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CHUONG 6.CAY VA CAY KHUNG CUA DO THI

< M& dau

% Cac rng dung cua cay

s Cac phwong phap duyét cay
<% Cay khung cua do thi

% Cay khung nho nhat
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MO PAU

< Dinh nghia 1. Cay la mot dd thj vé hwéng, lién thong va
khdng co chu trinh don.

< Vi cay khong thé co chu trinh don, nén cay khong thé cé
canh bdi va khuyén. Vay moi cay déu la dé thi don.

Pinh nghia 2. M6t do thi khéng co chu trinh don nhwng
khéng lién thdng dwoc goi la rweng.
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MO PAU

< Cay thwdng dwoc dinh nghia nhw mét do thj vé huéng,
trong do giika moi cdp dinh cGa né ludn ton tai mot
dwdng di don duy nhat. Dinh ly sau cho thay trong do thi
vO hwéng thi tinh lién théng va khéng co chu trinh
don twong dwong véi tinh ton tai dwong di don duy
nhat gitva moi cap dinh
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MO PAU

*» Dinh Iy 1. M6t d6 thi v hwdng la mot cay neu gilbha moi cap
dinh cGa né ludn tdn tai duo’ng di don duy nhat.

< Pinh nghia 3. Cay c6 goc dwoc goi la m-phan néu tat ca cac
dinh trong cua n6 khéng c6 hon m con. Cay dwoc goila m-
phéan duang (strict) néu moi dinh trong cua né c6 dung m con.
Cay m- phén voi m =2 dwgc goi la cay nhi phan.
Cay co goc duworc sap (hay coO thwr tw) la cay co goc trong do
cac con cua mOoi dinh dwoc sap xép theo mét thi ty nhat dinh.
Cay co goc duwoc sap duwoc vé sao cho cac con ctia méi dinh
trong dwo'c sap thd tw toe trdi qua phai. Trong cay nhi phan
c6 thir tw, cac dinh trong co6 hai con, con thi» nhat goi la con
bén tréi va con thi hai la con bén phéi Cay co goc la con
bén trai cia moét dinh dwoc goi la cdy con bén trai, twong ty ta

co dinh nihla vé cai con bén phai.
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QPT‘ MO DAU l

Nhing tinh chat cta céy

“ Dinh ly 2. Cay v&i n dinh ¢ dung n-1 canh.

< Pinh ly 3. Cay m-phan dung v&i i dinh trong sé co tat
ca n=m*i+1 dinh.

“* Dinh ly 3. Cay m-phan dung voi

% a) Neéucay con dinhthi so dinhtrong la i=
(n-1))mvasodlala | =((m-1)n+1 )/m

% b)  Néucaycé i dinh trong thi khi d6 so dinh
la n=m.i+1 vasola la I=(m-1)i+1.

11 dinh la:

va 56 dinh trong 3 i=——
m-1 m—1

X C -1
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MO PAU

« Binh nghia. Mdrc cua dinh v trong cay coé goc la do dai
cua dwong di duy nhat tir goc téi nd. Mdre cua géc duroc
dinh nghia bang khéng.

<+ D9 cao cua cay la mirc cao nhat cla tat ca cac dinh. Noi
cach khac dd cao cla cay co gog la chiéu dai cha duong
di dai nhat ttr gbc toi mot dinh bat ky.

< Cay m-phan cé goc va do cao h dwoc goi la cdn doi
néu tat ca cac la déu @ mwre h hoac h-1.
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“Cay AVL la cay nhj phan sao cho tai méi dinh
chiéu cao cua cay con trai va cay con phai khac
nhau khong qua 1.

“Vay cay AVL latrwong hop dac biét cua cay
nhi phan can doi: cay AVL la cay nhi phan can
doi, nhwng nguwoc lai ndi chung khéng dung.

“» Cay m-phan hoan toan(complete) la cay m-
phan dung trong dé moi |4 & cung mét murc.
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MO PAU

<+Dinh ly 5. C6 nhiéu nhat mh 14 trong cady m-
phan, do cao h.
Hé qua 1. Néu cady m-phan co chiéucao h va cé | I3,
khi 6 h>[log |l. Néu cay m-phan dung va can dbi, khi
do h=
'log,, I|. (Nh& lai la | x]1a s6 nguy&n nhd nhat khdng bé
hon Xx).
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CAC UNG DUNG CUA CAY

Chung ta sé& nghién clru ba bai toan bang mé hinh cay.
s Cac phan ttr trong mot danh sach dwoc lwu trle nhw thé
nao dé cé thé dé dang dinh vi dwoc chung?

X Hay xac dinh day cac quyét dinh dé tim mot doi twong
cé tinh chat ndo dé trong tap hop cac doi twong thudc
mot loai nao do.

< Can phai ma hoa tap cac chi¥ cai bang cac day nhij phan
nhw thé nao dé co hiéu qua nhat?
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CAC NG DUNG CUA CAY

Dé qidi quyét: tim hiéu 3 loai cdy sau
< Cdy tim kiém nhi phan

< Cay quyét dinh

< Cac ma tién to
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CAC NG DUNG CUA CAY
Cay tim kiém nhi phan

< Tim kiém mot phan t&r trong moét danh sach la moét trong
nhirng cong viéc quan trong nhat trong tin hoc. Muc dich
hang dau cua chung ta la dwa ra mét thuat toan tim kiém
co hiéu qua nhat la tim mot phan t& khi cac phan tw
dwoc sap xép theo mét thir tw ndo do. Piéu do co thé
thwe hién dwoc bang cay tim kiém nhj phan. D6 1a cay
nhi phan trong dé moi dinh chi cé nhiéu nhat 1a 2 con:
mot con trai va moét con phai. Méi dinh dwoc gan mot
khoa. Cac dinh duo’c gan khoa sao cho khoa cla dinh
l&n hon khda cua tat ca cac dinh thudc cay con bén trai,
va nho hon khoa cua tat ca cac dinh thudc cay con bén

phai cua noé.
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CAC UNG DUNG CUA CAY

<% M6t cay nhi phan tim kiém chi cé cac dinh con bén trai
sé tao thanh mot cay I&ch trai hay sap xép theo thir tw
gidm dan cua khoa.

< M6t cay nhi phan tim kiém chi cé cac dinh con bén phai
sé tao nén mdt cay léch phai hay sap xép theo th tw
tdng dan cua khoa.
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CAC UNG DUNG CUA CAY

X Néu gia tri khda 9Ga dinh x trung vé&i gia tri khoa tai dinh
goc thi khéng thé thém node.

X Néu gia tri khoa cua dinh x nho hon gia tri khdéa tai dinh
g6c va chwa co la con bén trai thi thwc hién thém node
vao nhanh bén trai.

X Néu gia tri khoa cua dinh x I&n hon gia tri khda tai dinh
goc va chwa co la con bén phai thi thwe hién thém node
vao nhanh bén phai.
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Thao tac tim kiém dinh trén cay nhi phan tim kiém:
Gia st ta can tim kiém khoa c6 gia tri x trén cay nhi
phan tim kiém, trwdc hét ta bat dau tw goc:
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CAC UNG DUNG CUA CAY

< Néu cay rong: phép tim kiém khéng thod man;

< Néu x trung v&i khoa goc: phép tim kiém thod man;
< Néu x nhd hon khoa gbc thi tim sang cay bén trai;
< Néu x I&n hon khoa goc thi tim sang cay bén phai:
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CAC UNG DUNG CUA CAY

% Thao tac loai bé dinh (Remove): Viéc loai bd dinh trén
cay nhi phan tim kiém kha phurc tap. Vi sau khi loai bd ta
phai diéu chinh lai cay dé no van la cay nhi phan tim
kiém. Khi loai bd dinh trén cay nhj phan tim kiém thi dinh
can loai bd co thé & mot trong 3 trwdrng hop sau:
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CAC NG DUNG CUA CAY

= Néu dinh p can loai 1a dinh treo thi viéc loai bd dwoc
thwe hién ngay.

= Néu node p can xoa cdé mot cay con thi ta phai lay
node con cda node p thay thé cho p.

= Néu dinh p can xoa c6 nhieu cay con thi ta xét: Néu
dinh can xoé & phia cay con bén trai thi dinh bén trai
nhat sé dwoc chon lam dinh thé mang, néu dinh can
x0a & phia cay con bén phai thi dinh bén phai nhat sé
dwoe chon 1am node thé mang.
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CAC UNG DUNG CUA CAY
Cay quyét dinh

<% Céac cay c6 goc co thé dung de mo hinh cac bai toan
trong do c6 mot day cac quyét dinh dan den i giai.
Chang han, cay tim kiém nhij phan cé thé dung dé dinh
vi cac phan ttr dwa trén moét loat cac so sanh, trong do
moi so sanh cho ta biét ta co dinh vi duwoc phan ter do
hay chwa, hoac ta sé di theo cay con trai hoac cay con
phai.

% Cay co goc trong d6 méi dinh trong wng voi mot quyet
dinh va moi cay con tai cac dinh nay wng VO m0| mot két
cuc co thé cua quyet dinh duwoc goi la cay quyet dinh.
Nhirng 1&i gidi co thé cla bai toan twcyng rng voi cac
dwong di toi cac la cia cay co goc nay. Vi du sau sé

L ‘ ‘ A‘ I 4 ‘ > n l\‘ Il ‘
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< Vi du 1. C6 4 dong xu trong do co 1 dong xu gia nhe
hon dong xu that. Xac dinh sO lan can (thang bang)
can thiét dé xac dinh dong XU gia.

% Giai. R6 rang ta chi can hai lan can dé xac dinh dong
Xu gla vi khi ta dat bdn dong Xu lén ban céan thi chi co
thé xay ra hai két cyc: dong so 1,2 nhe hon hoadc nang
hon dong sob 3, 4. Thwce hién quyet dinh can lai giong
nhw trén cho hai dong XU nhe hon ta xac dinh dwoc
dong Xu nao la gia. Hinh 7.3 duw&i day sé mo ta cay
quyét dinh giai quyét bai toan.
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PHUONG PHAP DUYET CAY

% Hé dia chi théng dung
1. Gan nhan cho goc bang s6 0. Sau d6 k dinh con cua
nod (& murc 1) tr trai sang phai dwoc gan nhan la 1, 2,
3, ..., k.
2.V&imoidinh v omic n conhanla A, thi r dinh
con cua no tinh tw trai qua phai dwoc gan nhan la A.1,
A2,... Ar.

Theo thu tuc nay, dinh v & mirc n voi nx1, c6 nhan la
X1.X2.....xn, trong do dwo’ng di duy nhat tu goc to1 v sé
di qua dinh th*r x1 & mic 1, dinh thr x2 & mirc 2,
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PHUONG PHAP DUYET CAY

% Cac phwong phap duyét cay
= Duyét tién th tw,
= Trung thu tw
= Hau thw tw.
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PHUONG PHAP DUYET CAY

< Pinh nghia1. Gidsrtacdcady T voi goc r.Néu T
chi c6 gbc thi r 1a cach duyét tién thi tw cia T. Néu
knong thi goi T1, T2, ..., Tn la cac cay con tai r tw trai
qua phai. Duyét tién th& tw T sé viéng thdm r dau tién.
Sau dé duyét T1 theo kiéu tién thir tw, duyét T2 theo
kiéu tién th tw, ... cr nhw vay cho dén khi Tn dwoc
duyét theo kiéu tién the tw
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PHUONG PHAP DUYET CAY

< Duyét theo kiéu tién thr tw cay T 1a
a,b,e,j,h,n,0,p.,f,c,d,g,l,m,h,i.
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< Pinh nghia 2. Gid srtacdcady T voi goc r.Néu T
chi cé gbc thi r 14 cach duyét trung thi tw ctia T.
Néu khéng thi goi T1, T2, ..., Tn la cac cay con tai r
tlr trai qua phai. Duyét trung thé» tw T sé viéng thdm
T1 dau tién, sau d6 tham r, roi duyét T2 theo kiéu
trung the tw, ... c? nhw vay cho dén khi Tn dwoc
duyét theo kiéu trung thir tw.

* VD:,e,nk,0,p,b,f,a,c,lg,m,d,h,i.
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< Pinh nghia 3. Gid srtacdcady T voi goc r.Néu T
chi cé gbc thi r 1a cach duyét hau thk tw cia T. Néu
khong thigoi T1, T2, ..., Tn la cac cay con tai r tw
trai qua phai. Duyét hau thr tw T sé bat dau duyét T1
theo kiéu hau th tw, roi duyét T2 theo kiéu hau th
tw, ... c? nhw vay cho dén khi Tn dwoc duyét theo
kiéu hau th tw, va cudi cung két thuc bang viéc viéng
tham r.

“ j,n,0,p,k,ef,b,cl,m,g,h,i,d,a.
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< Cdc ky phdp trung to, tién té va hau to

<% Céach duyét cay nhi phan biéu dién biéu thirc
da cho theo kiéu trung thi tw sé tao ra biéu
thirc ¢ cac sd hang va cac phép toan theo
ding thtr tw nhu 1a da c6 trong biéu thirc ban
dau.
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< Biéu thirc c6 day du dau ngoac nhw vay duoc
goi la dang trung té.

exXy+2°~x4-3/+.
dwoc dang tién to cla biéu thirc khi ta duyét cay theo
ki‘éu tién ther tw. Cac biéu thire dwoc viét dwdi dang
tien t6 dwoc goi la ky phap Ba lan

o+M+xy2/-x43
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PHUONG PHAP DUYET CAY(tiep)

< dang hdu t6 ctia mét biéu thirc bang cach duyét cay nhi
p’hén theo kiéu hau th tw. Biéu thire viet dwéi dang hau
t6 dwoc goi la ky phap Ba lan nguworc.

SOXy+2°rx4-3/+.
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] CAY BAO TRUM .

s Khai niém
» Nhirnqg thuéat toan xay dwnqg cay bao trum
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s Dinh nghia 11.2
Gia s G la mét do thj vé hwdng.
Cay T dwoc goi la cay bao trim cda do thi G neu T 14
mot do thi riéng cua G.
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Po thi G:

Hinh 11.3. Hai cdy bao trum cta do thi G
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CAY BAO TRUM (tiép)

< Dinh ly 11.2: D6 thi vd huwdng G co cay bao trim < G
lien thong.

Chirng minh:

—: Hién nhién

<: Chon a la mdt dinh bat ky trong do thi G.
Ky hiéu: d(x) la khoang cach gilra a va dinh x.
Xay dwng cac tap dinh:
D, ={a}, D, ={x | d(x)=i}voi i=1.
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CAY BAO TRUM (tiép)

Hinh 11.4. Cach xay dung cay bao trum
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CAY BAO TRUM (tiép)

Chwrng minh: Lap tap canh T nhuw sau:

V&i méi dinh x cha do thi G, x e D, voi i>1, talay
canh nao do ndi x vé&i moét dinh trong D,

Tap canh nay sé tao nén mot do thi riengcua G vOi n
dinh va n -1 canh.

Po thi riéng nay lién thong vi mdi dinh déu dwoc ndi
v&i dinh a. Theo tinh chat 3) cla cay thi T la mét cay.
Do vay, T 1a cay bao trum cta do thi G. ]
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QPQT‘ CAY BAO TRUM (tiép) l

Dinh ly 11.3 (Borchardt): S6 cay bao trim ctia mét do
thi v&é hwéng day da n dinh1a nn-2.

< M6t sb thuat toan tim cay bao trum:
- Thuat toan s dung phwong phap duyét theo chiéu sau.
- Thuat toan st dung phwong phap duyét theo chiéu rong.
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THUAT TOAN TiM CAY BAO TRUM

< Thudt todn 11.1 (Tim cay bao trum bang phwong phap
duyét theo chiéu sau)

D@ liéu: Biéu dién mang DK cac danh sach ké cua do thi
vO hwong G.

Két qua: Cay bao trum (V, T) cla do thi G.
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THUAT TOAN TiM CAY BAO TRUM (tiép)
Thuat toan

1 void CBT_S (v);
2 |

3  Duyet|[v] = true;

4  for u e DK]v] do

5 if ! (Duyet[u])

6 {T =Tul{lv,u)},; CBT_S (u)}
[ ¥
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8 main() { Chwong trinh chinh }
9 for ueV do Duyet[u] = false;

10 T = O;

11 CBT S (2): { z1a dinh tuy y cda db thi,
sé tr¢ thanh goc cla cay }

12 )
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THUAT TOAN TIM CAY BAO TRUM (tiep)

1)

< Tinh dung dan cla thuat toan: :

1. Khi ta thém canh (v, u) vao tap canh T thi trong do thi
(V, T) da c6 dwong di tr z toi v. Vay thuat toan xay dwng
lén do thi lién thong.

2. MO6i canh mai (v, u) dwoc thém vao tap T cé dinh v d3

dwoc duyét va dinh u dang duyét. Vay dé thi dang dwoc
xay dwng khéng c6 chu trinh.

3. Theo tinh chat cia phép duyét theo chiéu sau, thi tuc
CBT _S tham tat ca cac dinh cua do6 thi lién théng G.
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THUAT TOAN TiM CAY BAO TRUM (tiép)

< Do vay, do thi do thuat toan xay dwng la mot cay bao
trim cla do thi da cho.

s D6 phure tap cua that toan la: O(n+m).
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Vi DU

Ap dung thuat toan trén cho dd thj (nét manh) ta nhan
duwoc cay bao trum (nét dam) nhw sau:

° il

Hinh 11.5. Cay bao trum cua do thi tim theo
phuong phap duyét theo chi€u sau
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% Thuét toan 11.2 (Tim cay bao trum bang phwong phap duyét theo chiéu
rong)

D@ liéu: Biéu dién mang DK cac danh sach ké cua
do thi vé huéng G.
Két qua: Cay bao tram (V, T) cta dd thi G.
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11.3. THUAT TOAN TiM CAY BAO TRUM (tiép)

Thuat toan
1 BEGIN
2 for ueV do Duyet[u] := false;
3 T =0;
4 Q = J;
5 pus_queue z into Q; {zladinhtuyy cda
do thi va la goc cua cay }
6 Duyet [z] = true;
7 while Q= J do
8 begin pop_queue v from Q;
9 for u e DK]|v] do
10 if 1Duyet[u] then
11 begin in-queue u into Q ;
12 Duyet [u] = true;
13 T = Tu{v, u)} end
14 end
15 END.
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THUAT TOAN TiM CAY BAO TRUM (tiép)

% D06 phitrc tap cua thuat toan: O(m+n).
Vi du: Ap dung thuat toan trén cho dé thi (nét manh) ta
nhan dwoc cay bao trum (nét dam) nhuw sau:

. Cay bao trum cua
phuong phap duyét theo chiéu rong
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CAY BAO TRUM NHO NHAT

KN cay bao trum
Thuat todn tim cay bao trim nhd nhéat
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CAY BAO TRUM NHO NHAT

<% Bai todn: Cho dd thj vdé huwdng G lién thdng véi tAp canh
E va ham trong s6 ¢ : E — N. Tim cay bao trim T clia G
sao cho tbng trong s cua cac canh cta T dat gia tri nho
nhat.

< Mot sO thuat toan tim cay bao trim nhd nhat:
- Thuat toan Kruskal
- Thuat toan Prim
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THUAT TOAN KRUSKAL

Thuat toan:

1. Chon canh co trong s0 bé nhat, ky hiéu la e, va dat W
={eq}-

2. Gia st da chon duwoc W = {e,, €y ..., €}. Chon e, 1a
canh co trong sb bé nhéat trong so cac canh con lai
trong E\W saocho{e, e,, ..., e, e, KhOng chura
chu trinh.

3. BOsung: W:=Wu e,
4. Lap lai cac budc 2. — 3. chirng nao con co thé.
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THUAT TOAN KRUSKAL (tiép)

“* Dinh ly 11.4 : Tap cac canh W tim du,’c_)’c theq thuat toan
Kruskal tao nén cay bao trum nho nhat cua do thi G.

< Thuét toan Kruskal chi tiét
1 procedure Kruskal ;
2 begin
3 W =0: Z =E;
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THUAT TOAN KRUSKAL (tiép)

4 Thuat todan Kruskal chi tiét
1 procedure Kruskal ;

2 Dbegin

3 W =¢g: Z:=E;

4 while (|W|<n-1)and (£ #J) do
5 begin
6 chon canh e cé trong sb bé nhét trong Z :
7 Z = Z\{e};
8 if Wu{e} khbng chtra chu trinh then
T W = Wu{e}

9 end;

10 if |W|<n-1 then writein("Do thj khong lién
thdng”)

11 end;
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Vi DU

Do thi co trong s6 va cay bao trum nhé nhat:
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THUAT TOAN PRIM

s Thuat toan Prim
Prim da cai tién thuat toan Kruskal nhw sau: & méi
vong lap ta chon canh co trong s6 bé nhat trong s6
cac canh ké v@i cac canh da chon ma khdng tao nén

chu trinh.
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THUAT TOAN PRIM (tiép)

Thuat toan Prim dwoc goi la phuwong phap lan can gan
nhat: bat dau twr mot dinh nao dé a cua do thi G ta noi
nd voi dinh “gan” nhat, chang han b. Nghia la, canh (a,
b) dwoc chon ¢o trong s6 be nhat. Tiép theo, trong sO
cac canh ké v@i dinh a hoac dinh b ta chon canh co
trong sO bé nhat ma khong tao nén chu trinh voi canh
(a, b). Canh nay dan dén dinh thir ba c .

Tiép tuc qua trinh nay cho dén khi nhan dwoc cay gom
n dinh va n-1 canh. D6 chinh Ia cay bao trum nhd nhat.
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THUAT TOAN PRIM (tiép)

1 procedure Prim;
begin
W := {canh c6 trong sb bé nhét };
for 1 ;=1 to n-2 do
begin
e := canh cé trong sé bé nhat ké véi canh
trong W va néu ghép n6 vao W thi khéng
tao nén chu trinh ;
W = Wu {e}
end
9 end;

SO, WDN

oo N
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o ToANROIRAc2

CAY BAO TRUM NHO NHAT (tiep)

“*» Dinh ly 11.5
Trong do thi vd hwdng cd trong sd ddi modt khac
nhau, cay bao trim nhd nhat ton tai va duy nhat.
Chirng minh:
Vi trong vong 1&p chi cé duy nhat mét canh dworc
chon. ]
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CAY BAO TRUM LON NHAT

¢ Trong cac thuat toan Kruskal va Prim ta khong rang
bubc vé dau cua trong so, nén co6 thé ap dung cho do thi
vO huwdng voi trong so trén cac canh co cung dau tuy .
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CAY BAO TRUM LON NHAT (tiép)

< Dé& tim cay bao trum I&n nhat ta co hai cach:

1. D6i thanh dau - cho céc trong sb trén cac canh. ap
dung mdt trong hai thuat toan da trinh bay & trén dé
tim cay bao trum nhé nhat. Sau dé déi dau + tré lai, ta
sé& dwoc cay bao trum I&n nhat.

2. Stra ddi trong cac thuat toan: bwdc “chon canh ¢
trong s6 bé nhét ... “ dwoc thay bang “chon canh cé
trong s6 I6n nhét ... “ con cac bwdc khac thi gilr
nguyén. Khi thuat toan két thuc, ta sé nhan dwoc cay
bao trum I&n nhat.
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