém loi gidi liét ké day nhi phan dé dai 3
Vian ban chuong trinh li¢t ké cac xau nhi phan c6 do dai n sir dung thuat toan quay lui dugc thuc hién
nhu sau:

#include <stdio.h>

#include <alloc.h>

#include <conio.h>
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#include <stdlib.h>
void Result(int *B, int n){
inti,
printf("\n ");
for(i=1;i<=n;i++)
printf("%3d",B[i]);

}
void Init(int *B, int n){
inti,
for(i=1;i<=n;i++)
B[i]=0;
}
void Try(int i, int *B, int n){
intj;
for()=0; j<=1;j++)}{
B[i]1=j;
if(i==n) {
Result(B,n);
}
else Try(i+1, B, n);
}
}

void main(void){
int *B,n;clrscr();
printf("\n Nhap n=");scanf("%d",&n);
B=(int *) malloc(n*sizeof(int));
Init(B,n); Try(1,B,n);free(B);
getch();

}

Vi du 2. Liét ké cac tap con k phan tir cua tap n phan tir

Giai. Biéu dién tap con k phén to dudi dang ¢y, Cy, . ., Cy, trong d6 1< c3<C; . .<n . Tu d6 suy ra cac
gia tri dé ctr cho ¢; 1a tir ciqy + 1 cho dén n - k + i. Can thém vao ¢y = 0. Cac gia tri dé cur nay mac
nhién duoc chip nhan ma khong can phai thém diéu kién gi. Cac thu tuc Init, Result duoc xay dung
nhu nhiing vi du trén.
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Cay tim kiém 101 giai bai toan liét ké tap con k phan tir ciia tip n phan tir véi n=5, k=3 duoc thé hién
nhu trong hinh 3.3.

123 124 124 134 135 145 234 235 245 345
Hinh 3.3. Cdy liét ké 16 hop chdp 3 tir {1, 2, 3,4, 5 }
Chuong trinh 1iét ké cac tdp con k phan tr trong tdp n phan tir dugc thé hién nhu sau:
#include <conio.h>
#include <stdio.h>
#include <stdlib.h>
#define MAX 100
int B[MAX], n, k, count=0;
void Init(void){
printf(\n Nhap n="); scanf("%d", &n);
printf(*\n Nhap k="); scanf(*%d", &k);

B[0]=0;
}
void Result(void){
int i;count++;
printf("\n Tap thu %d:",count);
for(i=1; i<=k; i++){
printf("%3d", B[i]);
}
getch();
}
void Try(int i){
int j;

for(j=B[i-1]+1;j<=(n-k+i); j++){
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B[i]=j;
if(i==k) Result();
else Try(i+1);

}

void main(void){
clrscr();Init(); Try(1);

}

Vi du 3. Liét ké cac hoan vi ctia tip n phan tu.

Giii. Biéu dién hoan vi dudi dang P1, P2, -., Pn, trong d6 pi nhén gia tri tur 1 dénnva pi#p;j voi iz). Cac
gia tri tu 1 den n lan luot dugc dé cur cho pi, trong d6 gia tri j duwoc chip nhan néu né chua duoc
dung. Vi vdy, can phai ghi nho voi mdi gia tri j xem nd /dé dugc dung hay chua. Diéu nay duoc thyc
hién nhd mot diy cac bién logic bj, trong do b; = true néu j chua duge dung. Cac bién nay phai dugc
khoi dau gia tri true trong thu tuc Init. Sau khi gan j cho pi , can ghi nhan false cho b; va phéi gan true
khi thyc hién xong Result hay Try(i+1). Cac thu tuc con lai giéng nhu vi du 1, 2. H1nh 3.4 mo ta cay
tim kiém 101 giai bai toan liét ké hoan vicua 1,2, .., n voin= 3.

1,2,3 13,2 213 231 312 3,21
Hinh 3.4. Cdy tim kiém 1oi gidi bai todn liét ké hodn vi ciia {1,2,3}

Sau day la chuong trinh giai quyét bai toan liét ké cac hoan vicua 1,2,. ., n

#include <stdio.h>
#include <conio.h>
#include <stdlib.h>

#define MAX 100

#define TRUE 1

#define FALSE O

int P[MAX],B[MAX], n, count=0;
void Init(void){
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inti,
printf(\n Nhap n="); scanf("%d", &n);

for(i=1; i<=n; i++)

B[i]=TRUE;
}
void Result(void){
int i; count++;
printf(*\n Hoan vi thu %d:",count);
for (i=1; i<=n; i++)
printf(*%3d",P[i]);
getch();
}
void Try(int i){
int j;
for()=1; j<=n;j++)}{
if(BLID) {
P[i]1=j;
B[j]=FALSE;
if(i==n) Result();
else Try(i+1);
B[j]=TRUE;
}
}
}

void main(void){
Init(); Try(1);

Vi du 4. Bai toan Xép Hau. Liét ké tat ca cic cach xép n quan hau trén ban cd n x n sao cho ching
khong dn dugc nhau.

Giai. Ban c& c6 n hang duoc danh sb tir 0 dén n-1, n ¢t duge danh sb tir 0 dén n-1; Ban cd ¢6 n*2 -1
duong chéo xudi duoge danh s tir 0 dén 2*n -2, 2 *n -1 dudng chéo nguge dugc danh sb tir 2%n -2.
Vi du: voi ban co 8 x 8, chung ta c6 8 hang dugc danh sb tir 0 dén 7, 8 cot duge danh sb tir 0 dén 7,
15 dudng chéo xudi, 15 dudng chéo nguoc duge danh so tr 0 . .15.
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Vi trén mdi hang chi xép duoc dung mot quan hau, nén ching ta chi can quan tim dén quan hau dugc
xép & cot ndao. Tur d6 dan dén viéc xac dinh by n thanh phﬁn X1, X2, .« ., Xn, trong d6 x; = j dugc hiéu 1a
quan hau tai dong i xép vao cdt thr j. Gid tri ctia i duwgc nhén tur 0 dén n-1; gia tri cua j cling duoc
nhan tir 0 dén n-1, nhung thoa man diéu kién 6 (i,j) chua bi quan hau khac chiéu dén theo cot, duong
chéo xudi, duong chéo nguoc.

Viéc kiém soat theo hang ngang 1a khong can thiét vi trén mdi hang chi xép _ding mot quan hau.
Viéc klem soat theo cot dugc ghi nhén nho day bién logic aj vo1 qui udc aj=1 néu cot j con trong, cot
a=0 néu cot j khong con tréng. Dé ghi nhin dudng chéo xudi va dudng chéo ngugc cé chiéu téi 6
(1j) hay khong, ta s dung phuong trinh i + j = const va i - j = const, duong cheo thir nhit dugc ghi
nhén boi day bién bJ, duong chéo thir 2 duoc ghi nhan boi diy bién cj V61 qui udc néu dudng chéo
nao con trong thi gid tri tuong tng cua no la 1 nguoc lai 1a 0. Nhu vay, cot j duge chap nhan khi ca 3
bién a, Disj, Cisj déu c6 gia tri 1. Cac bién nay phai dugc khoi dau gia tri 1 trudc d6, gan lai gia tri 0
khi xép xong quan hau thir i va tra lai gi tri 1 khi dua ra két qua.

#include <stdio.h>
#include <stdlib.h>
#include <conio.h>
#include <dos.h>
#define N 8
#defineD (2*N-1)
#define SG (N-1)
#define TRUE 1

#define FALSEO

void hoanghau(int);

void inloigiai(int loigiai[]);FILE *fp;
int A[N], B[D], C[D], loigiai[N];

int soloigiai =

void hoanghau(int i){
int j;
for (j=0; j<N;j++){
if (A[j] && BI[i-j+SG] && C[i+j] ) {
loigiai[i]=j;
A[j]=FALSE;
B[i-j+SG]=FALSE;
C[i+j]=FALSE;
if (i==N-1){
soloigiai++;

inloigiai(loigiai);
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delay(500);
}
else

hoanghau(i+1);
A[j]=TRUE;
B[i-j+SG]=TRUE;
C[i+j]=TRUE;

}
void inloigiai(int *loigiai){
int j;
printf("\n Loi giai %3d:",soloigiai);
fprintf(fp,"\n Loi giai %3d:",soloigiai);
for (j=0;j<N;j++){
printf("%3d" loigiai[j]);
fprintf(fp,"%3d",loigiai[j]);
}
}
void main(void){
int i;clrscr();fp=fopen("loigiai.txt","w");
for (i=0;i<N;i++)

A[i]=TRUE;
for(i=0;i<D; i++){
B[i]=TRUE;
C[i]=TRUE;
}
hoanghau(0);fclose(fp);
}
Duéi day 1a sb cach xép hau tng véi n.
n 4 7 8 9 10 11 12 13 14
Hn 2 40 92 352 724 2680 14200 73712 365596

Nghi¢m d?i,u tién ma chuong trinh tim dugc ung véin =8 la x =(1, 5, 8, 6, 3, 7, 2, 4) n6 tuong duong
véi cach xép trén hinh 5.
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3.5. Nhirng ndi dung cin ghi nhé
v' Thé nio 12 bai toan liét ké, bai toan ton tai?
Nhitng diéu kién bat budc ctia mot thuat toan liét ké.
Hiéu va nim viing 16p cac bai toan co thé giai duge bang phuwong phap sinh.
Hiéu va ndm viing nhitng yéu t6 can thiét dé thuc hién giai thuat quay lui.

Phuong phap chirng minh phan ching giai quyét bai toan ton tai

AN NN

Str dung nguyén ly Dirichlet giai quyét bai toan ton tai.
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BAI TAP

Bai 1. Liét ké tit ca cac xau nhi phan d6 dai 5 khon chira hai s 0 lién tiép.

Bai 2. Liét ké tit ca cac phan tir cia tip
n
D={x=(X,X, X }:>ax =b x; {01} j=12--n

Trong d6 a;,a,,..,an, b 1a cac $b nguyén duong.

Bai 3. Liét ké tit ca cac phan tir cia tip
n
D= {x=(x. X, X, }1 22X, =b, X €Z,,j=12--,n

Trong d6 a;,a,,..,an, b 1a cac $b nguyén duong.

Bai 4. Hinh vudng thin bi ma phwong bic n 1a ma tran vudng cap n véi cac phan tir 1a cac so ty
nhién tir 1 dén n? thoa mén cac tinh chat: Tong cac phan tir trén mbi dong, mdi ¢t va moi mot
trong hai duong chéo co cing mét gia tri. Hay liét ké tat ca cac ma phuong bac 3, 4 khong sai
khac nhau bai cac phép bién hinh don gian (quay, dbi ximg).

Vi du dudi day 1a mot ma phuong bac 3 thoa mén tinh chit tong hang, cot, dudng chéo déu la
15.

N W ©©

16
5 7
9 2

Bai 5. Tam gidc than bi. Cho mét ludi 6 vudng gom nxnovasd nguyén duong k. Tim cach dién
cac so tu nhién tur 1 dén 3n-3 vao cic 6 & cot dau tién, dong cudi cung va duong chéo chinh sao
cho tong cac sé dién trong cot dau tién, dong cudi cing va dudng chéo chinh cua ludi déu bang
k. Vi du n=5, k = 35 ta c6 cach dién sau:

11
10 | 3

9 2

1 7

4 5 6 8 12

Phat trién thuat toan dua trén thuét toan quay lui dé chi ra véi gia tri cia n, k cho trudc bai toan
c0 101 giai hay khong. Néu c6 cau tra 101 chi can dua ra mét 101 giai.
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Bai 6. Tim tap con dai nhit c6 thir ty ting din, giam dan. Cho diy s6 ay, &, . . ., a,. Hay tim ddy
con dai nhit duoc sap xép theo thi tir ting hodc giam dan. Dit liéu vao cho bai file tapcon.in,
dong dau tién ghi lai s6 tu nhién n (n<100), dong ké tiép ghi lai n s6, mdi s6 duge phan biét voi
nhau bai mot hodc vai ky ty réng. Két qua ghi lai trong file tapcon.out. Vi du sau s& minh hoa
cho file tapcon.in va tapcon.out.

tapcon.in tapcon.out
5 5
713896 12 1389 12
Bai 7. Duyét cic tip con thod mén diéu kién. Cho day §6 ay, a, ..., an va s6 M. Hay tim tat ca cac
day con day con trong day so aj, ay, . . ., &, sao cho tong cac phan ti trong day con ding bang

M. Dit liéu vao cho boi file tapcon.in, dong dau tién ghi lai hai sé ty nhién N va sé M (N<100),
dong ké tiép ghi lai N s0 moi s6 dugc phan biét véi nhau bdi mot va dau trong. KEt qua ghi lai
trong file tapcon.out. Vi du sau s&é minh hoa cho file tapcon.in va tapcon.out

tapcon.in

7 50

5 10 15 20 25 30 35
tapcon.out

20 30

15 35

10 15 25

5 20 25

5 15 30

5 10 35

5 10 15 20

Bai 8. Cho lwéi hinh chit nhat gdm (nxm) hinh vudng don vi. Hay liét ké tit ca cac duong di tir
diém c6 toa do (0, 0) dén diém co toa dd (nxm). Biét rang, diém (0, 0) duogc coi 1a dinh duéi
cua hinh vudng dudi nhat gbc bén trai, modi bude di chi duoc phép thuc hién hoic 1én trén hodc
xudng dudi theo canh ciia hinh vudng don vi. Dit lidu vao cho boi file bail4.inp, két qua ghi lai
trong file bail4.out. Vi du sau s€ minh hoa cho file bail4.in va bail4.out.
bail4.in

P OR O
OO OR R

0

Bai 9. Tim bd gi tri roi rac dé ham muc tiu sin(x1+x2 + . . .+ xk) dat gia tri 1on nhat. Dit liéu vao
cho bai file bai4.inp, két qua ghi lai trong file bai4.out.

Bai 10. Duyét moi phép toan trong tinh toan gia tri biéu thirc. Viét chuong trinh nhap tir ban phim hai
sd nguyén M, N. Hay tim cach thay cac dau ? trong biéu thirc sau boi cac phép toan +, -, *, %, /
(chia nguyén) sao cho gia tri ctia biéu thirc nhan duoc bang ding N:

(((M?M) ?2M)?M)?M)?M)?M

Néu khong duoc hiy dua ra thong bao 1a khong thé duoc.
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CHUONG 4. BAI TOAN TOI UU

Noi dung chinh cua chuong nay la gidi thiéu cac phuong phap giai quyét bai toan tdi uu dong thoi
giai quyet mot s6 bai toan c6 vai trd quan trong cua 1y thuyét to hop. Nhitng ndi dung duoc dé cap
bao gom:

v Gidi thiéu bai toan va phat biéu bai toan tdi wu cho cdc md hinh thyc té.
v Phan tich phuong phép liét ké giai quyét bai toan tdi wu.

v' Phuong phap nhanh can giai quyét bai toan ti uu.

v" Phuong phap rat gon giai quyét bai toan tdi uu.

Ban doc c6 thé tim thdy phuwong phap giai chi tiét cho nhiéu bai toan t6i wu quan trong trong céc tai
liéu [1], [2].

4.1- Gié6i thiéu bai toan

Trong nhiéu bai toan thuc té, cac ciu hinh t6 hop con dugce gan mot gia tri biang s6 danh gia gia tri st
dung cua cau hinh doi v&i mdt muyc dich str dung cu thé nao d6. Khi d6 xuat hién bai toan: Hay lya
chon trong so tat ca cac cau hinh t6 hgp chap nhan dugc cau hinh c6 gid tri st dung tot nhat. Cac bai
toan nhu vay dugc goi 1a bai toan t61 vu t6 hop. Chung ta c6 thé phat bi€u bai toan toi vu td hop dudi
dang tong quat nhu sau:

Tim cyc tiéu (hay cuc dai) cia phiém ham f(x) = min(max) véi diéu kién x € D, trong d6 D 1a tap hiru
han cac phan tt.

Ham f(X) duogc goi 14 ham muc tiéu cua bai toan, mdi phan tir xe D dugc goi 1a mot phuong an con

tap D goi la tap cac phuong an cua bai toan. Thong thuong tp D duge mé ta nhur la tap cac c4u hinh
t6 hop thoa man mot s6 tinh chat nao d6 cho trudc nao do.

Phuong 4n x* € D dem lai gia tri nho nhat (16n nhat) cho ham muc tiéu dugc goi 1a phuong an tdi
uu, khi do gia tri f* = f(x*) duogc goi 1a gia tri toi vu cia bai toan.
Duéi déay ching ta s& gidi thiéu mot sO bai toan t6i wu t6 hop kinh dién. Cac bai toan nay 1a nhing

mo hinh c6 nhiéu Ung dung thyuc té va giit vai trd quan trong trong viéc nghién ciru va phat trién ly
thuyét t6i uru hoa t6 hop.

Bai toan Ngudi du lich: Mat nguoi du lich muén di tham quan n thanh phé T1, To, ..., Th. Xuit phat
tor mQt thanh pho nao do, nguoi du lich mubn di qua tat ca cac thanh phd con lai, mdi thanh phd di
qua ding mot lan, rdi quay tré lai thanh phé xuat phat. Biét Cij 1a chi phi di tir thanh phé T; dén thanh
phé Ti(ij=1,2,.., n), hdy tim hanh trinh véi tong chi phi 1a nhé nhat (mot hanh trinh 13 mot cach di
thoa mén dicu kién).

R4 rang, ta c6 thé thiét 1ap dugc mot tuong Gmg 1-1 gitra hanh trinh T 2T =T = Te)
v6i mot hoan vi 7= (#(1), #(2), . ., 2(n)) ctan sb ty nhién 1,2, ..., n. Pat

f(7)= Cn’(l),;r(Z) + sz’(Z),/z'(3) oot Cﬂ(n—l),ir(n) + C/r(n),zr(l) '

ki hiéu /714 tap tat ca cac hoan vi © =(r(1), ©(2) , ., T(n)) cua n s6 tu nhién 1, 2, . ., n. Khi d6 bai
toan ngudi du lich c6 thé phat biéu dudi dang bai toan t6i wu to hop sau:

min {f(#) : = €/[}
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C6 thé thay rang tong s6 hanh trinh ctia ngudi du lich 1 n!, trong d6 chi ¢6 (n-1)! hanh trinh thyc su
khéc nhau (boi vi c6 thé xuat phat tr mot thanh pho bat ky nén c6 thé c6 dinh mét thanh pho nao do
lam di€m xuat phat).

Bai toan cai tdi: Mot nha tham hiém can dem theo mot cai tai c6 trong luong khong qué b. Con dd
vat co thé dem theo. Do vat thu j c6 trong luong a; va gid tri s dung ¢ j =1, 2, .., n). Hoi nha
tham hiém can dem theo nhitng dd vét nao dé cho téng gia tri sir dung 1a 16n nhit ?

Mot phuong an cia nha tham hlén} c6 thé biéu dién nhu mét vector nhi phan d6 dai n: X = (X1, X2, . .,
Xn ), trong d6 X; = 1 ¢6 nghia la 516 vat thir i dugc dem theo, X; = 0 ¢6 nghia trai lai. Vi phuong an
dem theo X, gia tri st dung cac do6 vat dem theo la

f(x)= Zin:l X, tong trong lwong d6 vat dem theo 1a g(X) = Z

cai tai duoc phat biéu dudi dang bai toan tdi vu t6 hop sau:

_,8;X;, nhu vay bai toan

Trong sb cac vetor nhi phan d6 dai n thoa méan diéu kién g(x) <b, hdy tim vector x* d& ham muc tiéu
f(x) dat gia tri nho nhat. No6i cach khac:

min { f(x) - g(x) <b }

Bai toan cho thué may: Mot ong chu c6 mét cai may dé cho thué. Pau thang 6ng ta nhan dugc yéu
cau thué may ciia m khach hang. Moi khach hang i s& cho biét tap Ni cac ngay trong thang can su
dung may (i =1, 2,.., m). Ong chu chi c6 quyen hoic tir chéi yéu cau cua khach hang i, hoac néu
nhén thi phai bd tri mdy phuc vu khach hang i dung nhiing ngay ma khéch hang nay yéu cau. Hoi
rang ong chu phai tiép nhan cac yéu cau cua khach thé nao dé cho tong sb ngay st dung may la 16n
nhit.

Ky hiéu, | ={1, 2, .., m}1a tip chi s6 khach hang, S Ia tp hop cac tap con cua |. Khi d6, tap hop tat

ca cac phuong an cho thué may la

D={JcS:N, NN, =¢,Vk=pel }. Vi mdi phuong an J € D f(j):Z| N; | s& 1a tong sb
jed

ngdy sir dung may theo phuong an d6. Bai toan dit ra c6 thé phat biéu dudi dang bai toan tdi wu to

hop sau:

max{ f(]j): j € D}.

Bai toan phan cong: C6 n cong viéc va n tho. Biét ¢j 1a chi phi can tra dé tho i hoan thanh cong viéc
thirj (i, j = 1,2, ..., n). Can phai thué tho sao cho cic cong viéc déu hoan thanh va mdi tho chi
thuc hién mot cong viéc, mdi cong viée chi do mot tho thuc hién. Hay tim cach thué n nhan cong sao
cho tong chi phi thué tho 14 nho nhat.

R& rang, mdi phuong an bd tri tho thuc hién cac cong viée twong tng vi mot hoan vi 7= ( a(1),
22) , ... an) ) cian sétwnhien {1, 2, .. n }. Chi phi theo phuong &n trén la
f(7)=C.0,+Cr. + - +C

z(n),n "
Cong viéc Tho thuc hién
1 n(1)
2 7(2)
n 7(n)
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Bai toan dit ra duoc dan vé bai toan tdi wu to hop: min{f (7):7ell 3.

Bai toan 1ap lich: Mdi mot chi tiét trong sd n chi tiét D1, Dy, . ., Dy can phai 1an luot duoc gia cong
trén m may My, M, . ., M. Thoi gian gia cong chi tiét D; trén may M; la t.J Hay tim lich (trinh tu gia
cong ) céc chi tiét tren cac may sao cho viéc hoan thanh gia cong tat ca cac chi tiét 1a sém nhét co the
dugc. Biét rang, cac chi tiét dugc gia cong mot cach lién tuc, nghia 1a qua trinh gia cong cia mdi
mot chi tiét phai duge tién hanh mot cach lién tuc hét may nay sang may khac khong cho phép co
khoang thoi gian dimg khi chuyén tir may ndy sang may khéc.

R& rang, mdi mot lich gia cong céac chi tiét trén cac may s& twong ing véi mot hoan vi 7= ( (1),
2), .., ”n)) cuanso ty nhién 1, 2, . ., n. Thoi gian hoan thanh theo cac lich trén dugc xac dinh
boi ham sb

n-1
f(z)= Z;Cﬂ( iy + Doty » trong d6 Cj = S — i, Sj 1a thoi diém bét dau thyc hién
J:
viéc gia cong chitiétj(i,j=1,2,...,n).Y nghia cua h¢ s0 Cj co thé duoc giai thich nhu sau: n6 la
tong thot gian gian doan (duoc tinh tu khi bat dau gia cong chi tiét i) gdy ra boi chi tiét j khi n6 duoc
gia cong sau chi tiét i trong lich gia cong. Vi vay, Cij cO thé tinh theo cong thirc:

maX[ztu Zt“} 1,2,...,n. Vivay bai toan dit ra din v& bai toan tdi wu to
1<k<m 1=1 |

hop sau:
min { f(n) : nell }.

Trong thyc té, lich gia cong con phai thoa mén thém nhiéu diél} kién khac nira. Vi nhitng rng dung
quan trong cia nhiing bai toan loai nay ma trong t0i uu hoa t6 hop da hinh thanh mot linh vyuc 1y
thuyet riéng vé cac bai toan lap lich goi la ly thuyét 1ap lich hay qui hoach lich.

4.2- Duyét toan bo

Mot trong nhiing phwong phap hién nhién nhat dé giai bai toan tdi uu to hop dat ra 1a: Trén co so cac
thudt toan 18t ké t6 hop ta tién hanh duyét timg phuong an cua bai toan, ddi véi mdi phuong an, ta
déu tinh gia tri ham muc tiéu cho phuong an do, sau d6 so sanh gia tri ciia ham muyc tiéu tai tat cacac
phwong an da duoc liét ké dé tim ra phuong an t6i vu. Phuong phap xiy dung theo nguyén tic nhu
vay dugc goi la phuong phap duyét toan bo. Han ché cua phuong phap duyét toan bo 1a sy bung no
ctia céc cau hinh to hop. Chang han dé duyet duge 15!'=1 307 674 368 000 cau hinh, trén may c6 toc
d6 1 ty phép tinh gidy, néu moi hoan vi can li€t ké mat khoang 100 phép tinh, thi ta can khoang thoi
gian la 130767 gidy ( 16n hon 36 tleng dong hd). Vi vay, can pha1 c6 bién phap han che vige kiém tra
hogc tim kiém trén cac cau hinh t6 hop thi moéi c6 hy vong giai dugc cac bai toan t01 uu to hop thuc
té. T4t nhién, dé dua ra dugc mot thuat toan can phai nghién ctru k¥ tinh chat ciia mdi bai toan t6 hop
cy thé. Chinh nho nhimg nghién ctru do, trong mot sd trudong hop cu thé taco thé xay dung duoc
thuat toan hiéu qua dé giai quyét bai toan dat ra. Nhung ching ta ciing can phai chi ¥ rang, trong
nhiéu truong hop ( bai todn ngudi du lich, bai toan cai tii, bai toan cho thué may) chung ta van chua
tim ra dugc mot phuong phap hiru hidu nao ngoai phuwong phap duyét toan bd da duogc dé cap o trén.

Dé han ché viéc duy¢t, trong qua trinh liét ké can tan dung triét dé nhitng thong tin da tim dé loai bo
nhiing phuong 4n chac chan khong phai 1a t61 wu. Dudi day 1a mot bai toan to1 wu td hop rat thuong
hay gép trong k¥ thuét.

Vi du. Duyét moi b9 gia tri trong tap cac gia tri roi rac.

Bai toan. Tim
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max { f (X,, X, ..., X,) : X, € D;;i =1,2,...,n} hodc

min{f (X, X,,....X,): X, € D,;i=12,...,n}.

Trong do, Dj 1a mot tap hitu han céac gia tri roi rac thoa man mat diéu kién rang budc nao do.
Giai. Gia st sd cac ph@in trcuatdp giatriroirac Dilari (i=1,2,...,n). GoiR=r+nr+...+r,
la sO cac phan tir thudc tat ca cac tap D; (i=1, 2, .. ., n). Khi d9, ta c6 tat ca C(R, n) bd cé thir tu cac
gia tri gom N phan tu trong R phan tir, day chinh 1a s6 cac phuong an ta can duyét. Trong so C(R,n)
cac bd n phan tir, ta can loc ra cac bd thoa man diéu kién x; €D; (=1, 2, . . ., n) dé tinh gia tri cia ham
muc tiéu f(Xq, X, . . ., Xp). Nhu vay, bai toan dugc dua vé bai toan duyét cac bo gom n phan tir (Xq, Xo,
.. Xp) tur tdp hop gom R =r; + rp + .. + 1, phan tir thoa man diéu kién x; eD;.

Vidu: voitap Dy = (1, 2, 3),

D=3 4),

D;=(5,6,7).
Khi d6 ching ta can duyét bd cac gia tri roi rac sau:
1 3 5 2 4 5
1 3 6 2 4 6
1 3 7 2 4 7
1 4 5 3 3 5
1 4 6 3 3 6
1 4 7 3 3 7
2 3 5 3 4 5
2 3 6 3 4 6
2 3 7 3 4 7

V6i cach phan tich nhu trén, ta c6 thé sir dung thuat toan quay lui dé duyét két hop véi viéc kiém tra
thanh phan x; eD;. Dudi day la toan van chuong trinh duyét cac b gia tri trong tap cac gia tri roi rac.

#include <stdio.h>
#include <stdlib.h>
#include <alloc.h>
#include <conio.h>
#define MAX 2000000
#define TRUE 1
#define FALSE O
int n, k, H[100]; float *B;int *C, count =0, m;
FILE *fp;
void Init(void){
int i,j;float x;C[0]=0;H[0]=0;
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fp=fopen(*roirac.in","r");
fscanf(fp,"%d",&n);
printf(*\n So tap con roi rac n=%d",n);
for(i=1; i<=n; i++){
fscanf(fp,"%d",&H[i]);
printf("\n Hang %d co so phan tu la %d".i, H[i]);
}
H[0]=0;
for (i=1; i<=n; i++){
printf("\n");
for(j=1; j<=HII[; j++){
fscanf(fp,"%f",&x);
B[++k]=x;

}
printf("\n B=");
for(i=1; i<=k; i++){
printf("%8.2f", B[i]);
}
fclose(fp);
}
int In_Set(int i){
int canduoi=0, cantren=0,j;
for(j=1; j<=i; j++)
cantren = cantren + H[j];
canduoi=cantren-HI[j-1];
if (C[i]> canduoi && C[i]<=cantren)

return(TRUE);
return(FALSE);
}
void Result(void){

int i
count++; printf(*\n Tap con thu count=%d:",count);

for(i=1; i<=n; i++){
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printf("%8.2f", B[C[i]]);

}
}
void Try(int i){
int j;
for(j = C[i-1]+1; j<=(k-n+i); j++){
Clil=j;
if(In_Set(i)){
if (i==n) Result();
else Try(i+1);
}
}
}

void main(void){
clrscr();
B = (float *) malloc(MAX *sizeof(float));
C = (int *) malloc(MAX *sizeof(int));
Init(); Try(1);free(B); free(C);getch();

4.3. Thuat toan nhanh can
Gia st chiing ta can giai quyét bai toan tdi uu to hgp véi mé hinh téng quat nhu sau:
min{f (X):xe D}. Trong d6 D 14 tap hiru han phan tir. Ta gia thiét D dwoc mé ta nhur sau:
D={x=(X1,%, ... Xi) €ArxAg x...xAy; x thod man tinh chat P}, voi Apx Ay x. . .x A,
la cac tap hiru han, P 1a tinh chat cho trén tich d¢ xac Ajx Ay x. . . xA,.
Nhu vy, cac bai toan chiing ta vira trinh bay & trén déu c6 thé dugc mé ta dudi dang trén.

V6i gia thiét vé tip D nhu trén, chang ta c6 thé sir dung thuat toan quay lui dé liét ké cac
phuong an cia bai toan. Trong qué trinh liét ké theo thuat toan quay lui, ta s& xay dung dan cac thanh
phén cua phuong an. Ta goi, mot b phan gém k thanh phén (a, a, . . ., &) xuét hién trong qua trinh
thyc hién thuat toan s€ dugc goi 1a phuong an bo phan cép K.

Thuat toan nhanh cén c6 thé duoc ap dung giai bai toan dit ra néu nhu co thé tim duoc mot ham g
xac dinh trén tap tat ca cac phuong an bo phan cta bai toan thod man bat dang thirc sau:

9(a,,a,,.,a,) <min{f(x): xe D,x, =a,,i =12,...,.k} *)
v&i moi 101 giai bd phéan (ag, @, .., &), vavoimoik=1,2,...
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Bit dang thirc (*) c6 nghia 13 gia tri ciia ham tai phuong 4n bd phan (a, ay, . ., a) khong vuot
qua gia tri nhé nhat cia ham muc tiéu bai toan trén tap con cac phuong an.

D(a;, a, .,a){xeD:xp=a,1=1,2,..,k},

noi cach khac, g(as, ay, .., ay) 1a can dudi cua tip D(ay, a, . ., a). Do c6 thé dong nhét tap D(ay, ay, . .
., &) vOi phuong an bd phan (ay, a,, . ., &), nén ta ciing goi gia tri g(az, az, . ., &) la can dudi ctua
phuong an bd phan (ay, ay, . ., &).

Gia sir ta di c6 duoc ham g. Ta xét cach sir dung ham nay dé han ché khéi lugng duyét trong qua
trinh duyét tat ca cac phuong an theo thuat toan quay lui. Trong qua trinh liét ké cac phuong an cé

thé da thu duoc mot sb phuong an cua bai toan. Goi X la gid tri ham muyc tiéu nhd nhét trong )
cac phuong an da duyét, ky hiéu f=f (x_) Ta goi X la phuong an t6t nhét hién cé, con fla ky luc.

Gia sir ta c6 duge f , khi do néu

g(ay, az, .., &) > f thi tor bat dang thire (*) ta suy ra

f<gayay...a)smn{f(x):x eD,x=a,i=1,2, ...k}, vithé tap con céc phuong 4n
cua bai toan D(ay, ay, ..., ax) chéc chan khong chira phuong an t6i wu. Trong truong hop nay ta khong
can phdi phat trién phuong an b phén (ay, &, . . ., &), noi cach khac 1a ta c6 the loai bo cac phuong

an trong tap D(ay, ay, . ., &,) khoi qua trinh tim kiém.
Thuat toan quay lui liét ké cdc phuong an can sira doi lai nhu sau:
void Try(int k){
/*Phat triénphu’ang an bo phan (ay, @y, . . ., &1
theo thudt todn quay lui c6 kiém tra cin diwdi
TrueGe khi tiép tuc phat trién phwong dn*l
for (ax € Ax) {

if ( chdp nhén ay ){
Xk = a,
if (k==n)

< cdp nhat ky luc>;
else if (g(ay, 8z, . . ., a) < f)

Try (k+1);

}

Khi @6, thuat toan nhanh can duoc thuc hién nho thu tuc sau:
void Nhanh_Can(void) {

f =+
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/% Néu biét mot phiong dn X ndo dé thi cé thé dat T = f(x). */
Try(1);
if (f <+o0)

< f la gid tri t6i vu, X la phwong dn toi wu >;

else
< bai toan khéng coé phwong an>;
}
Chu ¥ rang néu trong thu tuc Try ta thay thé ciu 1énh
if (k==n)

< cdp nhat ky luc >;
else if (g(ay, @z, . ., a) < f )
Try(k+1);
boi
if (k==n)
< cdp nhat ky luc >;
else Try(k+1);

thi tha tuc Try s€ liét ké toan b cac phuong an cia bai toan, va ta lai thu duoc thuat toan duyét toan
bd. Viéc xay dung ham g phu thudc vao tung bai toan toi uu t6 hop cu thé. Nhung ching ta c6 gang
xay dung sao cho dat dugc nhitng diéu kién dudi day:

[ Viéc tinh gid tri ciia g phai don gian hon viéc giai bai toan to hop trong vé phai ctia (*).
[ Gia trj cua g(ay, ay, . ., &) phai sat v6i gia tri vé phai cia (¥).
Rt tiéc, hai yéu cau nay trong thuc té thuong ddi 1ap nhau.

Vi du 1. Bai toan cai tii. Ching ta s€ xet bai toan cai tui téng quat hon m6 hinh da duoc trinh bay
trong muc 4.1. Thay vi c6 n do vat, & day ta gia thiét ring c6 n loai dd vat va sb luong d6 vat mdi loai
1a khong han ché. Khi do6, ta c6 mé hinh bai toan cai ti bién nguyén sau day: C6 n loai d6 vat, d6 vat
thtr j c6 trong luong & va gid tri sw dung ¢; (j =1, 2, . ., n). Cén chét cac d6 vat nay vao mot cai thi co
trong luong 13 b sao cho tong gia tri sir dung ciia cac do vat dung trong thi 13 16n nhét.

M0 hinh toan hoc ctia bai toan c6 dang sau tim

= =

fr _max{f(x) ZCX Zax <b,x,€Z,,j=12,. },(1).

Trong d6 Z* 1a tap cac sd nguyén khong am.

Ky hiéu D la tap cac phuong an cua bai toan (1):

Dz{x:(xl,xz,m,xn 1> a;x;<bx;eZ,,j :1,2,~--,n}.

j=1
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Khong giam tinh tong quat ta gia thiét rang, cac do vat dugce dénh s6 sao cho bat dang thirc sau dugc
thod man

R Y )
an

bé xay dung ham tinh can dudi, cung vdi bai toan cai tai (1) ta xét bai toan cai tii bién lién tuc sau:
Tim

g*:max{ZCJ.xj:Zajxjsb,szo,jzl,z,---,n}. (3)
j=1 j=1

Ménh dé. Phuong an tdi wu ciia bai toan (3) 1a vector X = (X_1 ,X_z, .. ,X_n) v6i cac thanh phan duogc
xac dinh badi cong thirc:

X, =Xy ==X, =0vagidtritbiuula g =

c,b,

X, =
1
al

Lo

Chirng minh. Thuc vay, xét X = ( X1, X2, . ., X) 1 mot phuong an tuy y cta bai toan (3). Khi do tir bat
dang thtre (3) va do x; =0, tasuy ra

c,X; =(c,/a)a;x;, j=12,---n.

suy ra:

4 5, C C, . C * A
Z:CJ-Xj SZ(—l)anj :(—1)Zajxj <—+b=g . Ménh dé dugc chitng minh.
=t ERC & = &

Béy gid ta gia st co phuong an bd phan cép K: (Ug, Uy, . ., Ug). Khi d6 gia tri sir dung ciia cac dd vat
dang c6 trong tui la

0, =CU; +C,U, +---+C,U,, va trong luong con lai cua tii 1a

b, =b—cu, +c,u, +---+C.U,,

ta co
max{f(x):xeD,x; =u;, j=12,--nf
:max{fik + 6% 1 Y ax; <h, X, eZ+,j:k+l,k+2,~~-,n}
j=k+1 j=k+1
n n i
<O +maxy > c;X; > a;X; <b,X; 20, j=k+Lk+2,,n
j=k+1 j=k+1
Zak +Ck+lbk
ak+1
A A e - A , [N Ck+]_bk
(Theo ménh d¢ gia tri sO hang thi hai la ——)
a‘k+l
Vay ta co thé tinh c4n trén cho phwong 4n bo phan (Uy, Uy, . . ., Uy) theo cong thirc
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g(u11u2"“’uk):ak +

Chu ¥: Khi tiép tuc xay dung thanh phan thir k+1 cta 10i giai, cac gia tri d& cir cho X1 58120, 1, ..
. [k /ak+1]. Do c6 két qua ciia ménh d¢, khi chon gia tri cho X+ ta s€ duyét cac gia tri dé cir theo thir

tu giam dan.

Ceabi

k+1

Vi du. Giai bai toan cai tui sau theo thudt toan nhanh cén trinh bay trén.

f (x) =10x, +5X, + 3%, +6Xx, — max

5X, +3X, +2X, +4X, <8

X, €Z,,j=1234

Giai. Qua trinh giai bai toan dugc mo ta trong cay tim kiém trong hinh 4.1. Thong tin vé mot phuong
an bd phan trén cay dugc ghi trong cac 6 trén hinh v€ twong tng theo thar ty sau: dau tién la cac thanh
phan cua phuong an, ti€ép dén 0 la gia tri ciia cac do vat chat trong ti, w 1a trong Iugng con lai cua thi

va g la can trén.

Két thuc thuat toan, ta thu duoc phuong an tdi wu la x* =(1, 1, 0, 1), gia trj tdi uu f*= 15.

Géc f =+

X1=

(1,1) 0=15;
w=0; g=15

X3:0

(1,1,0) 0=15;
w=0; g=15

X>=0

(1, 0) 6=10;
w=3; g=14.5

X]_:O

Hinh 4.1. Gidi bai toan cai tui theo thudt toan nhanh cdn.

CuubDuongThanCong.com
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Chuong trinh giai bai toan cai tui theo thudt toan nhanh can dugc thé hién nhu sau:
#include <stdio.h>
#include <conio.h>
#include <stdlib.h>
#include <math.h>
#include <dos.h>
#define TRUE 1
#define FALSE 0
#define MAX 100
int X[MAX], xopt[MAX];
float fopt, cost, weight;
void Init(float *C, float *A, int *n, float *w){
int i;FILE *fp;
fopt=0; weight=0;
fp=fopen("caitui.in","r");
if(fp==NULL){
printf("\n Khong co file input™);
delay(2000); return;
}
fscanf(fp,"%d %f", n,w);
for(i=1; i<=*n;i++) xopt[i]=0;
printf(*\n So luong do vat %d:", *n);
printf(*\n Gioi han tui %8.2f:", *w);
printf("\n Vecto gia tri:");
for(i=1; i<=*n; i++) {
fscanf(fp,"%f", &C[i]);
printf(*%8.2f", C[i]);
}
printf("\n Vector trong luong:");
for(i=1; i<=*n; i++){
fscanf(fp,"%f", &A[i]);
printf("%8.2f", A[i]);
}
fclose(fp);
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}

void swap(int n){
inti,
for(i=1; i<=n; i++)

xopt[i]=x[i];

}
void Update_Kyluc(int n){
if(cost>fopt){
swap(n);
fopt=cost;
}
}

void Try(float *A, float *C, int n, float w, int i){
int j, t=(w-weight)/A[i];
for(j=t; j>=0;j--){
x[i1=j;
cost = cost + C[i]*x[i];
weight = weight + x[i]*A[i];
if(i==n) Update_Kyluc(n);
else if(cost + C[i+1]*(w-weight)/A[i+1]> fopt){
Try(A, C, n, w, i+1);
}
weight = weight-A[i]*x[i];
cost = cost-C[i]*x[il;

}
}
void Result(int n){
inti;
printf(*\n Gia tri do vat %8.2f:", fopt);
printf(*\n Phuong an toi uu:");
for(i=1; i<=n; i++)
printf(*%3d", xopt[i]);
}
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void main(void){

int n;

float A[MAX], C[MAX], w;
clrscr();Init(C, A, &n, &w);
Try(C, A, n, w,1);Result(n);
getch();

Vi du 2. Bai toan Nguoi du lich. Mot nguoi du lich mudn di thim quan n thanh phé Ty, Ty, ..., Th.
Xuét phat tir mot thanh phé nao d6, ngudi du lich mudn di qua tit ca cac thanh phd con lai, mdi
thanh phd di qua dung mét 14n, rdi quay trd lai thanh phé xut phat. Biét ¢ j 1a chi phi di tir thanh phé
Ti dén thanh phé T; (i = 1, 2, . ., n), hay tim hanh trinh véi tong chi phi 1 nho nhat (mot hanh trinh 1a
mot cach di thoa mén diéu kién).

Gidi. C6 dinh thanh phd xuat phat 1a Ty. Bai toan Nguoi du lich dugc dua vé bai toan: Tim cyc tiéu
cua phiém ham:

f (X, Xy, 0+, X,) = C[L, X, ]+ C[X,, Xg ]+ -+ -+ C[X,, 4, X, ]+ C[X,, X ] = min
véi diéu kién

Crin = Min{c[i, j1,i, j =1,2,---,n;i # j} 1a chi phi di lai giira c4c thanh phd.

Gia st ta dang c6 phuong 4n bo phén (Uy, Uz, . . ., Uc). Phuong 4n tuong (g v6i hanh trinh bo
phan qua k thanh pho:

T,->TU,)>---—>Tu,,)—>T(,)

Vi vy, chi phi phai tra theo hanh trinh bo phan nay s& 1a téng cac chi phi theo ting node ciia
hanh trinh b6 phén.

o=c[1,uz] + c[uz,uz] + ...+ c[Uk1, U] -

) bé phat trién hanh trinh by phan nay thanh hanh trinh day du, ta con phai di qua n-k thanh
pho con lai r6i quay tr¢ v€ thanh pho Ty, tire 1a con phai di qua n-k+1 doan duong nita. Do chi phi
phai tra cho viéc di qua moi trong n-k+1 doan dudng con lai déu khong nhiéu hon cmin, nén cén dudi
cho phuong an bo phan (uy, Uy, . . ., Ux) c6 thé dugc tinh theo cong thirc

g(ug, Uz, . . ., Ug) = 0 +(n - K +1) Cpin.

Chang han ta giai bai todn ngudi du lich v&i ma tran chi phi nhu sau
0 3 14 18 15
3 0 4 22 20
C=| 17 9 0 16 4
6 2 7 0 12
9 15 11 5 O
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Ta €O Cmin = 2. Qua trinh thuc hién thuat todn duge mé ta boi cdy tim kiém 10i giai dugc thé hién

trong hinh 4.2.

Thong tin vé mot phuong an bd phén trén cay dugc ghi trong cac 6 trén hinh v& twong Gmg theo thi

tu sau:

[ dau tién 1a cac thanh phan cia phuong 4n

0 tiép dén 0 1a chi phi theo hanh trinh bd phan

(1 glacan dudi

Két thuc thuat toan, ta thu dugc phwong 4n t6i wu ( 1, 2, 3, 5, 4, 1) twong Gng v6i phuong an t6i wu

v&i1 hanh trinh

~

T, »T, >T, >T, > T, T, vachiphinho nhit 1a 22

4

T =400

A

(2) 6=3; g=15

(3) 0=14; g=26

(4) 0=18; g=30

B
(5) 0=15; g=27

|

A

.\
:\iz

(2,3) 0=7; g=16 (2,4) 0=25; g=34 (2,5) 0=23; ¢
(2,3,4) 0=23,; (2,3,5) 0=11,
0=29 g=17
(2,3,4,5) 0=41,; (2,3,5,4) 0=16;
g=44 g=19

l

Hanh trinh ( 1, 2, 3,4, 5,1)
chi phi 53. bat f =53

N

bit f =22

Hanh trinh (1, 2, 3, 5,4, 1)
chi phi 25(Ky luc moi) .

Hinh 4.2. Cdy tim kiém 10i gidi bai todn nguoi du lich.

Chuong trinh giai bai toan theo thudt toan nhanh can dugc thé hién nhu sau:

#include <stdio.h>
#include <stdlib.h>

#include <conio.h>

#include <io.h>

CuubDuongThanCong.com
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#define MAX 20
int n, P[MAX], B[MAX], C[20][20], count=0;
int A[IMAX], XOPT[MAX];
int can, cmin, fopt;
void Read_Data(void){
inti, j;FILE *fp;
fp = fopen("*dulich.in","r");
fscanf(fp,"%d", &n);
printf(*\n So thanh pho: %d", n);
printf(*\n Ma tran chi phi:");
for (i=1; i<=n; i++){
printf(*\n™);
for(G=1; j<=n; j++){
fscanf(fp,"%d",&C[i][D;
printf("%5d", C[i]l[jD;

}
int Min_Matrix(void){
int min=1000, i, j;
for(i=1; i<=n; i++){
for(=1; j<=n; j++)}{
if (i'=j && min>C[i][j])

min=C[i][j];
}
}
return(min);
}
void Init(void){

inti;
cmin=Min_Matrix();
fopt=32000;can=0; A[1]=1;
for (i=1;i<=n; i++)

B[i]=1;
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}
void Result(void){

inti,
printf("\n Hanh trinh toi uu %d:", fopt);
printf("\n Hanh trinh:");
for(i=1; i<=n; i++)

printf("%3d->", XOPT[i]);
printf("%d",1);

}
void Swap(void){
inti;
for(i=1; i<=n;i++)
XOPTIi]=A[il;
}
void Update_Kyluc(void){
int sum;
sum=can+C[A[n]1[A[1]];
if(sum<fopt) {
Swap();
fopt=sum;
}
}
void Try(int i){
int j;

for(j=2; j<=n;j++)}{
If(BLD{

Alil=j; B[j]=0;

can=can+C[A[i-1]][A[i]1];

if (i==n) Update_Kyluc();

else if( can + (n-i+1)*cmin< fopt){
count++;
Try(i+1);

}

B[j]1=1;can=can-C[A[i-1]1[A[i]];
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}

void main(void){
clrscr();Read_Data();Init();
Try(2);Result();
getch();

}
4.4- Ky thuat rit gon giai quyét bai toan nguoi du lich

Thuét toan nhanh cén 1a phuong phap chu yéu dé giai cac bai toan t6i wu to hop. Tu tudng co ban cua
thuét toan 1a trong qua trinh tim kiém 10i giai, ta s& phan hoach tap cac phuong an cua bai toan thanh
hai hay nhiéu tap con biéu dién nhu mot node cua cdy tim kiém va cb gang bang phép danh gia can
cac node , tim cach loai bo nhiing nhanh cay (nhiing tap con cac phuong an cia bai toan) ma ta biét
chic chan khong phuong an tdi wu. Mic du trong truong hop t01 nhit thudt toan s& tré thanh duyét
toan bo, nhung trong nhing truong hop cu thé n6 co thé rut ngin dang ké thoi gian tim kiém. Muc

nay s& thé hién khac nhitng tu tuong cua thuit toan nhanh can vao viée giai quyét bai toan ngudi du
lich.

Xét bai toan ngudi du lich nhu da dugc phat biéu. Goi C = { cjj:i,j =1, 2, .. .n} 1a ma tran chi phi.
Moi hanh trinh cua nguoi du lich
Ta) =T 2= . =T ) =T a) €6 thé viét lai dudi dang

(1), ©(2), 7(2), «(3), . . ., 2(n-1), z(n), 2(n), (1), trong d6 mdi thanh phan

7(j-1), 7(j) s€ dugc goi la mdt canh ctia hanh trinh.
Khi tién hanh tim kiém 101 giai bai toan ngudi du lich ching ta phéan tap céc hanh trinh thanh 2 tap
con: Tép nhitng hanh trinh chira mét cap canh (i, j) nao d6 con tap kia gom nhimg hanh trinh khong
chura canh nay. Ta goi Vié:c lam do6 1a sy phan nhanh, moéi tdp con nhu vay dugc gc_)i’ la mdt nhanh hay
mot node cta cay tim kiém. Qué trinh phan nhanh dugc minh hoa bdi cady tim kiém nhu trong hinh

4.3,
Tap tit ca cac hanh trinh

Hanh  trinh
khong chira
(i.J)

(Hinh 4.3)

Viéc phan nhanh s& duoc thyc hién dya trén mét qui tac heuristic nao dé cho phép ta rut ngin qua
trinh tim kiém phuong an t01 uu. Sau khi phén nhanh va tinh can dudi gia tri ham muc ti€u trén moi
tap con. Vi¢c tim kiém s& tlep tuc trén tap con cd gia tri can dudi nho hon. Thu tuc nay duoc tlep tuc
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cho dén khi ta nhan dugc mot hanh trinh di‘ly du tic 1a mdt phuong an cua bai toan. Khi do ta chi can
xét nhitng tap con cac phuong an nao c¢6 can dudi nho hon gia tri ciia ham muc tiéu tai phuong an da
tim dugc. Qua trinh phan nhanh va tinh cén trén tdp cac phuong an cua bai toan thong thuong cho
phép rut ngén mot cach dang ké qua trinh tim kiém do ta loai dugc rt nhiéu tap con chéc chin khong
chtra phuong 4n t6i wu. Sau day, 1a mot ki thuat nita cta thuat toan.

4.4.1.Thu tuc rut gon

R rang tong chi phi ctia mot hanh trinh ciia ngudi du lich s& chira ding mot phan tir cia mdi dong
va ding mot phan tir ciia mdi ¢t trong ma tran chi phi C. Do d6, néu ta cong hay trir bot mdi phan tir
ctia mot dong (hay cot) cia ma tran C di cing mot s6 a thi do dai cua tit ca cac hanh trinh déu giam
di o vi thé hanh trinh t6i vu ciing s& khong bi thay d6i. Vi vay, néu ta tién hanh b6t di cac phan tir
clia moi dong va moi cot di mot hang sb sao cho ta thu dugc mot ma tran gdm céc phan tir khéng 4m
ma trén mdi dong, mdi cot déu ¢ it nhat mot sb 0, thi tong cac so trir do cho ta can dudi cia moi
hanh trinh. Thu tuc bot nay duoc goi la thu tyc rat gon, cac hing s6 trir & mdi dong (cot) s& duge goi
la hang s6 rat gon theo dong(cot), ma tran thu dugc dugc goi 1a ma tran rat gon. Thu tuc sau cho
phép rit gon ma trdn mot ma tran A kich thuéce k x k dong thoi tinh tong cac hing sé rat gon.

float Reduce( float A[][max], int k) {
sum =0;
for (i = 1; i<k; i++){
r[i] = < phan tir nhé nhat cia dong i >;
if (r[i]>0){
<BGt moi phan tir ciia dong i di rfi] >;

sum = sum + r[i];

}
for (j=1; j<k; j++) {
s[j] := <Phan tir nhé nhdt cia cét j>;
if (s[j]>0)
sum = sum + S[j];
}

return(sum);

}
Vi du. Gia sir ta c6 ma tran chi phi voi n= 6 thanh phd sau:
1 2 3 4 5 6 | r[i]
1 0 3 93 13 33 9 3
2 4 o0 77 42 21 16 4
3 45 17 0 36 16 28 16
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4 39 90 80 0 56 7 7

5 28 46 88 33 e 25 25

6 3 88 18 46 92 e 3
0 0 15 8 0 0

Pau tién trir bot mdi phan tir ciia cac dong 1, 2, 3, 4, 5, 6 cho cac hing sb rut gon twong tng 13 ( 3, 4,
16, 7, 25, 3) , sau d6 trong ma tran thu dugc ta tim dugc phan tir nho khac 0 cia cot 3 va 4 tuong
ung la (15, 8). Thuc hién rat gon theo ¢t ta nhan dugc ma trén sau:

1 2 3 4 5 6
o0 0 75 2 30 6
0 0 58 30 17 12
29 1 0 12 0 12
32 83 58 o 49 0
3 21 48 0 o 0
0 85 0 35 89 o0

oo O A WODN B

Téng cac hing sb rat gon 1a 81, vi viy can dudi cho tit ca cac hanh trinh 14 81 (khong thé c6 hanh
trinh c6 chi phi nho hon 81).

Bay gio ta xét cach phan tap cac phuong an ra thanh hai tip. Gia st ta chon canh (6, 3) dé phan
nhanh. Khi d6 tap cac hanh trinh dugc phan thanh hai tdp con, mot tap la cac hanh trinh chira canh
(6,3), con tap kia la cac hanh trinh khong chtra canh (6,3). Vi biét canh (6, 3) khong tham gia vao
hanh trinh nén ta cAm hanh trinh di qua canh nay béng cach dat C[6, 3] = «. Ma tran thu dugc s€ co
thé rit gon bang cach bot di mdi phan tir ctia cot 3 di 48 (hang 6 giit nguyén). Nhu vay ta thu duoc
can dudi cua hanh trinh khong chira canh (6,3) 1a 81 + 48 = 129. Con ddi véi tip chira canh (6,3) ta
phai loai dong 6, ¢4t 3 khoi ma trén tuong tmg vdi no, boi vi da di theo canh (6, 3) thi khong thé di tir
6 sang bét sang bit ctr noi nao khac va ciing khong dugc phép di bat ctr ddu tir 3. Két qua nhan dugc
12 ma trén v6i bac giam di 1. Ngoai ra, do da di theo canh (6, 3) nén khong duoc phép di tir 3 dén 6
nira, vi vay can cim di theo canh (3, 6) bang cach dat C(3, 6) = oo. Cay tim kiém luc nay c6 dang nhu
trong hinh 4.4.

Téap tat ca cac

hanh trinh Can duéi = 81

Tap hanh trinh
chira canh
(6,3)

Tap hanh trinh
khong chura
canh (6,3)

(Hinh 4.4)
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Can dudi =81 Can dudi =129
1 2 4 5 6
o0 0 2 30 6
0 0 30 17 12
29 1 12 0 o0
32 83 o0 49 0
3 21 0 0 0

N
w

4 5 6
27 2 30 6
0 0 10 30 17 12
29 1 e 12 0 12
32 83 10 e 49 0
3 21 0 0 0 0
0 85 e 35 89 0

8
o

g B~ W N -

o o AW DN P

Canh (6,3) dugc chon dé phan nhanh vi phan nhanh theo n¢é ta thu dugc can dudi cia nhanh bén phai
14 16n nhét so voi viéc phan nhanh theo cac canh khac. Qui tic nay s& duoc ap dung & dé phan nhanh
& mdi dinh cta cay tim kiém. Trong qua trinh tim kiém ching ta luon di theo nhanh bén tréi trudc.
Nhanh bén trai s€ c6 ma tran rat gon véi bac giam di 1. Trong ma trdn cua nhanh bén phai ta thay
mot s boi oo, va co thé rat gon thém dugc ma tran nay khi tinh lai cac héng s6 rat gon theo dong va
cot tuong ing véi canh phan nhanh, nhung kich thudc clia ma tran van giit nguyén.

Do canh chon dé phan nhanh phai la canh lam tang can dudi cua nhanh bén phai 1én nhiéu nhét, nén
dé tim no ta s€ chon s6 khong nao trong ma tran ma khi thay n6 bdi oo s€ cho ta tong hang so rat gon
theo dong va cdt chira n6 la 16n nhat. Thu tuc d6 c¢6 thé duge mo ta nhu sau dé chon canh phan nhanh

(r, c).
4.4.2.Thu tuc chgon canh phin nhanh (r,c)

void BestEdge(A, k, r, c, beta)
Pau vao: Ma trén rit gon A kich thude k xk

Két qud ra: Canh phdn nhdnh (r,c) va tong hdng sé riit gon theo dong r ¢ét ¢ la beta.

beta = -oo;
for (1 =1;i<k; i++){
for j =1; j<k; j++) {
if (A[i,j1 == 01
minr = <phdan tir nhé nhdt trén dong i khdc véi Afij];
minc = <phan tir nhé nhat trén cét j khdc véi Afij];
total = minr + minc;
if (total > beta ) {
beta = total;
r = i; /* Chi s6 dong tot nhat*/
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c=j;/*Chi $6 Ot tot nhat®/

}

Trong ma tran rat gon 5 x 5 cia nhanh bén trai hinh 5.4, so khong ¢ vi tri (4, 6) s€ cho tong hang so
rat gon la 32 ( theo dong 4 1a 32, c6t 6 1a 0). Day la hé sO rat gon c6 gia tri 16n nhat dbi vai cac s6
khong ctia ma tran nay. Viéc phan nhanh tlep tuc s€ dua vao canh (4, 6). Khi d6 can dudi ctia nhanh
bén phai twong ting véi tap hanh trinh di qua canh (6,3) nhung khong di qua canh (4, 6) s€ 1a 81 + 32
= 113. Con nhanh bén trai s€ twong ing voi ma tran 4 x 4 (vi ta phai loai bé dong 4 va cot 6). Tinh
huéng phan nhanh nay dugc mo ta trong hinh 4.5.

Nhan thay rang vi canh (4, 6) va (6, 3) &3 nam trong hanh trinh nén canh (3, 4) khong thé di qua duoc

nira (néu di qua ta s& co mot hanh trinh con tir nhitng thanh phd nay). Pé ngin cdm viéc tao thanh cac
hanh trinh con ta s& gan cho phan tir & vi tri (3, 4) gia tri co.

Tap hanh trinh
aua canh (6.3)

an dudi = 81

Hanh trinh chira
(6,3), (4,6)

H. trinh chira
(6,3) khong chira
(4,6)

Can dudi = 81 Can dudi =
(Hinh 4.5)

Ngin cdm tao thanh hanh trinh con:

Téng quat hon, khi phan nhanh dwa vao canh (iy, iy) ta phai thém canh nay vao danh sach cac canh
ctia node bén trai nhat. Néu iu 13 dinh cudi ciia mot duong di (iy, iy, . ., Iy) Va jy 1a dinh dau cua duong
di (1, J2r - - ji) thi & ngan ngira kha ning tao thanh hanh trinh con ta phéi ngdn ngira kha nang tao
thanh hanh hanh trinh con ta phai cAm canh (k> 11). Pé tim i; ta di nguoc tu iu, dé tim Jk ta di xudi tir
J1 theo danh sach cac canh da duoc két nap vao hanh trinh.
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Hanh trinh
khong chira canh
(6,3)

Tap tat ca cac
hanh trinh

v Can dudi = 81 Can duéi= 129

Hanh trinh
khong chua (4,6)

Tap cac hanh
trinh chtra (6,3)

Can duéi = 81 Can dusi= 113

<
l

Hanh trinh
khong chira canh
(2.1)

Tap cac hanh
trinh chua (4,6)

Can dudi = 81 Can dudi= 101

>

A

Hanh trinh
khong chuira canh
(1,4)

Tép cac hanh
trinh chtra (2,1)

Can dusi = 84 Can duéi= 112

Tap cac hanh
trinh chura (1, 4)

Can dusi = 84

»Hanh trinh (1, 4, 6, 3, 5,2, 1) do dai 104

Hinh 4.6 mé td qud trinh tim kiém gidi phdp t6i wu

Tiép tuc phan nhanh tir dinh bén trai bang cach sir dung canh (2,1) vi s6 khong & vi tri ndy c6 hing sd
rit gon 16n nhét 1a 17 + 3 = 20 ( theo dong 2 1a 17, theo ¢t 1 1a 3). Sau khi phan nhanh theo canh (2,
1) ma trin ctia nhanh bén trai ¢6 kich thudc 1a 3 x 3. Vi da di qua (2, 1) nén ta cAm canh (2, 1) bang
cach dat C[1, 2] = oo, ta thu dugc ma tran sau:
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5 21 0 o0

Ma tran nay c6 thé rut gon duoc bang cach bot 1 tai cot 1 va bot 2 di ¢ dong 1 dé nhan duge
ma tran cap 3:

2 4 5
1 0 0 28
3 0 0 0
5 20 0 o0

Ta c6 can dudi cua nhanh tuong Gng 1a 81 + 1 + 2 = 84. Cay tim kiém cho dén budc nay
duoc the hién trong hinh 5.5.

Chu ¥ rang, sau khi da chdp nhan n-2 canh vao hanh trinh thi ma tran con lai s& c6 kich thude 14 2 x
2. Hai canh con lai ctia hanh trinh s& khong phai chon lya nita ma dugc két nap ngay vao chu trinh
(vi n6 chi con sy Iya chon duy nhét). Trong vi du trén sau khi da c6 cac canh (6, 3), (4,6), (2, 1), (1,4)
ma trin ctia nhanh bén trai nhat co dang:

2 5
3 0 0
5 0 0

Vi vay ta Kkét nap ndt canh (3, 5), (5, 2) vao chu trinh va thu dugc hanh trinh:
1,4,6,3,5,2, 1 vdi chi phi la 104.

Trong qua trinh tim kiém , mdi node cuia ciy tim kiém s& twong mg v6i mot ma tran chi phi A. 0
budc dau tién ma trén chi ph1 tuong ung véi gbe chinh 1a ma tran C. Khi chuyen dong tur goc xudng
nhanh bén trai xudng phia dudi, kich thudc cta cdc ma tran chi ph1 A sé& giam dan. Cudi cung khi ma
tran A c6 kich thude 2x 2 thi ta chdm dut viéc phan nhanh va két nap hai canh con lai dé thu duoc
hanh trinh cta nguoi du lich. D& dang nhan thiy ma trin cudi cung rut gon chi c¢6 thé & mot trong hai
dang sau:

W X W X
u o0 0 u 0 0
\Y; 0 0 | \Y; 00 0

Trong d6 u, v, x, y co thé 1a 4 dinh khac nhau hodc 3 dinh khac nhau. Dé xac dinh xem hai
canh nao can dugc nap vao hanh trinh ta chi can xét mét phan tir cia ma trén A:

if A[1, 1] = cothen
<Két nap canh (u, x), (v, w)>
else
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< Két nap canh (u, W), (V, X) >;

Bay gio tt ca cac node ¢ can dudi 16n hon 104 co thé bi loai bo vi chung khéng chira hanh
trinh ré hon 104. Trén hinh 5.4 ching ta thiy chi c6 node c6 can duéi 1a 101 < 104 1a can phai xét
tiép . Node nay chira cac canh (6, 3), (4, 6) va khong chira canh (2, 1). Ma tran chi phi twong Gng véi
dinh nay co6 dang:

1 2 4 5
1 o0 0 2 30
2 0 0 13 0
3 26 1 0 0
5 0 21 0 0

Viéc phan nhénh s& dya vao canh (5, 1) voi téng sb rat gon la 26. Qua trinh ré nhanh tiép
theo dugc chi ra nhu trong hinh 5.6.

Hinh 5.6. Duyét hanh trinh c6 cén dudi 1a 101.

Tap hanh trinh
chtra (6,3), (4,6)
khong qua (2,1)

Can dusi = 101

Hanh trinh khéng
qua (5,1)

Tap hanh trinh
qua (5,1)

Can duoi = 127

an dudi = 103

Can dudi= 114

Hanh trinh
khong chua
(1, 4)

Hanh trinh
chua (1, 4)

Hanh trinh 1, 4, 6, 3,2, 5, 1 ; Do dai 104.

Nhu v@y ching ta thu dugc hai hanh trinh t6i wu v6i chi phi 1a 104. Vi du trén cho thay bai
toan ngu’(‘fi du lich c6 th§ c6 nhiéu phuong an t61 vu. Trong vi du nay hanh trinh dau tién nhan duoc
da 1a to1 uu, tuy nh‘ién di€u nay khong thé mong doi d6i véi nhitng truong hop tong quat. Trong vi du
trén chiing ta chi can xét t61 13 node, trong khi tong s6 hanh trinh ctia ngudi du lich 1a 120.

4.4.3. Thuat toan nhanh can gidi bai toan ngudi du lich

Céc budc chinh cua thuat todn nhanh can giai bai toan nguoi du lich dugce thé hién trong thu tuc TSP.
Thu tuc TSP xét hanh trinh b phéan voi Edges 1a canh da dugc chon va tién hanh tim kiém ti€p theo.
Céc bien dugc sir dung trong thu tuc nay la:

91

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Edges - S6 canh trong hanh trinh bo phén;

A - Ma tran chi phi twong Gng véi kich thuéce (n-edges, n-edges)
cost - Chi phi cta hanh trinh by phan.

Mincost- Chi phi ctia hanh trinh tot nhét da tim duoc.

Ham Reduce(A, k), BestEgde(A, k, r, c,beta) da dugc xay dung & trén.
void TSP( Edges, cost, A) {

cost=cost + Reduce(A, n-Edges);
if (cost <MinCost){
if (edges == n-2){
<b6 xung nét hai canh con lai>;

MinCost :=Cost;

else {
BestEdge(A, n-eges, r, ¢, beta);
LowerBound = Cost + beta;
<Ngdn cam tao thanh hanh trinh con>;
NewA = < A loai bo dong r cot c>;
TSP(edges+1, cost, NewA);/*di theo nh&nh trai*/
<Khéi phuc A bang cdch bé xung dong r c¢ét ¢>;
if (LowerBound < MinCost){
/* di theo nhanh phai*/
Alr, c] =oo;
TSP (edges, cost, A);
Alr,c] :=0;

< Khoi phuc ma tran A>,/* thém lai cac hdng $6 rut gon vao

cac dong va cot twong ung*/

}
}* end of TSP*/;
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4.5. Nhirng diém cin ghi nhé

Ban doc can ghi nhé mot s ndi dung quan trong dudi day:
v' Thé nao 1a mot bai toan t6i wu? Y nghia cia bai toan tdi wu trong cac mo hinh thyec té.
v Phén tich vu diém, nhuoc diém cia phuong phép liét ké.
v Hiéu phuong phap nhanh can, phuong phéap xay dung cin va nhimng van dé lién quan

v Hiéu phuong phap rat gon ma tran trong giai quyét bai toan nguoi du lich.

BAI TAP CHUONG 4

Bai 1. Giai cac bai toan cai tai sau:

5%, + X, +9X%; +3X, — max,
a) 4%, +2X, + TX5 + 3%, <10,
x; €{01}j=1234.

X, +3X, + 2X; + X, = max,
b) S5X, +3X, + 6%, +4x, <12,
x; {01}, j=1234

Bai 2. Giai bai toan cdi tai sau:

30x, +19x, +13X, + 38X, + 20X, + 6Xs +8X; +19%; +10X, +11X,, — max,

15x, +12X, +9X; + 27X, +15X; +5X; +8X, + 20X, +12X, +15X%,, < 62
x; €01}, j=12---10.

Bai 3. Giai bai toan nguoi du lich véi ma tran chi phi nhu sau:

o 31 15 23 10 17
16 o 24 07 12 12
34 03 o 25 54 25
15 20 33 o 50 40
16 10 32 03 oo 23
18 20 13 28 21 o
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Bai 4. Giai bai toan ngudi du lich véi ma tran chi phi nhu sau:

o 03 93 13 33 09
04 o 77 42 21 16
45 17 o« 36 16 28
39 90 80 o« 56 07
28 46 88 33 o 25
03 88 18 46 92
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