CHUYEN BE




Ly thuyét do thi 5 1 &

MUC LUC
Y R0 5. 3
§1. CAC KHAINIEM CO BAN..........coourireecacssetsesssssssssssssssssssssssssssssssssssassssssssbessssassasssssssssassassanes 4
L. DINH NGHIA DO THI (GRAPH) ... sess e eeessees s 4
IL CAC KHATNIEM. ... eeeseseeeee s ee s ees s s s eeseaess s ese s eesseaseesessees s ees s sesseae 5
§2. BIEU DIEN DO THI TREN MAY TiNH.......cociirieierrerecressssssssssssssssssssssssssssssssssssssssssssssssassanes 6
I. MA TRAN LIEN KE (MA TRANKE) .......ovoeieeeeeeeeeeeeeeeeeseseeeee oo sess s sessses e 6
I DANH SACH CANH. ..o eeeeeseeeeeeeeeseseeseseeessseesssssesess s sesessseseasessseessseseesseeseeseeseessseessesesseee 7
T DANH SACH KE ..o es s seaeees e es s ees s sesesseesessess s esssessessssseesessees e eessesesseae 7
IV NHAN XET oo s s s ses s seaese s e essseesssesees s sesessees e ess s esssessessseseesessess s eessessesseee 8
§3. CAC THUAT TOAN TIMKIEM TREN DO THI ......ocuirirecsrisetsssssssssssssesssssssssssssssssssassasssnens 10
L BATTOAN ..ot s e s e e ees s ee s ees s es s eeeseaseeseae 10
II. THUAT TOAN TiM KIEM THEO CHIEU SAU (DEPTH FIRST SEARCH).............coommveermererceesnree. 11
[1I. THUAT TOAN TiM KIEM THEO CHIEU RONG (BREADTH FIRST SEARCH)...........ccooovvvevmrrreenne. 16
IV. DO PHUC TAP TINH TOAN CUA BES VA DES.....oovoeoeeeeeeeseeeeeeeseeesseeesesesseseessesseesssseesssesessen 21
§4. TINH LIEN THONG CUA DO THI .....coeuircrcrssescssssssssssssssssssssssssssssssssssassassanssssssassassaseas 22
LDINH NGHIA ..ot s s s es s s e s s e e s ee s e s es s ee s se s e s s s ses e seseaoe 22
I1. TINH LIEN THONG TRONG DO THI VO HUONG..........oooveereeeeeeeeeeeeeeeeeeeeeseseeseseeseesss s esssesessee 23
L. DO THI DAY DU VA THUAT TOAN WARSHALL ......oveoeeeeeeeeeeeeeeeeeeeeeeseeeeseseeseeessssesessesesseee 23
IV. CAC THANH PHAN LIEN THONG MANH.......covvovooreeeeeeeeeeeeseeeeeeeseesesseseeseesseseesesseeeses s ssssesessee 26
§5. VAI (’'NG DUNG CUA CAC THUAT TOAN TIM KIEM TREN DO THI......cocvvrvirenrnerrereercssssnnns 36
L. XAY DUNG CAY KHUNG CUA DO THI .....oooveeeeeeeeeeeeeeeeeeeeeseeseeeeeesseeesseaseeseesseseeseesesesss s ssssesesse 36
II. TAP CAC CHU TRINH CO BAN CUA DO THL.....oveeveeeeeeeeeseeseeeeeeseeeeeeeeeeeseeseeseesssseeesss s ssssesessee 38
M1 DINH CHIEU DO THI VA BAI TOAN LIET KE CAU.......oooveoeeeeeeeeeeeeeeeeeeeeseeeeseseeseesss s sesseseeseee 39
IV LIETKE KHOP.....coooeoeeeeoeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeses s esse e s ess s seseeeesseeessseaeess s ees s ees s eessesessseesseseene 44
L BAITOAN 7 CATCAU oo s see s s s s ee s s s ees s es s sesesseeseae 47
ILDINH NGHIA. ... s s s es e s s e s e ee s ee s esseeee s s s s s ses e ses e seseeoe 47
TIL DINH LY oo s s s ees e es s seeees s s e ees e ees s ees s eeeseasesseeseeseee 47
IV. THUAT TOAN FLEURY TIM CHU TRINH EULER .......covvvoeteeeeeeeeeeeeeeeeseseseeseeeesseeeessseese s ssseeseseone 48
Vo CAIDAT oot s e e s s ees s ee s eees e eeeseae 48
VL THUAT TOAN TOT HON.......ovooeeeeeeseeeeeseeeseeeeseseeesesesseeeesesseseessseeseeseseeeseseseeesssseseesesessesssesessssenen 50
§7. CHU TRINH HAMILTON, DPUONG DI HAMILTON, DO THI HAMILTON.........cevueeresrsssessessennes 53
LDINHNGHIA ...ttt s e ee s s s es e ee s es e se s eeseses e es e seseees e se e 53
L DINH LY oo s sesessseseeesesseeee s e ass s eessseees e e s eesesees e ees s ees s eesseeesseeeesseseesseeseeseane 53
TIL CATDAT oo s e s s e e s e ees e ees s ees s ee s eeseaseeseee 53
§8. BAl TOAN DUONG DI NGAN NHAT ........covrireiritstessssssssssssssssssssssssssssssssssssssssssssssssssassassaness 57
L DO THI CO TRONG SO ...voorveeeeoeeeeeoeeeeeeeseeeeeseseeeseseeesssesesessesss s sesssessseeesssesesssaeesseess s asseseesseeseeseee 57
II. BAI TOAN DUONG DINGAN NHAT. ... ovveeeeeeeeeeeeseeeeeseseeeseseeessessess s ssssesseesesssesseseesssessssessssesessene 57
[II. TRUONG HOP PO THI KHONG CO CHU TRINH AM - THUAT TOAN FORD BELLMAN........... 58
IV. TRUONG HOP TRONG SO TREN CAC CUNG KHONG AM - THUAT TOAN DIJKSTRA............. 60
V. THUAT TOAN DIJKSTRA VA CAU TRUC HEAP...........ooovoeeeeeseeeeeeeeeeeeeeeeeesessesessesseessssesssseseese 63
VI. TRUONG HOP DO THI KHONG CO CHU TRINH - THU TU TO PO ... 65

Lé Minh Hoang



Ly thuyét do thi oS 2 &

VIL. PUONG DI NGAN NHAT GIUA MOI CAPDINH - THUAT TOAN FLOYD ... 68
VIIL NHAN XET oo veeeeseeeeeeesessesessesesseses s seseesesesees s eseaeessasessesessesessaessases s sssssesssessesesseseseens 70
§9. BAI TOAN CAY KHUNG NHO NHAT ...t sscssssss st sssssssssssssss s sssssssssassanes 72
. BAI TOAN CAY KHUNG NHO NHAT .....oivveeeeeeeeeeeseeeeseseeeseseeesseseesssseeessesseesseseesseseessssessssessesessen 72
II. THUAT TOAN KRUSKAL (JOSEPH KRUSKAL = 1956) .......veeeereeeeeeeeeeeeeeeeeeeeeeeeeeseeeeesseseeeeseseeee 72
[1I. THUAT TOAN PRIM (ROBERT PRIM = 1957) ... vveoeeeveeeeeeeeeceeeeseeeeeeeseeeseeeseeeesesseesesesseeseeseeeeseseesen 76
§10. BAI TOAN LUONG CUCDAI TREN MANG........ccieesesecsrcssessssssssssssssssssssss s ssssssssssssanes 80
L BATTOAN oot s e es e e e ee s e s e s e s ee s et s s e s ses e seseee 80
II. LAT CAT, PUONG TANG LUONG, PINH LY FORD - FULKERSON..........ovvveeereesereesesseessseseeses 80
TIL CATDAT oot es e e e s e e s ee s ee e s s s s esee s ee s ses e s e ses e seseene 82
IV. THUAT TOAN FORD - FULKERSON (L.R.FORD & D.R.FULKERSON - 1962)..........ccoverrrcrrrrrrecrne. 85
§11. BAI TOAN TiM BO GHEP CU'C DAI TRENDO THI HAI PHIA.........oiececeecrceeee e seaas 89
L. DO THI HAI PHIA (BIPARTITE GRAPH)..........cooooeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeseeeesesseeeseseeeeeseseeeessseesen 89
1. BAI TOAN GHEP POI KHONG TRONG VA CAC KHAINIEM.......coovvorevoreeereeeeeeeeeeeeeseeeseseeseseseseone 89
I THUAT TOANDUONG MO ... eeeeeeeeeeeses e ses e ess s ssesseesssseesessaeesseeesseessseeeassssesssesseeseenns 90
IV CATDAT oottt s et e et es s e s e e s es s e s ee s ee s s e s e s seseeseseene 90
§12. BAl TOAN TiM BO GHEP CUC BAI VOl TRONG SO CUC TIEU TREN DO THI HAI PHIA -
THUAT TOAN HUNGARI.......cocecrctctissess st sssssessssssssssssssss s sssssssssss s s ssssssassssss s ssssssassasssssnees 95
L. BAITOAN PHAN CONG ..o eeeeeseeees s es s eseeees s eseaeseseese s sesees s e s se s sesseses s sesseses s seseone 95
T PHAN TICH oo es s es s s s es e es e ees e es s ee s ee s se s e s ses s sesenoe 95
TIL THUAT TOAN ..ot s s es e s e es e es e es e es s ses s e seses s s s es s ee s ee s se s seseeseseene 96
TV CATDAT oot s et e s es e e s s eeseree s es s eeseeeseeesseseseeeseeseses 100
V. BAI TOAN TiM BO GHEP CUC PAI VOI TRONG SO CUCPAI TREN PO THI HAI PHIA.......... 105
VL DO PHUC TAP TINH TOAN........ oot eees e eeseesesesesseesseeseseesesseesssesessesessesessesessesessessssesssseesenes 106
§13. BAI TOAN TIM BO GHEP CUCDAI TRENDO THI.......creeecrercecsessssssssessssssssssssssssaees 111
L CAC KHATNIEM ..o eseees e eseses e eseeses e ses e es s es s e s ss s sessesessesesseseseesessesesseessseessseessseeees 111
IL. THUAT TOAN EDMONDS (1965) .....vveeeeeeeeeseeeeeeeeeseeeseeeeeessesseeseseseeesessseeessesseesesesseessesseessessesesesnees 112
[IL. PHUONG PHAP LAWLER (1973)......oeoeeeeeeeeeeeeeeeeeeeeeeeseeeeseeseeseseseesessseeeesesseesesesseeseesseeesesseseseseees 113
IV, CATIDAT oo s s s et s e s e e s e e s s e e sasesseses s ee s eeseees e seseseseseeres 115
V. DO PHUC TAP TINH TOAN ...t eees e eseeseseeseseesseesseseseaessseses s sessesessesessesessessssesessaesenes 119

Lé Minh Hoang



Ly thuyét do thi oS 3 &

§0. MO DAU
Trén thuc té c6 nhiéu bai toan lién quan t&éi mot tap cac ddi tuong va nhiing mbi
lién h¢ gitra chung, doi hoi toan hoc phai dat ra mgt mo6 hinh biéu dién mot cach
chit ché va tong quat bang ngdn ngit ky hiéu, d6 1a do thi. Nhitng ¥ tuong co ban
ctia nd duoc dua ra tir thé ky thirt XVIII béi nha todn hoc Thuy Si Leonhard Euler,
ong di dung mo hinh do thi dé giai bai toan vé nhitng ciy cau Konigsberg ndi

tiéng.

Leonhard Euler
(A TOT-17E3)

Maic du Ly thuyét dd thi d3 duogc khoa hoc phat trién tr rat 1au nhung lai cé nhiéu ung dung hi¢n
dai. Bac biét trong khoang vai muoi nam trd lai day, cung véi su ra doi cua may tinh dién tir va sy
phat trién nhanh chong cua Tin hoc, Ly thuyét dd thi cang dugc quan tam dén nhiéu hon. Pic biét
1a cac thuat toan trén do thi di co nhiéu ung dung trong nhiéu linh vyc khac nhau nhu: Mang may
tinh, Ly thuyét ma, Tdi uu hoa, Kinh té hoc v.v... Chang han nhu tra 10i cau hoi: Hai may tinh trong
mang cé thé 1ién hé duge véi nhau hay khong ?; hay van dé phan biét hai hop chit hoa hoc c6 cung
cong thirc phan tir nhung lai khac nhau vé cong thirc cu tao ciing dugc giai quyét nhd mé hinh do
thi. Hién nay, mon hoc nay 1a mot trong nhiing kién thirc co s& ciia bd mdn khoa hoc may tinh.

Trong pham vi mot chuyén dé, khong thé noi k¥ va noi hét nhitng van dé cua 1y thuyét do thi. Tap
bai giang nay s& xem xét 1y thuyét do thi dudi goc d6 ngudi 1ap trinh, tic 1a khao sat nhitng thuit
toan co ban nhit co thé dé dang cai dit trén may tinh mot s tmg dung ciia nd. Cac khai niém
triru twong va cac phép chimg minh s& duge dién giai mot cach hinh thirc cho don gian va d& hiéu
chir khong phai 1a nhiitng chung minh chdt ché danh cho nguodi lam toan. Cong viéc cuia nguoi 1ap
trinh 13 doc hiéu duoc ¥ tudng co ban cua thuat todn va cai dat dugc chuong trinh trong bai toan
téng quat ciing nhu trong truong hop cu thé. Thong thuong sau qua trinh rén luyén, hau hét nhiing
ngudi 1ap trinh gan nhu phai thude 1ong cic mo hinh cai dat, dé khi ap dung co thé cai dat dang
ngay va hi¢u qud, khong bi mét thoi gi0 vao cac cong viéc go r6i. Boi viée g0 roi mot thuét toan tic
1a phai do lai timg budc tién hanh va tu tra 10i cau hoi: "Tai budc d6 néu dung thi phai nhu thé nao
2", d6 thyc ra 1a tiéu phi thoi gian vo ich dé chimg minh lai tinh dang dan cia thuat toan trong
truong hop cu thé, vai mot bo dit lidu cu thé.

Trude khi im hiéu cac van dé vé 1y thuyét d6 thi, ban phai co6 k¥ thuét 1ap trinh kha tét, ngoai ra
néu da c6 tim hiéu trudc vé cac ky thuat vét can, quay lui, mot s phwong phap t6i uu hod, cac bai
toan quy hoach dong thi s& gitip ich nhiéu cho viéc doc hiéu cac bai giang nay.
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§1. CAC KHAI NIEM CO’ BAN

I. DPINH NGHIA 1370) THI (GRAPH)
La mot cau tric roi rac gom cac dinh va cac canh ndi cac dinh d6. Pugc mé ta hinh thuc:
G=(V,E)
V goi 1a tip cac dinh (Vertices) va E goi 13 tip cac canh (Edges). C6 thé coi E 1a tap cac cip (u, v)
véiu va v 1a hai dinh cua V.
Mot s6 hinh anh cua d6 thi:

/\

So d6 giao thong Mang may tinh
Hinh 1: Vi du vé mé6 hinh d6 thi

C6 thé phan loai d6 thi theo dic tinh va s lugng ciia tap cac canh E:

Cho @6 thi G = (V, E). Pinh nghia mot cach hinh thirc

1. G dugc goi 1a don @b thi néu giita hai dinh u, v ctia V ¢ nhiéu nhét 1a 1 canh trong E ndi tir u
toi v.

2. G duoc goi 1a da dd thi néu giira hai dinh u, v cia V ¢6 thé c6 nhiéu hon 1 canh trong E nbi tir u
t61 v (Hién nhién don db thi ciing 1 da do thi).

3. G duogc goi la dd thi vé hwéng néu cac canh trong E 1a khong dinh hudng, tirc 1a canh ndi hai
dinh u, v bét ky cling 1a canh ndi hai dinh v, u. Hay noi cach khac, tap E gém cac cdp (u, v)
khong tinh tha tu. (u, v)=(v, u)

4. G duoc goi la dd thi ¢ hwoéng néu cac canh trong E 1a c6 dinh hudng, co thé c6 canh ndi tir
dinh u t6i dinh v nhung chua chic da c6 canh ndi tir dinh v téi dinh u. Hay noi cach khac, tap E
gém cac cdp (u, v) co tinh tht ty: (u, v) # (v, u). Trong dd thi ¢o hudéng, cac canh dugc goi la
cac cung. Do thi vo hudng ciing ¢ thé coi 1a d6 thi c6 hudng néu nhu ta coi canh ndi hai dinh
u, v bat ky trong duong véi hai cung (u, v) va (v, ).

Vi du:

Vo hudng C6 hudng Vo hudng C6 hudng
Pon d6 thi Pa d6 thi
Hinh 2: Phan loai d6 thi
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II. CAC KHAI NIEM

Nhu trén dinh nghia @6 thi G = (V, E) 12 mét céu triic roi rac, tic 1a cac tap V va E hoic 1a tap
hiru han, hoic 1a tip dém duoc, co nghia 14 ta c6 thé danh s tht ty 1, 2, 3... cho cac phan tir cia tip
V va E. Hon nita, dimg trén phuong dién nguoi lap trinh cho may tinh thi ta chi quan tim dén cac
d6 thi hitu han (V va E 1a tip hiru han) ma thoi, chinh vi vay tir day vé sau, néu khong cha thich gi
thém thi khi néi t6i d6 thi, ta hiéu rang d6 1a d6 thi hitu han.

Canh lién thudc, dinh ké, bac

e Ddi véi dd thi vo huéng G =(V, E). Xét mét canh e € E, néu e = (u, v) thi ta n6i hai dinh u va v
13 ké nhau (adjacent) va canh e nay lién thudc (incident) v6i dinh u va dinh v.

e V6i mot dinh v trong do thi, ta dinh nghia bac (degree) cua v, ky hiéu deg(v) 1a s6 canh lién
thudc voi v. D@ thay rang trén don d6 thi thi s6 canh lién thudc véi v cling 1a s6 dinh ké véi v.
Dinh ly: Gia sit G = (V, E) 1a d0 thi vo hudéng véi m canh, khi d6 tong tit ca cac bac dinh trong V

s& bang 2m:
2 deg(v) =2m
veV
Chirng minh: Khi lay tong tit ca cac bac dinh tirc 1a mdi canh e = (u, v) bat ky s& duoc tinh mot lan
trong deg(u) va mot lan trong deg(v). Tir d6 suy ra két qua.
H¢ qud: Trong d6 thi vo hudng, s6 dinh bac 1¢ 13 s chin

e Dbi véi dd thi co hudng G = (V, E). Xét mot cung e € E, néu e = (u, v) thi ta noi u ndi téi v va
v noi tir u, cung ¢ la di ra khéi dinh u va di vao dinh v. DPinh u khi d6 dugc goi 1a dinh dau,
dinh v dugc goi 1a dinh cubi ciia cung e.

e V6i mdi dinh v trong d6 thi c6 hudng, ta dinh nghia: Ban bic ra cua v ky hiéu deg’(v) 1a sd
cung di ra khoi nd; ban bac vao ky hiéu deg'(v) 1a sé cung di vao dinh dé

Dinh ly: Gia sit G = (V, E) 1a d6 thi c6 hudng v6i m cung, khi d6 tong tit ca cac ban bac ra clia cac

dinh bang tong tat ca cac ban bac vao va bang m:

Zdeg’ (v)= Zdeg+ (V)=m
veV veV

Chirng minh: Khi 13y tong tit ca cac ban bac ra hay ban bac vao, mdi cung (u, v) bat ky s& dugc

tinh ding 1 1an trong deg'(u) va ciing duoc tinh dung 1 1an trong deg’(v). Tir d6 suy ra két qua

Mot s6 tinh chét cua dd thi c6 hudng khong phu thude vao hudng cia cac cung. Do d6 dé tién trinh
bay, trong mot sb truong hop ta c6 thé khong quan tdm dén hudng cta cac cung va coi cac cung d6
1a cac canh cta do thi vo hudng. Va d6 thi v huéng d6 dugc goi 1a dd thi vé hwéng nén cua do thi
¢6 huéng ban dau.
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§2. BIEU DIEN DO THI TREN MAY TiNH

I. MA TRAN LIEN KE (MA TRAN KE)

Gid st G = (V, E) 1a mot don dd thi c6 sé dinh (ky hiéu | V]) 1a n, Khong mét tinh tbng quat c6
thé coi cac dinh duoc danh s 1, 2, ..., n. Khi d6 ta c6 thé biéu dién d6 thi bf?mg mot ma tran vuong
A = [aj] cép n. Trong do:

e a;=I1néu(i,j)e E

e a;=0néu(i,j)e E

e Quy udc a; =0 véi Vi,
Dbi v6i da do thi thi viéc bicu dién ciling tuong tu trén, chi cé diéu néu nhu (i, j) 1 canh thi khong
phai ta ghi s6 1 vao vi tri a;; ma 1a ghi s6 canh ndi gitra dinh i va dinh j

Vi du:

1 2 3 4 5 o
1 0 0 1 1 0 ‘
2 0 0 0 1 1 e..‘e
3 1 0 0 0 1l | <
41110 N 0 0’ ‘e
5 0 1 1 0 0
1 A
: O 0
; </
4 S
5 O ©

Cic tinh chit ciia ma trén lién ké:
1. D4i vé6i do thi vo hudng G, thi ma tran lién ké tuong tmg 1a ma tran ddi ximg (a; = aj), didu nay
khong ding véi do thi c6 hudng.
2. Néu G la do thi v hudng va A 1a ma tran lién ké tuong tmg thi trén ma tran A:
Téng cac s6 trén hang i = Tong céc sb trén cot i = Bac cua dinh i = deg(i)
3. Néu G la dd thi c6 hudéng va A 1a ma tran lién ké tuong tmg thi trén ma trén A:
e Tbng cac s trén hang i = Ban béc ra cua dinh i = deg (i)
e Tong céc s trén cot i = Ban bac vao cta dinh i = deg (i)
Trong truong hop G 1a don d6 thi, ta c6 thé biéu dién ma tran lién ké A tuong tng 13 cac phan tir
logic. a;; = TRUE néu (i, j) € E va a; = FALSE néu (i, j) ¢ E
Uu diém cua ma tran lién ké:
e Don gian, tryc quan, dé cai dat trén may tinh
e Dé kiém tra xem hai dinh (u, v) cua dd thi c6 ké nhau hay khong, ta chi vi¢c kiém tra bé‘mg mot
phép so sanh: a,y # 0.
Nhugc diém ciia ma tran lién ké:
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e Bt ké sb canh cua dd thi 1 nhiéu hay it, ma tran lién k& ludn ludn doi hoi n? 6 nhé dé luu cac
phan tir ma tran, diéu d6 gay lang phi bo nhé dan t6i viéc khong thé biéu dién duoc do thi vai sb
dinh I6n.

Véi mot dinh u bt ky caa dd thi, nhiéu khi ta phai xét tat ca cac dinh v khac ké vai no, hodc xét tat

ca céac canh lién thudce véi nd. Trén ma tran lién ké viée d6 duge thuc hién bé“mg cach xét tit ca cac

dinh v va kiém tra diéu kién a,, # 0. Nhu vay, ngay ca khi dinh u Ia dinh ¢6 1ap (khong k& voi dinh
nao) hodc dinh treo (chi ké véi 1 dinh) ta ciing budc phai xét tit ca cac dinh va kiém tra diéu kién
trén dan t6i lang phi thoi gian

II. DANH SACH CANH

Trong trudng hop d6 thi c6 n dinh, m canh, ta c6 thé biéu dién d6 thi dudi dang danh sach canh,
trong cach biéu dién nay, nguoi ta liét ké tit ca cac canh cua do thi trong mot danh sach, mdi phan
tir ctia danh sach 1a mot cdp (u, v) twong tmg véi mot canh ciia d6 thi. (Trong trudng hop do thi co
huéng thi mdi cip (u, v) tuong tmg véi mot cung, u 1a dinh dau va v 1a dinh cubi cta cung). Danh
sach dugc Iuu trong bd nhd dudi dang mang hodc danh sach méc ndi. Vi dy véi dd thi dudi day:

°
OSAYo
=

Cai dat trén mang:

Cai dat trén danh sach moc ndi:
1] 3 2 | 4 3]s 4 | 1 5 | 2
_ 1 7 4 nil

Uu diém cua danh sach canh:

e Trong truong hop do thi thua (c6 sé canh twong ddi nho: chang han m < 6n), cach biéu dién
béng danh sach canh sé tiét kiém dugc khong gian luu trit, bdi nd chi cin 2m 6 nhé dé luu danh
sach canh.

e Trong mdt sb truong hop, ta phai xét tAt ca cac canh cta do thi thi cai dat trén danh sach canh
1am cho viéc duyét cac canh dé dang hon. (Thuét toan Kruskal chang han)

Nhuoc diém cia danh sach canh:

e Nhugc diém co ban cta danh sach canh 13 khi ta can duyét tit ca cac dinh ké v6i dinh v nao do
cua dd thi, thi chéng c6 cach nao khac 1a phai duyét tat ca cac canh, loc ra nhitng canh c6 chira
dinh v va xét dinh con lai. Diéu d6 kha tn thoi gian trong truong hop do thi day (nhiéu canh).

III. DANH SACH KE

Dé khic phuc nhuoc diém cua cac phuong phap ma trdn ké va danh sach canh, ngudi ta dé xuit

phuong phap biéu dién d6 thi bang danh sach ké. Trong cach biéu dién nay, v6i mdi dinh v cta dd

thi, ta cho tuong tng véi n6 mot danh sach cac dinh ké véi v.

Vi dd thi G = (V, E). V gdm n dinh va E gdm m canh. C6 hai cach cai dit danh sach ké pho bién:
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Cach 1: (Forward Star) Dung mot mang cac dinh, mang do6 chia lam n doan, doan thr i trong mang

luu danh sach cac dinh k& vai dinh i: Vi du voi dd thi sau, danh sach ké s& 1a mot mang A g6m 12

phan tu:

1 2 3 4 5 6 7 8 9 10 11 12

2351 |3[1]2][4[3]|5|1]4
Poan 1 Poan 2 Poan 3 Poan 4 Poan 5

Dé biét mot doan nam tir chi s6 nao dén chi sd nao, ta c6 mot mang luu vi tri riéng. Ta goi méang luu

vi tri d6 13 mang Head. Head[i] s& bang chi s6 dung lién trudc doan thtr i. Quy uéc Head[n + 1] s&
bang m. Véi dd thi bén thi mang VT[1..6] s& 1a: (0, 3, 5, 8, 10, 12)

Nhu vy doan tir vi tri Head[i] + 1 d&én Head[i + 1] trong mang A sé& chtra cac dinh ké véi dinh i.
Luu y rang véi do thi c6 huéng gdm m cung thi cdu trac Forward Star can phai da chita m phan tt,
v6i d6 thi vo huéng m canh thi cau tric Forward Star can phai du chtra 2m phan tir

Cich 2: Dung céc danh sach méc ndi: Véi mdi dinh i cia d6 thi, ta cho twong tmg véi né mot danh
sach moc ndi cac dinh ké véi i, c6 nghia 1 twong tng v6i mot dinh i, ta phai luu lai List[i] 1a chét
cta mot danh sach méc ndi. Vi du véi d6 thi trén, danh sach méc ndi s& 1a:

Lis] ——>f2 | ——>3f3 | —F——>»{5 |[NI |
Lis]) ——»(1 | — 33 [Ni |
Listd] ——>»[1 | ——>»{2 | —F—>4 [NiI |
Listd] ———>{3 | —F—>»{5 |[Ni |
Lists) — /1 | ——3/4 [N |

Utu diém cta danh sach ké:

e Dbi v6i danh sach ké, viée duyét tat ca cac dinh ké v6i mot dinh v cho trudce 1a hét suc dé dang,
cai tén "danh sach k&" di cho thay rd diéu nay. Viéc duyét tit ca cac canh ciing don gian vi mot
canh thuc ra 12 ndi mot dinh véi mot dinh khac ké no.

Nhuoe diém cta danh sach ké

e V& Iy thuyét, so v6i hai phuong phap biéu dién trén, danh sach ké tét hon han. Chi c6 diéu,
trong truong hop cu thé ma ma tran ké hay danh sach canh khong thé hi¢n nhwoc diém thi ta
nén ding ma tran ké (hay danh sach canh) boi cai dit danh sach ké c6 phan dai dong hon.

IV. NHAN XET

Trén day la néu cac cach biéu dién dd thi trong bd nhd ciia may tinh, con nhap dir li¢u cho dd thi thi
c¢6 nhiéu cach khac nhau, ding cach nao thi tuy. Chang han néu biéu dién bang ma tran k& ma cho
nhap dit liéu ca ma tran cap n x n (n 1 s6 dinh) thi khi nhap tir ban phim s& rat mat thoi gian, ta cho
nhap kiéu danh sach canh cho nhanh. Chéng han mang A (nxn) la ma tran ké ciia mot dd thi vo
hudng thi ta c6 thé khoi tao ban dau mang A gdm toan sé 0, sau d6 cho ngudi st dung nhap céc
canh bang cach nhap cac cap (i, j); chuong trinh s& ting A[i, j] va A[j, i] 1én 1. Viéc nhap co thé cho
két thac khi nguoi st dung nhap gia tri i = 0. Vi du:

program Nhap Do Thi;
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var
A: array[1..100, 1..100] of Integer; {Ma tranké cliadd thi}
n, i, j: Integer;

begin
Write ('Number of vertices'); ReadLn(n);
FillChar (A, SizeOf(a), 0);

repeat
Write('Enter edge (i, j) (i = 0 to exit) ');
ReadLn (i, j); {Nhap mét cdp (i, j) twdng nhw la nhap danh sach canh}
if i <> 0 then
begin {nhwng lu trik trong bd nhé lai theo kiéu ma tran k&}

Inc(Ali, 3j1):
Inc(Alj, il):
end;
until i = 0; {Néu ngudi st dung nhap gia tri i = 0 thi dirng qué trinh nhap, néu khdng thi tiép tuc)

end.
Trong nhi€u truong hop du khong gian luu trit, viéc chuyén doi tir cach biéu dién nao do sang cach
biéu dién khac khong co gi kho khan. Nhung dbi vé6i thuat toan nay thi 1am trén ma tran ké ngén
gon hon, dbi voi thuat toan kia c6 thé 1am trén danh sach canh dé dang hon v.v... Do d6, véi muc
dich d& hiéu, cac chuong trinh sau ndy s& lya chon phuong phép biéu dién sao cho viéc cai dat don
gian nhat nhim néu bat duogc ban chat thuat toan. Con trong trudng hop cu thé bat buc phai ding
mdt cach biéu dién nao d6 khac, thi viéc stra di chuong trinh ciing khong tén qua nhiéu thoi gian.
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§3. CAC THUAT TOAN TiM KIEM TREN DO THI

I. BAI TOAN

Cho d6 thi G = (V, E). u va v 1a hai dinh cia G. Mot dwong di (path) d6 dai 1 tir dinh u dén dinh v
la day (u=x, Xy, ..., X1 = V) thod man (x;, Xi+;) € E v61 Vi: (0 <1 <]).

Duong di noi trén con co thé biéu dién boi day céc canh: (u = xo, X1), (X1, X2), «.., (X1.1, X| = V)

Pinh u dugc goi 1a dinh déu, dinh v duoc goi la dinh cudi cua duong di. Puong di c6 dinh dau trung
v6i dinh cudi goi 1a chu trinh (Circuit), dudng di khong c¢6 canh nao di qua hon 1 lan goi 1a dwong
di dom, tuong tu ta c6 khai niém chu trinh don.

Vi du: Xét mét do thi vé huwdng va mot do thi cé hiwdng duwéi day:

Trén cd hai do thi, (1, 2, 3, 4) la dwong di don d¢ dai 3 tir dinh 1 t6i dinh 4. Béi (1, 2) (2, 3) va (3,
4) déu la cdc canh (hay cung). (1, 6, 5, 4) khéng phdi dwong di boi (6, 5) khéng phdi la canh (hay
cung).
Mot bai toan quan trong trong 1y thuyét d6 thi 1a bai toan duyét tat ca cac dinh c6 thé dén duoc tir
mot dinh xuét phat nao d6. Van dé nay dua vé mot bai toan liét ké ma yéu cau cia n6 1a khong duoc
bo sot hay lip lai bat ky dinh nao. Chinh vi vy ma ta phai xay dung nhiing thuat toan cho phép
duyét mdt cach hé thdng cac dinh, nhimg thuat toan nhu vay goi 1a nhitng thut toan tim Kkiém
trén dd thi va ¢ dy ta quan tim dén hai thuat toan co ban nhat: thuit toan tim kiém theo chiéu
sdu va thuit toan tim kiém theo chiéu rong cung véi mot s tng dung cua ching.
Luuy:
1. Nhitng cai dat dudi day 1a cho don db thi vo hudng, mudn 1am véi do thi c6 huéng hay da do thi

cling khong phai sira doi gi nhiéu.
2. Dit lidu vé d6 thi s& duoc nhap tir file vin ban GRAPH.INP. Trong do:

e Dong 1 chtra s6 dinh n (£ 100), s6 canh m cua dd thi, dinh xuét phat S, dinh két thic F cach
nhau mét dau cach.
e m dong tiép theo, mdi dong c6 dang hai sb nguyén duong u, v cach nhau mot ddu cach, thé
hién c6 canh ndi dinh u va dinh v trong d6 thi.

3. Két qua ghi ra file vin ban GRAPH.OUT

e Dong 1: Ghi danh sach céc dinh c6 thé dén duoc tir S

e Dong 2: Puodng di tir S t6i F duoc in nguge theo chidu tir F vé S
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GRAPH. INP GRAPH.OUT
715 i, 2, 3, 5, 4, 6,
5<-3<-2<-1

N

N WDNDDNRE RO
o oUW Ww

IL. THUAT TOAN TiM KIEM THEO CHIEU SAU (DEPTH FIRST SEARCH)

1. Cai dat dé quy

Tu tudng cua thudt todn co thé trinh bay nhu sau: Trudc hét, moi dinh x ké v4i S tat nhién s& dén

dugc tir S. Vi mbi dinh x k& v6i S d6 thi tat nhién nhiing dinh y ké voi x ciing dén duoc tir S...

Diéu d6 goi ¥ cho ta viét mot thi tuc dé quy DFS(u) md ta viéc duyét tir dinh u bang cach thong

béo tham dinh u va tiép tuc qua trinh duyét DES(v) véi v 1a mot dinh chua tham ké véi u.

e  Dé khong mdt dinh nao bj liét ké toi hai 1an, ta str dung k¥ thuat danh ddu, mdi lan thim mot
dinh, ta danh dau dinh d6 lai dé cac budc duyét dé quy ké tiép khong duyét lai dinh d6 nira

e  Dé luu lai duong di tir dinh xuét phat S, trong thii tuc DFS(u), trude khi goi dé quy DFS(v)
v6i v 1a mot dinh ké v6i u ma chua danh dau, ta luu lai vét duong di tr u to1 v bz‘ing cach dat
TRACE[v] := u, tc 1a TRACE[v] luu lai dinh lién trudc v trong dudng di tir S toi v. Khi qua
trinh tim kiém theo chiéu sau két thic, dudng di tir S t6i F s& la:

F < p; = Trace[F] < p, = Trace[p;] «—... < S.

procedure DFS (ueV) ;
begin
< 1. Théng bdo téi dugc u >;
< 2. Panh diu u 13 di thim (cbé thé téi duoc tu S)>;
< 3. Xét moi dinh v k& v8i u mi chua thim, véi mdi dinh v dé >;

begin
Trace[v] := u; {Lwu vét dutrng di, dinh ma ttr d6 t&i v [a u}
DFS (V) ; {Goi d& quy duyét twong tw dbi véi v}
end;
end;

begin {Chwong trinh chinh}

< Nhép dir 1iéu: db thi, dinh xudt phat S, dinh dich F >;

< Kh&i tao: Tt ca cac dinh déu chua bi danh déu >;

DFS(S);

< Néu F chua bi danh diu thi khéng thé cbé dudng di tir S téi F >;

< Néu F d3 bi danh diu thi truy theo vét dé tim dudng di tix S téi F >;
end.

PROGO3 1.PAS * Thuidt toan tim kiém theo chiéu sau
program Depth First Search 1;

const
max = 100;
var
a: arrayl[l..max, 1..max] of Boolean; {Ma tran k& clia @ thi}
Free: array[l..max] of Boolean; {Free[v] = True < v chwa dugc thdm dén}
Trace: arrayl[l..max] of Integer; {Trace[v] = dinh lién trudc v trén dudng di tlr S t&i v}

n, S, F: Integer;
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procedure Enter; {Nhap di¥ liéu ttr thiét bi nhap chuan (Input)}

var
i, u, v, m: Integer;
begin
FillChar (a, SizeOf(a), False); {Kh&i tao dd thi chwa c6 canh nao}
ReadLn(n, m, S, F); {Pocdong 1radsbn, m, SvaF}
for i := 1 to m do {Boc m dong tiép ra danh sach canh}
begin
ReadLn(u, vVv);
alfu, vl := True;
al[v, ul := True;
end;
end;
procedure DFS(u: Integer); {Thuat toan tim kiém theo chiéu sau bat dau tir dinh u}
var
v: Integer;
begin
Write(u, ', '"); {Théng bao t&i dwoc u}
Free[u] := False; {Panh dau u da thamy
for v := 1 to n do
if Freelv] and alu, v] then {V&i mbi dinh v chwa thdm ké véi u}
begin
Tracelv] := u; {Lwu vét duong di: Dinh lién trwde v trong dwdng di tr S ti v 1a u}
DFS (V) ; {Tiép tuc tim kiém theo chiéu sau bt dau tir v}
end;
end;
procedure Result; {In dwdng di tr S t&i F}
begin
WriteLn; {Vao dong tht hai clia Output file}
if Free[F] then {Néu F chwa danh diu tham ttrc Ia khdng oo duong)
WriteLn('Path from ', S, ' to ', F, ' not found')
else {Truy vét dudng di, bat diu tr F}
begin
while F <> S do
begin
Write(F, '<-');
F := TracelF];
end;
WriteLn (S) ;
end;
end;
begin

{Binh nghia lai thiét b nhap/xuét chuan thanh Input/Output file}
Assign (Input, 'GRAPH.INP'); Reset (Input);
Assign (Output, 'GRAPH.OUT'); Rewrite (Output);
Enter;
FillChar (Free, n, True);
DFS (8S) ;
Result;
{Péng Input/Output file, thue ra khdng can vi BP t dong dong thiét bi nhap xuét chudn truée khi két thic chwong trinh}
Close (Input) ;
Close (Output) ;
end.

Chu y:

a) Vi co ky thuat danh dau, nén thu tuc DFS s& duoc goi < n lan (n 14 s6 dinh)

b) Duongditir S t6i F 6 thé co nhiéu, & trén chi 1a mot trong sd cac duong di. Cu thé 1a duong
di co thir tu tir dién nho nhat.
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¢)  Co thé ching can dung mang danh dau Free, ta khoi tao mang luu vét Trace ban dau toan 0,
mdi 1an tir dinh u thdm dinh v, ta ¢ thao tac gan vét Trace[v] := u, khi d6 Trace[v] s& khac 0.
Vay viéc kiém tra mot dinh v 1a chua duoc tham ta c6 thé kiém tra Trace[v] = 0. Cha ¥: ban
dau khai tao Trace[S] := -1 (Chi la dé cho khac 0 thoi).
procedure DFS(u: Integer); {Caitién}
var
v: Integer;
begin
Write(u, ', ');
for v := 1 to n do
if (Tracelv] = 0) and A[u, v] then ({Trace]v] =0 thay vi Free[v] = True}
begin
Tracel[v] := u; {Luwuvétcingladanhdiulusn}
DFS (V) ;
end;
end;
Vi du: Véi do thi sau day, dinh xuat phat S = 1: qua trinh duyét d€ quy co6 thé vé trén cay tim kiém

DFS sau (Miii tén u—v chi thao tac dé quy: DFS(u) goi DFS(v)).

2nd 5th

Hinh 3: Cay DFS

Hai: Binh 2 va 3 déu k& voi dinh 1, nhwng tai sao DFS(1) chi goi dé quy t&i DFS(2) ma khdng goi DFS(3) 2.
Tra Ioi: Bung la ca 2 va 3 déu k& v&i 1, nhwng DFS(1) s& tim thdy 2 trwéic va goi DFS(2). Trong DFS(2) s& xét tAt ca cac dinh k& voi 2
ma chwa danh d4u thi di nhién trwéc hét nd tim thay 3 va goi DFS(3), khi d6 3 da bi danh dau nén khi két thic qua trinh dé quy goi
DFS(2), lui v& DFS(1) thi dinh 3 d& dugc tham (g4 b danh dAu) nén DFS(1) s& khdng goi DFS(3) niva.
Hai: Néu F = 5 thi dwérng di tir 1 16i 5 trong churong trinh trén s& in ra thé nao 2.
Tra loi: DFS(5) do DFS(3) goi nén Trace[5] = 3. DFS(3) do DFS(2) goi nén Trace[3] = 2. DFS(2) do DFS(1) goi nén Trace[2] = 1. Vay
dudng dila: 5 3«2 «1.
Véi cdy thé hién qua trinh dé quy DFS & trén, ta thdy néu day chuyén dé quy 1a: DFS(S) — DFS
(u;) = DFS(uy) ... Thi thu tuc DFS nao goi cubi day chuyén s& duoc thoat ra dau tién, thi tuc
DFS(S) goi dau day chuyén s& duoc thoat cudi cing. Vay nén ching, ta c6 thé mé ta day chuyén dé
quy bang mot ngin xép (Stack).
2. Cai dat khong dé quy
Khi md ta qua trinh dé quy bang mot ngan xép, ta ludn luén dé cho ngan xép luu lai day chuyén
duyét sau tir nat gdc (dinh xuét phat S).

<Thim S, danh diu S d& thim>;

<Pdy S viao ngidn xép>; {Day chuyén dé quy ban dau chi cé mbt dinh S}
repeat
<LAy u khéi ngdn xép>; {Pang dirng & dinh U}
if <u cé dinh ké chwa thim> then
begin

<Chi chon 13y 1 dinh v, 14 dinh d3u tién k& u mi chua duoc tham>;
<Théng bao tham v>;

<Pdy u tré lai ngdn xép>; (Gi» lai dia chi quay lui}
<Piy tiép v viao ngidn xép>; {Day chuyén duyét sau duoc "ndi" thém v niva}
end;

{Con néu u khéng c6 dinh k& chura tham thi ngan xép sé& ngan lai, twong ng voi qua trinh Iui vé& clia day chuyén DFS}
until <Ngan xép rong>;
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PROG03 2.PAS * Thuadt toan tim kiém theo chiéu sidu khéng dé quy

program Depth First Search 2;

const
max

var
a:
Free:
Trace:
Stack:
n, S,

100;
array[l..max, 1l..max]
F, Last:

Integer;

procedure Enter;

of Boolean;

array[l..max] of Boolean;
array[l..max] of Integer;
array[l..max] of Integer;

{Nhap di liéu (tv thiét bj nhap chun)}

var
i, u, v, m: Integer;
begin
FillChar (a, SizeOf(a), False);
Readln(n, m, S, F);
for i := 1 to m do
begin
ReadLn (u, v);
afu, vl := True;
al[v, ul := True;
end;
end;
procedure Init; {Khditao}
begin
FillChar (Free, n, True); {Cacdinhdéuchwadanh dau}
Last := 0; {Ng&n xép rong}
end;
procedure Push(V: Integer); {PaymotdinhV vaonginxép}
begin
Inc (Last);
Stack[Last] := V;
end;
function Pop: Integer; {LAy mot dinh khoi ngin xép, tra vé& trong két qua ham}
begin
Pop := Stack[Last];

Dec (Last) ;
end;

procedure DFS;

var
u, v: Integer;
begin
Write(S, ', '); Freel[S] := False; {Tham S, danh d&u S d4 tham}
Push(S) ; {Kh&i dong day chuyén duyét sau}
repeat
{Day chuyén duyét sdu dang la S— ... u}
u := Pop; {u 1a diém cudi ciia day chuyén duyét sau hién tai}
for v := 1 to n do
if Freel[v] and alu, v] then {Chon v la dinh d4u tién chuwa tham k& v&i u, néu co:}
begin
Write(v, ', '); Freelv] := False; {Thdmyv,danhdauvdatham}
Tracelv] := u; {Lwu vét duong di)
Push(u); Push(v); {Day chuyén duyét sau bay giv’ 1a S— ... u— v}
Break;
end;
until Last = 0; {Nganxéprong}

end;
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procedure
begin
Writeln;

Result;

if Free[F] then
WriteLn('Path from ',

else
begin

while F <> S do
begin

Write(F, '<-');
F := Tracel[F];

end;
WriteLn(S);

end;
end;

begin

Assign (Input,
Assign (Output,

Enter;
Init;
DFS;
Result;

Close (Input);
Close (Output) ;

end.

S,

{In dwdng di tr S t&i F}

' to ', F,

' not found')

'"GRAPH.INP'); Reset (Input);
'GRAPH.OUT') ; Rewrite (Output);

Vi du: Véi do thi dudi dy (S = 1), Ta thir theo ddi qua trinh thuc hién thu tuc tim kiém theo chiéu
sau dung ngan xép va ddi sanh thir ty cac dinh duge thim véi thi ty tir 1st dén 6th trong cdy tim

kiém cua thu tuc DFS dung dé quy.

Trudc hét ta thim dinh 1 va day né vao ngin xép.

Budc 1ap Ngan xép u v Ngan xép sau mdi buéc Giai thich

1 (1) 1 2 (1,2) Tién sau xudng tham 2
2 (1, 2) 2 3 (1,2, 3) Tién sau xudng tham 3
3 (1,2, 3) 3 5 (1,2, 3,5) Tién sau xudng tham 5
4 (1,2, 3, 5) 5 | Khéngcé | (1, 2, 3) Lui lai

5 1, 2, 3) 3 | Khéngco | (1, 2) Lui lai

6 (1,2) 2 4 (1,2, 4) Tién sau xudng tham 4
7 (1,2, 4) 4 6 (1,2, 4,6) Tién sau xudng tham 6
8 (1,2, 4, 6) 6 | Khéngco | (1,2, 4) Lui lai

9 (1,2, 4) 4 | Khéngco | (1,2) Lui lai

10 1, 2) 2 | Khéngco | (1) Lui lai

11 (1) 1 Khéng cé | & Lui hét day chuyén, Xong

Trén day la phuong phap dua vao tinh chat cua thi tuc dé quy dé tim ra phuwong phap mé phong no.

Tuy nhién, trén mo hinh dd thi thi ta c6 thé c6 mot cach viét khac tét hon ciing khong dé quy: Thir

nhin lai cach tham dinh cua DFS: Ttr mét dinh u, chon léy mdt dinh v ké né ma chua thim rdi tién

sau xuéng tham v. Con néu moi dinh k& u déu da tham thi 1ui lai mot bude va 1ap lai qué trinh tuong
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tu, viéc lui lai nay cé thé thuc hién dé dang ma khong can dung Stack nao ca, boi vdi mdi dinh u da
c6 mot nhan Trace[u] (1a dinh ma da tir d6 ma ta téi tham u), khi quay lui tir u s€ lui vé do.
Vay néu ta dang dimg & dinh u, thi dinh ké tiép phai tham t&i s& duge tim nhu trong ham FindNext
dudi day:
function FindNext (ueV): €V; {Tim dinh s& thdm sau dinh u, trd v& 0 néu moi dinh t&i duoc tr S déu da tham}
begin
repeat
for (Vv € Ké&(u)) do
if <v chuwa thim> then  {Né&uu od dinh k& chwathdm thi chon dinh k& dau tién chwa tham dé tham tiép}
begin
Trace [v]
FindNext :
Exit;
end;
u := Tracelul; {Néukhdng, Itivé motbudc. Luuy la Trace[S] dwoc gan bing n + 1}
until u = n + 1;
FindNext := 0; {& trénkhong Exit dwoc tirc la moi dinh t&i dwoc tir S da duyétxong}
end;

u; {Luwuvét)
v;

begin {Thuat toan duyét theo chiéu sau}
Trace([S] :=n + 1;
u = S;
repeat

<Théng bao thim u, danh ddu u di thim>;
u := FindNext (u);
until u = 0;
end;

III. THUAT TOAN TIM KIEM THEO CHIEU RONG (BREADTH FIRST SEARCH)

1. Cai dit bing hang dgi

Co s& cua phuong phdp cai dat nay la "lap lich" duyét cac dinh. Viéc tham mot dinh s 1én lich
duyét cac dinh ké no sao cho thir tr duyét 14 vu tién chiéu rong (dinh nao gan S hon s& duoc duyét
trude). Vi du: Bit du ta tham dinh S. Viéc tham dinh S s& phat sinh tht tu duyét nhimmg dinh (x,,
X2, ..oy Xp) ké voi S (nhitng dinh gan S nhat). Khi tham dinh x, s& lai phat sinh yéu cau duyét nhimng
dinh (ui, uz ..., ug) ké voi x;. Nhung rd rang cac dinh u nay "xa" S hon nhimng dinh x nén ching chi
dugc duyét khi tat ca nhitng dinh x da duyét xong. Tuc 1a thir ty duyét dinh sau khi da tham x; sé€ la:

(X2, X3..., Xp, U1, U2, ..., Ug).

Hinh 4: Cay BFS
Gia su ta c6 mdt danh sach chira nhitng dinh dang "cho" tham. Tai mdi budc, ta thim mot dinh dau

danh sach va cho nhitng dinh chua "xép hang" ké véi né xép hang thém vao cudi danh sach. Chinh
vi nguyén tic d6 nén danh sach chira nhitng dinh dang chd s& dugc t6 chuc dudi dang hang doi
(Queue)

Ta s€ dung gidi thuat nhu sau:

Budc 1: Khéi tao:
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e (Cic dinh déu & trang thai chua danh ddu, ngoai trir dinh xuét phat S 1a da danh déu

e Mot hang doi (Queue), ban ddu chi c6 mot phan tir 1a S. Hang doi ding dé chira cac dinh s&

duoc duyét theo thur ty uu tién chiéu rong

Budc 2: Lip cac bude sau dén khi hang doi rong:

° Léy u khoi hang doi, thong bdo tham u (Bét dau viée duyét dinh u)

e Xét tat ca nhitng dinh v ké véi u ma chua dugce danh dau, véi mdi dinh v do:

1. Danh dau v.

2. Ghi nhan vét dudng di tir u t6i v (C6 thé lam chung véi viéc danh dau)

3. Béy v vao hang doi (v s€ chd dugc duyét tai nhitng budc sau)

Budc 3: Truy vét im duong di.

PROGO3 3.PAS * Thuadt toan tim kiém theo chiéu rdéng diing hiang doi

program Breadth First Search 1;

const
max = 100;
var

a: arrayl[l..max, 1l..max] of Boolean;

Free: arrayl[l..max] of Boolean;

Trace: arrayl[l..max] of Integer;
Queue: array[l..max] of Integer;
n, S, F, First, Last: Integer;

procedure Enter;
var

i, u, v, m: Integer;
begin

{Nhap ds liéu)

FillChar (a, SizeOf(a), False);

Readln(n, m, S, F);
for i := 1 to m do
begin
ReadLn(u, Vv);
afu, vl := True;
alv, ul := True;
end;
end;
procedure Init; {Kh&i tac}
begin
FillChar (Free, n, True);
Free[S] := False;

Queue[l] := S;

Last := 1;

First := 1;
end;

procedure Push(V: Integer);
begin

Inc (Last) ;

Queue [Last] := V;
end;

function Pop: Integer;
begin
Pop := Queue[First];
Inc (First);
end;

{Céac dinh déu chwa danh du}
{Ngoai tnr dinh S}
{Hang doi chi gdm 06 mét dinh S}

{Pay mot dinh V vao hang doi}

{L&y mdt dinh khdi hang doi, tra vé& trong két qua ham}

procedure BFS; {Thuattoan timkiém theo chiéu réng}

var

{Free[v] < v chwa dwoc xép vao hang doi dé chd thamy
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u, v: Integer;
begin
repeat
u := Pop; {LAy mot dinh u khdi hang doi}
Write(u, ', '); {Théng bao tham u}
for v := 1 to n do
if Freelv] and alu, vl then {Xétnhitngdinhv chwadanh d4u ké u}
begin
Push(v) ; {Pwa v vao hang doi dé chey thamy
Free[v] := False; {Panh dau v}
Tracelv] := u; {Lwu vét duong di: dinh lién trwde v trong dwemng di tr S 1a u}
end;
until First > Last; {Cho t&i khi hang dgi réng}
end;

procedure Result;
begin
WriteLn;
if Freel[F] then
WriteLn('Path from ',
else
begin
while F <> S do
begin
Write (F,
F :=
end;
WriteLn(S);
end;
end;

{In dudrng di tir S t6i F}

S, " to ', F, ' not found')

'<-');
Trace[F];

begin
Assign (Input,
Assign (Output,
Enter;
Init;
BFS;
Result;
Close (Input) ;
Close (Output) ;
end.

'GRAPH.INP'); Reset (Input);
'"GRAPH.OUT') ; Rewrite (Output) ;

Vi du: Xét d thi dudi day, Dinh xuat phat S = 1.

Hang doi Dinh u Hang doi Cac dinh v ké u ma | Hang doi sau khi day
(1ay ra tir hang de¢ii) | (sau khi lay u ra) chwa lén lich nhirng dinh v vao

™ 1 2 2.3 2.3)

(2, 3) 2 (3) 4 (3, 4)

(3, 4) 3 (4) 5 (4, 5)

(4, 5) 4 (5) 6 (5, 6)

(5, 6) 5 (6) Khéng co6 (6)

6) 6 2 Khong co %)
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bé y thir tu cac phén tr léy ra khoi hang doi, ta théy trude hét 1a 1; sau d6 dén 2, 3; r6i mdi t6i 4, 5;
cudi cung la 6. RO rang 1a dinh g'?m S hon s€ dugc duyét trude. Va nhu vay, ta c6 nhan xét: néu két
hop luu vét tim duong di thi dwong di tir S t6i F sé 1a dwong di ngin nhit (theo nghia qua it canh
nhét)

2. Cai dit bang thuit toan loang

Céch cai dat nay str dung hai tap hop, mot tdp "cli" chura nhitng dinh "dang xét", mot tap "maoi"
chtra nhimng dinh "s& xét". Ban dau tap "ci" chi gdm mdi dinh xut phat, tai mi budc ta s& dung tap
"ci" tinh tap "madi", tap "maoi" s& gém nhtrng dinh chua dugc tham ma ké v&i mét dinh nao d6 cua
tap "cit". Lap lai cong viéc trén (sau khi di gan tap "cii" bang tap "mai") cho téi khi tap cii 1a rong:

Hinh 5: Thuit toan loang
Gidi thudt loang c6 thé dwng nhw sau:
Budc 1: Khai tao
Céc dinh khac S déu chua bi ddnh dau, dinh S bi danh dau, tap "cii" Old := (s}
Budc 2: Liap cac budce sau dén khi Old = &

" ~n

e Dattdp "mdi" New = J, sau d6 dung tap "cl" tinh tdp "mai" nhu sau:
e Xét cac dinh u e Old, véi mbi dinh u do:
¢ Thong bao tham u
o Xéttitca nhiing dinh v ké v&i u ma chua bi danh dau, véi mdi dinh v do:
= Pénh diu v
» Luu vét dudng di, dinh lién trude v trong dudng di S—v la u
= Pua v vao tap New
e Gan tap "cii" Old := tap "méi" New va lap lai (c6 thé luan phién vai trd hai tip nay)
Budc 3: Truy vét tim duong di.

PROG03 4.PAS * Thuadt toan tim kiém theo chiéu rdéng diing phuong phap loang

program Breadth First Search 2;

const
max = 100;

var
a: arrayl[l..max, 1l..max] of Boolean;
Free: arrayl[l..max] of Boolean;
Trace: array[l..max] of Integer;
O0ld, New: set of Byte;
n, S, F: Byte;

procedure Enter; {Nhap di¥ liéu}

var
i, u, v, m: Integer;

begin
FillChar (a, SizeOf(a), False);
ReadLn(n, m, S, F);
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for i := 1 to m do
begin
ReadLn(u, v);
alu, vl := True;
alv, ul := True;
end;
end;

procedure Init;

begin
FillChar (Free, n, True);
Free[S] := False; {Cacdinhdéu chwadanh du, ngoai trr dinh S da danh dau}
0ld := [S]; {Tap "cii" khdi tao ban dau chi 06 mbi S}

end;

procedure BFS; ({Thuattoanloang}
var
u, v: Byte;
begin
repeat {Lap: dung Old tinh New}
New := [];
for u := 1 to n do
if u in 01ld then {Xétnhirngdinh utrong tap Old, v&i mbi dinh u do:}
begin
Write(u, ', '); {Théngbao tham u}
for v := 1 to n do
if Freelv] and alu, v] then {Quéttitca nhitngdinh v chwa bj danh dau ma k& v&i u}
begin
Freelv] := False; {Panhdauvva lwuvétduongdi}
Tracel[v] := u;
New := New + [v]; {Pwavvaotap New}

end;
end;
0ld := New; {Gan tap "ci" := tap "mai" va lap lai}
until 01d = []; {Cho t&ikhi khong loang dwoc niva}

end;

procedure Result;
begin
WriteLn;
if Freel[F] then
WriteLn('Path from ', S, ' to ', F, ' not found')

else
begin
while F <> S do
begin
Write(F, '<-');
F := Tracel[F];
end;
WriteLn(S);
end;
end;
begin

Assign (Input, 'GRAPH.INP'); Reset (Input);
Assign (Output, 'GRAPH.OUT'); Rewrite (Output);
Enter;
Init;
BFS;
Result;
Close (Input) ;
Close (Output) ;
end.
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IV. PO PHUC TAP TINH TOAN CUA BFS VA DFS

Qua trinh tim kiém trén do thi bat dau tir mot dinh c6 thé tham tat ca cac dinh con lai, khi d6 cach

biéu dién d6 thi c6 anh huong 16n t6i chi phi vé thoi gian thuc hién giai thuat:

e Trong trudng hop ta biéu dién do thi bang danh sach ké, ca hai thuat toan BFS va DFS déu co
d6 phirc tap tinh toan 13 O(n + m) = O(max(n, m)). Pay 14 cach cai dat tot nhét.

e Néu ta biéu dién dd thi béng ma tran ké nhu & trén thi d6 phuec tap tinh toén trong trudng hop
nay 1a O(n + n%) = O(n?).

e Néu ta biéu dién d6 thi bang danh sach canh, thao tac duyét nhitng dinh ké véi dinh u s& dan téi
viéc phai duyét qua toan bd danh sach canh, ddy 1a cai dat toi nhat, né c6 do phtc tap tinh toan
la O(n.m).
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§4. TINH LIEN THONG CUA BbO THI

I. PINH NGHIA

1. Déi véi db thi vé huéng G = (V, E)

G goi 1a lién théng (connected) néu ludn ton tai duong di gitta moi cip dinh phan biét ciia do thi.
Néu G khong lién thong thi chic chin n6 s& 1a hop cta hai hay nhiéu db thi con” lién thong, cac dd
thi con nay doi mot khong co dinh chung. Cac dd thi con lién thong roi nhau nhu vay duoc goi 1a
cac thanh phan lién thong cia d6 thi dang xét (Xem vi du).

G2
(—
Gs
Gs

Hinh 6: D6 thi G va cic thanh phan lién thong G,, G,, G; clia n6
Pai khi, viéc xoa di mot dinh va tat ca cac canh lién thudc véi néd sé tao ra mot do thi con méi c6
nhiéu thanh phan lién thong hon d6 thi ban dau, cic dinh nhu thé goi 1a dinh cit hay diém khép.
Hoan toan tuong ty, nhitng canh ma khi ta bo n6 di s€ tao ra mot dd thi c6 nhiéu thanh phén lién
thong hon so voi dd thi ban dau dugc goi la mgt canh cit hay mdt cAu.

f

Hinh 7: Khép va ciu
2. P6i v6i do thi ¢6 huwéng G = (V, E)
C6 hai khai niém vé tinh lién thong ciia d6 thi c6 hudng tuy theo chiing ta ¢ quan tdm t&i hudng
cua cac cung khong.
G goi 12 lién théng manh (Strongly connected) néu ludn ton tai duong di (theo cac cung dinh
huéng) giita hai dinh bat ky ciia d6 thi, g goi 14 lién théng yéu (weakly connected) néu do thi vo
huéng nén cta no 1a lién thong

AV Zan

Hinh 8: Lién thong manh va Lién thong yéu

"Pd thi G =(V, E) 1a con cua d6 thi G'= (V', E') néu G 13 db thi c6 VEV'vaE c E'
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IL. TINH LIEN THONG TRONG PO THI VO HUONG

Mot bai todn quan trong trong 1y thuyét do thi 1a bai toan kiém tra tinh lién thong cta do6 thi vo

huéng hay tong quat hon: Bai toan liét ké cac thanh phan lién thong ciia do thi vo hudng.

Gia st d6 thi vo huéng G = (V, E) c6 n dinh danh s 1, 2, ..., n.

Dé liét ké cac thanh phan lién thong ctiia G phuong phap co ban nhat la:

e Dénh diu dinh 1 va nhitng dinh c6 thé dén tir 1, thong bao nhing dinh d6 thudc thanh phan lién
thong thi nhét.

e Néu tit ca cac dinh déu da bi danh du thi G 1a do thi lién thong, néu khong thi s& ton tai mot
dinh v ndo d6 chua bj danh dau, ta s& danh diu v va cac dinh ¢ thé dén dugc tir v, thong bao
nhirng dinh d6 thudc thanh phan lién thong thir hai.

e Vacir tiép tuc nhu vay cho t6i khi tat ca cac dinh déu da bi danh diu

procedure Duyét (u)

begin o

<Dling BFS hodc DFS liét k& va danh diu nhitng dinh cé thé dén duoc tir u>
end;

begin

for V v € V do <khdi tao v chuwa danh diu>;
Count := 0;
for u := 1 to n do
if <u chuwa danh ddu> then
begin
Count := Count + 1;
WriteLn ('Thianh phédn lién théng tht ', Count, ' gdm cac dinh : ');
Duyét (u) ;
end;

end.
V6i thuat toan liét ké cac thanh phan lién thong nhu thé nay, thi do phuc tap tinh toan clia nd dung
bang d6 phirc tap tinh toan cua thuét toan tim kiém trén d6 thi trong thu tuc Duyét.

I11. PO THI DAY PU VA THUAT TOAN WARSHALL

1. Dinh nghia:

Db thi ddy du v6i n dinh, ky hiéu Ky, 13 mot don d6 thi vo huéng ma giira hai dinh bat ky cta nd
déu c6 canh ndi.

Db thi ddy du K, co dung: (" = @ canh va bic ctia moi dinh déu bing n - 1.

K3 K4 K5

Hinh 9: D6 thi diy du
2. Bao déng do thi:
Véi @6 thi G = (V, E), ngudi ta xdy dung d6 thi G' = (V, E') cling gdm nhirng dinh ctia G con céc
canh xay dung nhu sau: (& day quy udc gitta u va u luén c6 duong di)
Giita dinh u va v ciia G' ¢6 canh ndi < Giira dinh u va v cia G ¢6 duong di
Do thi G' xay dung nhu vay dugc goi l1a bao dong cta dd thi G.
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Tir dinh nghia ctia d6 thi ddy du, ta d& dang suy ra mot do thi day du bao gio ciing lién thong va tir

dinh nghia dd thi lién thong, ta cling dé dang suy ra dugc:

. Mot don db thi vo hudngla lién thong néu va chi néu bao dong ctia no 1a d6 thi day du

e Mot don dd thi vo hudng c6 k thanh phan lién thong néu va chi néu bao dong cua né c6 k
thanh phan lién thong day di.

<7 Ny

Hinh 10: Pon dd thi vé huéng va bao déng ciia n6
Boi viée kiém tra mot do thi c6 phai d6 thi ddy du hay khong c6 thé thuc hién kha dé dang (dém sb
canh chang han) nén ngudi ta nay ra y tudng c6 thé kiém tra tinh lién théng cta do thi thong qua
viéc kiém tra tinh déy du cua bao dong. Van dé dat ra 1a phai c6 thuat toan xay dung bao dong cla
mét dd thi cho trude va mot trong nhiing thuat toan do la:
3. Thuat toan Warshall

Thuat todn Warshall - goi theo tén ctiia Stephen Warshall, ngudi da mo ta thuat toan nay vao nam
1960, doi khi con dugce goi 1a thuat toan Roy-Warshall vi Roy cling d3 mé ta thudt toan nay vao
nam 1959. Thuét toan d6 c6 thé mo ta rat gon:

Tir ma tran ké A cta don d6 thi vo hudng G (ajj = True néu (i, j) 1a canh cua G) ta s& stra d6i A dé
n6 tré thanh ma tran k& ctia bao dong bang cach: Véi moi dinh k xét theo thir tw tir 1 t6i n, ta xét
tit ca cac cip dinh (u, v): néu c6 canh ndi (u, k) (au = True) va ¢ canh ndi (k, v) (ax, = True)
thi ta tw ndi thém canh (u, v) néu n6 chwa co6 (dit a,, := True). Tu tudng ndy dwa trén mot quan
sat don gian nhu sau: Néu tir u c6 duong di t6i k va tir k lai c¢6 duong di téi v thi tit nhién tir u s& co
duong di toi v.

Vi n 14 s6 dinh cta d6 thi, ta c6 thé viét thuat toan Warshall nhu sau:

for k := 1 to n do
for u := 1 to n do
if alu, k] then
for v := 1 to n do
if alk, v] then alu, v] := True;
hoic
for k := 1 to n do
for u := 1 to n do
for v := 1 to n do
alu, vl := a[u, v] or alu, k]l and alk, vil;

Viéc chimg minh tinh dung dan cta thuat toan doi hoi phai 14t lai cac 1y thuyét vé bao dong bic cau
va quan hé lién thong, ta s& khong trinh bay ¢ day. C6 nhan xét rang tuy thuét toan Warshall rat d&
cai dit nhung d6 phirc tap tinh toan cia thuat toan nay kha 16n (O(n?)).

Duéi déy, ta sé thir cai dat thuat toan Warshall tim bao dong ctia don d6 thi vo huéng sau d6 dém sb
thanh phan lién thong cta db thi:

Viéc cai dat thuat toan s€ qua nhirng buéc sau:

1. Nhap ma tran k& A cta dd thi (Luu ¥ & day A[v, v] ludn duogc coi 1a True v6i Vv)

2. Dung thudt toan Warshall tim bao dong, khi d6 A 1a ma tran ké cta bao dong dd thi
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3. Dua vao ma tran ké A, dinh 1 va nhitng dinh ké véi no s& thude thanh phén lién thong thir nhéat;
v6i dinh u ndo d6 khong ké véi dinh 1, thi u cung véi nhitng dinh ké né s& thudc thanh phén lién
thong thir hai; v6i dinh v nao d6 khong ké véi ca dinh 1 va dinh u, thi v cing véi nhimng dinh ké
n6 s& thudc thanh phan lién thong thir ba v.v...

Input: file van ban GRAPH.INP

e Dong 1: Chira s6 dinh n (< 100) va s6 canh m cta d6 thi cach nhau it nhat mot ddu cach

u

e mdong tiép theo, mdi dong chtra mot ciip sb u va v cach nhau it nhat mot dau cach tuong trung

cho mot canh (u, v)

Output: file vin bian GRAPH.OUT

e Liét ké cac thanh phan lién thong

GRAPH.INP GRAPH.OUT
12 9 Connected Component 1:
13 i, 2, 3, 4, 5,
14 Connected Component 2:
1 5 6’ 7’ 8’
2 4 Connected Component 3:
6 7 9, 10, 11, 12,
6 8
9 10
‘E’ 9 11
11 12

PROG04 1.PAS * Thuat toan Warshall 1iét ké& cadc thanh phdn lién théng

program Connectivity;
const

max = 100;
var
a: arrayl[l..max,
Free: arrayl[l..max] of Boolean;
k, u, v, n: Integer;
Count: Integer;

procedure Enter;
var
i, u, v, m:
begin
FillChar (a,
ReadLn (n,
for v :=
for i :=
begin
ReadLn (u,
afu, vl :=
alv, ul :=
end;

Integer;

SsizeOf (a),
m) ;

1l to n do alv,
1l tom do

v);
True;
True;

1..max] of Boolean;

vl

{Nhap @b thi}

False) ;

{Ma tran k& ctia @b thi}
{Free[v] = True < v chuwa duoc liét ké vao thanh phan lién théng nao}

:= True; {Dinhiéntlrvcd dudngdidén chinh v}
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end;

begin
Assign (Input, 'GRAPH.INP'); Reset (Input);
Assign (Output, 'GRAPH.OUT'); Rewrite (Output);
Enter;
{Thuat toan Warshall}
for k := 1 to n do
for u := 1 to n do
for v := 1 to n do
alu, vl := alu, vl or alu, k]l and alk, vil;
Count := 0;
FillChar (Free, n, True); {Moidinhdéuchwadwocliét ké vao thanh phan lién thong nao}
for u := 1 to n do
if Free[u] then {V&i mot dinh u chwa dugc liét ké vao thanh phan lién théng nao}
begin
Inc (Count) ;
WriteLn ('Connected Component ', Count, ': ');
for v := 1 to n do

if al[u, v] then {Xét nhirng dinh k& u (trén bao déng)}
begin
Write(v, ', '"); {Liét k& dinh d6 vao thanh phan lién thong chira u}
Freel[v] := False; {Liétké dinhndodanh dau dinh dd}
end;
Writeln;

end;
Close (Input) ;
Close (Output) ;
end.

IV. CAC THANH PHAN LIEN THONG MANH

Dbi v6i do thi c6 hudng, ngudi ta quan tim dén bai toan kiém tra tinh lién théng manh, hay tong
quat hon: Bai toan liét ké cac thanh phan lién thong manh caa do thi c6 hudng. Di voi bai toan d6
ta c6 mot phuong phap kha hitu hiéu dua trén thuat toan tim kiém theo chiéu sau Depth First
Search.
1. Phan tich
Thém vao dd thi mot dinh x va ndi x véi tit ca cac dinh con lai cia d6 thi bang cac cung dinh
huéng. Khi d6 qua trinh tim kiém theo chiéu sau bét dau tir x c6 thé coi nhu mét qua trinh xay dung
cay tim kiém theo chiéu sau (cdy DFS) gdc x.
procedure Visit (uevV);
begin

<Thém u vdo cidy tim kiém DFS>;

for (Vv: (u, v)€E) do

if <v khdéng thudc cidy DFS> then Visit(v);
end;

begin
<Thém vdo d4 thi dinh x vd cédc cung dinh hudéng (x, v) véi moi v>;
<Khéi tao cay tim kiém DFS := J>;
Visit (x);
end.
bé¢ y thu tuc tham dinh dé quy Visit(u). Thu tuc nay xét tat ca nhiing dinh v noi tr u, néu v chua
duoc tham thi di theo cung d6 tham v, tirc 13 bo sung cung (u, v) vao cdy tim kiém DFS. Néu v da

thim thi c6 ba kha ning xay ra d6i véi vi tri cia u va v trong cy tim kiém DFS:
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1. v 1atién bdi (ancestor - to tién) cua u, tirc 1a v duoc thim trude u va thu tuc Visit(u) do day
chuyén dé quy tir thu tuc Visit(v) goi toi. Cung (u, v) khi d6 duoc goi 1a cung ngwoe (Back
edge)

2. v lahau du¢ (descendant - con chdu) cua u, tic 1a u dugc tham trude v, nhung tha tuc Visit(u)
sau khi tién dé quy theo mot hudng khac da goi Visit(v) rdi. Nén khi ddy chuyén dé quy Iui lai
vé thu tyc Visit(u) s& thdy v 14 di thim nén khong tham lai nita. Cung (u, v) khi d6 goi 1a
cung xuoi (Forward edge).

3. v thudc mot nhanh cua cay DFS da duyét trudoc do, tuc 1a s€ c6 mot dinh w dugc tham trudce
cd u va v. Thu tuc Visit(w) goi trudc sé r€ theo mot nhanh nao dé tham v trude, roi khi 10i lai,
r€ sang mQt nhanh khac tham u. Cung (u, v) khi d6 goi la cung chéo (Cross edge)

(R4t tiéc 1a tir dién thuat ngit tin hoc Anh-Viét qua nghéo nan nén khong thé tim ra nhing tir tuong

duong voi cac thudt ngit ¢ trén. Ta c6 thé hiéu qua cac vi dy)

4

o
TH1: v 1 tién bdi cia u TH2: v 1a hau dué cua u TH3: v ndm & nhanh DFS da duyét
(u, v) 1a cung nguogc (u, v) 1a cung xudi trudc u

(u, v 1a cung chéo)

Hinh 11: Ba dang cung ngoai cay DFS
Ta nhan théy mét dic diém cua thuat toan tim kiém theo chiéu sau, thuat toan khong chi duyét qua
cac dinh, n6 con duyét qua tit ca nhitng cung nira. Ngoai nhitng cung ndm trén cdy tim kiém, nhimg
cung con lai ¢6 thé chia lam ba loai: cung nguoc, cung xudi, cung chéo.
2. Cay tim kiém DFS va cac thanh phan lién théng manh
Pinh 1y 1:
Néu a, b 1 hai dinh thudc thanh phan lién théng manh C thi véi moi dwong di tir a t6i b ciing
nhw tir b t6i a. Tat ca dinh trung gian trén dwong di dé déu phai thudc C.
Chung minh
Néu a va b 1 hai dinh thudc C thi tire 1 ¢6 mot duong di tir a tdi1 b va mot duong di khac tir b to1 a.
Suy ra v6i mot dinh v nam trén dudng di tir a t6i b thi a téi dwoe v, v t6i duge b, ma b c¢6 duong téi
anén v ciing t6i dwoe a. Vay v nam trong thanh phan lién thong manh chira a tirc 1a ve C. Tuong
tu voi mot dinh nim trén duong di tur b t6i a.
Pinh ly 2:
V6i mot thanh phan lién théng manh C bt ky, sé ton tai mot dinh r € C sao cho moi dinh ciia
C déu thudc nhanh DFS gbc r.
Chung minh:
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Trude hét, nhic lai mot thanh phﬁn lién thong manh 1a mdt dd thi con lién thong manh cua dd thi
ban dau thoa man tinh chat tdi dai tic 13 viée thém vao thanh phén dé mot tap hop dinh khac s€ lam
mat di tinh lién théng manh.
Trong sb cac dinh caa C, chon r 1a dinh dwgce thaim dAu tién theo thuit toan tim kiém theo chiéu
sau. Ta s& ching minh C nam trong nhanh DFS gdc r. That vay: vdi mot dinh v bat ky cta C, do C
lién théng manh nén phai ton tai mot dudng di tir r t6i v:

(T = X0, X1y ver Xk = V)
Tu dinh 1y 1, tat ca cac dinh xi, Xa, ..., Xx déu thudc C nén ching s€ phai tham sau dinh r. Khi thu
tuc Visit(r) dugc goi thi tat ca cac dinh x,, Xa..., x,=v déu chua thim; vi thu tuc Visit(r) s€ li¢t ké tat
ca nhitng dinh chua tham dén dugc tir r bang cach xay dyng nhanh gbc r ctia ciy DFS, nén cac dinh
X1, X2, ..., Xk = V $€ thudc nhanh géc r cua cay DFS. Boi chon v 1a dinh bat ky trong C nén ta c6 diéu
phai chimg minh.
Dinh r trong chimg minh dinh 1y - dinh thim trwéc tit ca cac dinh khac trong C - goi 1a chdt cua
thanh phan C. M&i thanh phan lién théng manh c6 duy nhat mot chdt. Xét vé vi tri trong cdy tim
kiém DFS, chét ciia mot thanh phan lién théng 13 dinh nim cao nhét so véi cac dinh khac thudce
thanh phan d6, hay néi cach khac: 1a tién bdi ciia tit ca cac dinh thudc thanh phan dé.
Pinh ly 3:
Luén tim dwoc dinh chét a thoa man: Qua trinh tim kiém theo chiéu sdu bat dau tir a khong
thim dwoc bat ky mdt chot nao khac. (Tic 1a nhanh DFS gbc a khong chira mot chdt nao ngoai a)
chfmg han ta chon a 13 chdt duoc thaim sau cung trong mot day chuyén dé quy hoac chon a la chdt
tham sau tat ca cac chdt khac. Vi chdt a nhu vay thi cac dinh thuoc nhanh DFS g(“')c a chinh la
thanh phan lién théng manh chua a.
Chung minh:
V6i moi dinh v nam trong nhanh DFS gbc a, xét b 1a chét ctia thanh phan lién thong manh chira v.

Ta s& chirng minh a = b. That véy, theo dinh 1y 2, v phai ndm trong nhanh DFS gbc b. Vay v nam

xay ra:

trong ca nhanh DFS gbc a va nhanh DFS gdc b. Gia sir phan ching rang a#b thi s& c6 hai kha ning
Khdnidng l:a—>b—>v Khaning l:b—>a—v

. Kha ning 1: Nhanh DFS géc a chira nhanh DFS gbc b, c6 nghia 1a tha tuc Visit(b) s& do thu
tuc Visit(a) goi t6i, diéu ndy mau thuin véi gia thiét rang a 1 chdt ma qua trinh tim kiém theo

chiéu sau bat dau tir a khong thaim mét chét nao khéc.

o Kha ning 2: Nhanh DFS gbc a nim trong nhanh DFS gdc b, co nghia 1a a nam trén mot
duong di tir b téi v. Do b va v thude cung mot thanh phﬁn lién thong manh nén theo dinh 1y 1,
a ciing phai thudc thanh phan lién théng manh d6. Vay thi thanh phan lién thong manh nay cé
hai chét a va b. Piéu nay vo Iy.
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Theo dinh 1y 2, ta d3 ¢6 thanh phan lién thong manh chira a nim trong nhanh DFS géc a, theo
ching minh trén ta lai ¢6: Moi dinh trong nhanh DFS goc a nim trong thanh phan lién thong
manh chira a. Két hop lai dugc: Nhanh DFS gdc a chinh 13 thanh phan lién thong manh chta a.

3. Thuit toan Tarjan (R.E.Tarjan - 1972)

Chon u 1a chdt ma tir d6 qua trinh tim kiém theo chiéu sau khong thim thém bat ky mot chét nao
khac, chon 1dy thanh phan lién thong manh thr nhat 13 nhanh DFS gbc u. Sau d6 loai bé nhanh DFS
gbc u ra khoi cay DFS, lai tim thdy mot dinh chdt v khac ma nhanh DFS gbc v khong chira chdt nao
khac, lai chon léy thanh phén lién thong manh thir hai 1a nhanh DFS géc v. Tuong tu nhu vdy cho
thanh phan lién thong manh thir ba, th tu, v.v... C6 thé hinh dung thuat toan Tarjan "bé" cay DFS
tai vi tri cac chét dé duge cac nhanh roi rac, mdi nhanh 13 mot thanh ph?ln lién thong manh.

Hinh 12: Thuét toan Tarjan "bé" cay DFS
Trinh bay dai dong nhu vdy, nhung diéu quan trong nhat bay gid méi néi téi: Lam thé nao kiém

tra mét dinh v nao dé c6 phai la chot hay khong ?
Hay dé y nhanh DFS gbc ¢ dinh r nao do.
Nhan xét 1:
Néu nhuw tiv cdc dinh thugc nhdanh goc r nay khéng cé cung ngwoc hay cung chéo nao di ra khéi
nhdnh dé thi r la chét. Diéu nay dé hiéu boi nhu vay c6 nghia 1a tir r, di theo cac cung ctia d thi
thi chi dén dugc nhing dinh thudc nhanh d6 ma thoi. Vay:

Thanh phan lién thong manh chira r ¢ Tap cac dinh c6 thé dén tir r = Nhanh DFS gbc r
nén r 1a chét.
Nhan xét 2:
Néu tir mét dinh v nao dé ciia nhanh DFS géc r co mgt cung nguwoc toi mot dinh w la tién boi
ciia r, thi r khéng la chét. That vay: do c6 chu trinh (Ww—r—v—w) nén w, r, v thudc cling mot
thanh phan lién thong manh. Ma w dugc thim trudc r, diéu ndy mau thuan voi cach xac dinh chot
(Xem lai dinh 1y 2)
Nhén xét 3:
Vén dé phie tap gip phai ¢ ddy 1a néu tir mot dinh v ctia nhanh DFS gbc r, c6 mot cung chéo di t6i
mot nhanh khac. Ta sé& thiét 1ap giai thuat liét ké thanh phan lién thong manh ngay trong thu tuc
Visit(u), khi ma dinh u di duyét xong, tirc 1 khi cac dinh khic ciia nhanh DFS gbc u déu da
thiam va qua trinh thim dé quy 1ui lai vé Visit(u). Néu nhu u 1a chét, ta thong bao nhanh DFS gbc u
1a thanh phan lién thong manh chtra u va loai ngay cac dinh thudc thanh phan d6 khoi dd thi cling
nhu khéi cay DFS. C6 thé chirg minh dugc tinh dung dan cia phuong phép nay, boi néu nhanh
DFS gbc u chira mot chdt u' khac thi u' phai duyét xong trudc u va ca nhanh DFS gbc u' da bi loai
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b6 rdi. Hon nita con co thé chirng minh duogc rﬁng, khi thuét toan tién hanh nhu trén thi néu nhu tir

mot dinh v ciia mét nhanh DFS goc r ¢6 mdt cung chéo di téi mét nhanh khac thi r khong 1a

chét.

Pé ching to didu ndy, ta dua vao tinh chit ctia cdy DFS: cung chéo s& ndi tir mot nhanh téi nhanh

tham trude do, chir khong bao gio c6 cung chéo di t61 nhanh tham sau. Gid st c6 cung chéo (v, v')

di tir v € nhanh DFS gbc r toi v' ¢ nhanh DFS gbc r, goi r' 1a chdt ctia thanh phan lién théng chira

v'. Theo tinh chat trén, v' phai tham trudc r, suy ra r' ciing phai thim trwée r. C6 hai kha ning xay

ra:

. Néu r' thudc nhanh DFS da duyét trudce r thi r' s€ dugc duyét xong trude khi tham r, tirc 1a khi
tham r va ca sau nay khi tham v thi nhanh DFS gdc ' d4 bi huy, cung chéo (v, v') s& khong
duoc tinh dén nita.

. Néu r' 1a tién bbi cua r thi ta ¢ r' dén dwoe r, v nim trong nhanh DFES gdc r nén r dén dwoe
v, v dén duge v' vi (v, v') 1a cung, v' lai dén dwoc r' boi r' 1a chdt cua thanh phan lién thong
manh chira v'. Ta thiét 1ap duoc chu trinh (r'—>r—>v—v'—r"), suy ra r' va r thudc cling mot
thanh phan lién thong manh, r' d4 14 chdt nén r khong thé 1a chdt nira.

Tur ba nhan xét va cach cai dat chuong trinh nhu trong nhan xét 3, Ta c¢6: Dinh r la chdt néu va chi

néu khong ton tai cung ngugc hodc cung chéo ndi mot dinh thudc nhanh DFS gbe r voi mot dinh

ngoai nhanh d6, hay noi cach khac: r 1a chdt néu va chi néu khong ton tai cung noi tir mot dinh

thudc nhanh DFS goc r téi mdt dinh thim truwée r.

Dud¢i day 1a mot cai dat hét strc thong minh, chi can stra d6i mot chut tha tuc Visit & trén 1a ta cd

ngay phuong phap nay. Noi dung ctia no 1a danh sb thir tw cc dinh tir dinh dwoc thim dau tién dén

dinh tham sau cing. Dinh nghia Numbering[u] 14 s6 thir ty ctia dinh u theo cach danh sé d6. Ta tinh
thém Low[u] 1a gi4 tri Numbering nho nhat trong cac dinh c6 thé dén dugc tir mot dinh v nao d6

ctia nhanh DFS gbc u bang mot cung (voi gia thiét rang u c6 mot cung gia ndi voi chinh u).

Cu thé cach cuc tiéu hoa Low[u] nhu sau:

Trong thu tuc Visit(u), trudc hét ta danh sb tht tu tham cho dinh u va khoi gan

Low[u] := Numbering[u] (u cé cung téi chinh u)
Xét tat ca nhimng dinh v nbi tir u:
. Néu v d4 tham thi ta cuc tiéu hoa Low[u] theo cong thic:
Low[u]mei := min(Low[u]es, Numbering[v]).
o Néu v chua tham thi ta goi dé quy di tham v, sau d6 cuc tiéu hod Low[u] theo cong thuc:
Low[u]mei := min(Low[u].s, Low[V])

D@ dang chig minh dugc tinh ding dan cta cong thirc tinh.

Khi duyét xong mdt dinh u (chudn bj thoat khéi thi tuc Visit(u). Ta so sanh Low[u] va

Numbering[u]. Néu nhu Low[u] = Numbering[u] thi u 1 chdt, béi khong cé cung nbi tir mot dinh

thudc nhanh DFS gbe u téi mot dinh thdm trude u. Khi d6 chi viée liét ké cac dinh thudc thanh phan

lién thong manh chira u 1a nhanh DFS géc u.

Dé cong viéc dé dang hon nita, ta dinh nghia mot danh sach L dugc t6 chic dudi dang ngan xép va

dung ngan xép nay dé ldy ra cac dinh thudc mot nhanh nao d6. Khi tham t6i mot dinh u, ta day ngay

dinh u d6 vao ngan xép, thi khi duyét xong dinh u, moi dinh thudc nhanh DFS gbc u s& duoc day
vao ngin xép L ngay sau u. Néu u 1a chét, ta chi viéc 1ay cac dinh ra khoi ngan xép L cho ti khi lay

t6i dinh u 1a s& dugc nhanh DFS gbc u ciing chinh 14 thanh phan lién théng manh chira u.

procedure Visit (uev);
begin
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Count := Count + 1; Numbering[u] := Count; {Trwdchétdanhsd u}
Low[u] := Numberingl[u]:;
<Puwa u vao cdy DFS>;
<bPdy u vido ngidn xép L>;
for (Vv: (u, v)€E) do
if <v 4@ tham> then
Low([u] := min(Low[u], Numberingl[v])
else
begin
Visit(v);
Low([u] := min(Low[u]l, Lowl[v]);
end;
if Numbering[u] = Low[u] then {Néuulachét}
begin
<Théng bdo thanh phédn lién théng manh véi chét u gdm cé cac dinh:>;
repeat
<Ly t@ ngdn xép L ra mét dinh v>;
<Output v>;
<Xoa dinh v khéi dd thi>;
until v = u;

end;
end;
begin
<Thém vdo dé thi mdét dinh x va cdc cung (x, v) véi moi v>;
<Khdi tao mét bién dém Count := 0>;
<Khéi tao mét ngdn xép L := J>;
<Khéi tao cay tim kiém DFS := J>;
Visit (x)

end.

Boi thuat toan Tarjan chi 1a sua d6i mot chit thuat toan DFS, céac thao tac vao/ra ngan xép duoc

thuc hién khong qua n lan. Vay nén néu do thi ¢6 n dinh va m cung thi d6 phtc tap tinh toan cua

thudt toan Tarjan van 1a O(n + m) trong truong hop biéu dién dd thi bang danh sach ké, 1a O(n?)

trong trudng hop biéu dién bang ma tran k& va 1a O(n.m) trong truong hop biéu dién bang danh

sach canh.

Moi thir d3 sin sang, dudi ddy 13 toan bo chuong trinh. Trong chuong trinh ny, ta st dung:

e  Matran ké A dé biéu dién do thi.

° Mang Free kiéu Boolean, Free[u] = True néu u chua bi 1iét ké vao thanh phén lién thong nao,
tirc 1a u chua bi loai khoi d6 thi.

o Mang Numbering va Low véi cong dung nhu trén, quy udéc Numbering[u] = 0 néu dinh u
chua duogc tham.

o Mang Stack, thi tuc Push, ham Pop dé mo ta ciu tric ngin xép.

Input: file van ban GRAPH.INP:

. Dong dau: Ghi sb dinh n (< 100) va sé cung m cta d0 thi cach nhau mot dau cach

o m dong tiép theo, mdi dong ghi hai s6 nguyén u, v cach nhau mot dau cach thé hién c6 cung
(u, v) trong d0 thi

Output: file van bAn GRAPH.OUT

Liét ké cac thanh phén lién thong manh
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GRAPH.INP GRAPH.OUT
11 15 Component 1:
12 7, 6, 5,
18 Component 2:
2 3 4, 3, 2,
3 4 Component 3:
4 2 11, 10, 9, 8,
4 5 Component 4:
56 1,
6 7
75
8 9
9 4
9 10
10 8
10 11
11 8

PROG04 2.PAS * Thuat toan Tarjan 1liét ké& cac thanh phdn 1lién théng manh

program Strong connectivity;

const
max =
var

100;

a: arrayll. .max,

Free:

Numbering, Low,

procedure Enter;
var

Stack:

{Nhap di¥ lidu (tir thiét bi nhap chudn)}

1..max] of Boolean;
array[l..max] of Boolean;
array[l..max] of Integer;
n, Count, ComponentCount, Last:

i, u, v, m: Integer;
begin
FillChar (a, SizeOf(a), False);
ReadLn(n, m);
for i := 1 to m do
begin
ReadLn(u, Vv);
alu, vl := True;
end;
end;
procedure Init; {Kh&i tao}

begin

FillChar (Numbering,

FillChar (Free,

Last := 0;

Count := 0;

ComponentCount
end;

procedure Push(v:
begin
Inc (Last);

SizeOf (Free),

:= 0;

Integer) ;

Stack[Last] := v;
end;
function Pop: Integer;
begin
Pop := Stack[Last];
Dec (Last) ;
end;

SizeOf (Numbering),

True) ;

Integer;

0);

{Moi dinh déu chwa tham}

{Chwa dinh nao bj loai}
{Ng&n xép réng}

{Bién danh sb thr tw thamy
{Bién danh sb cac thanh phan lién thong}

{Pay mot dinh v vao ngén xép}

{LAy mdt dinh khdi ngan xép, tra vé trong két qua ham}
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function Min(x, y: Integer): Integer;
begin

if x < y then Min := x else Min := y;
end;

procedure Visit(u: Integer); {Thuét toan tim kiém theo chiéu sau bat dau tir u}
var

v: Integer;
begin

Inc (Count); Numbering[u]l := Count; {Trudchétdanh sb chou}

Low[u] := Numberingl[ul; {Coiu cé cung t&iu, nénod thé khdi gan Lowiu] thé nay rdi sau cuc tiéu hoa dan}

Push (u) ; {Pay u vao ngin xép}

for v := 1 to n do

if Freel[v] and alu, v] then {Xétnhitngdinhvké u}
if Numbering[v] <> 0 then {Néuvdathim}
Low[u] := Min(Low[u], Numberinglv]) {Cuctiéuho Lowfu] theo cdng thirc nay}

else {Néu v chwa tham}
begin
Visit (v); {Tiép tuc tim kiém theo chiéu sau bat dau tr v}
Low[u] := Min(Lowl[ul, Lowl[vl); {Rdicuctiéuhod Lowfu] theo cong thirc nay}
end;

{Pén day thi dinh u duoc duyét xong, tirc la cac dinh thudc nhanh DFS gbc u déu da thamy
if Numbering[u] = Low[u]l] then {Néuula chot}
begin  {Liét k& thanh phan lién thdng manh ¢ chbt u}
Inc (ComponentCount) ;
WriteLn ('Component ', ComponentCount, ': ');
repeat
v := Pop; {L&y dan cac dinh ra khdi ngan xép}
Write(v, ', '); {Liét ké cac dinh do}
Free[v] := False; {Rdiloailudn khdidd thi}
until v = u; {Cho t&i khi Iy t&i dinh u}
Writeln;
end;
end;

procedure Solve;
var
u: Integer;
begin
{Thay vi thém mét dinh gid x va cac cung (x, v) v&i moi dinh v di goi Visit(x), ta co thé m thé nay cho nhanh}
{sau nay d& phai huy bd thanh phan lién théng gdm méi mét dinh gia dé}
for u := 1 to n do
if Numbering[u] = 0 then Visit(u):;
end;

begin

Assign (Input, 'GRAPH.INP'); Reset (Input);

Assign (Output, 'GRAPH.OUT'); Rewrite (Output);

Enter;

Init;

Solve;

Close (Input) ;

Close (Output) ;
end.
Bai tap:
1. Phuong phap cai dit nhu trén c6 thé néi 1a rt hay va hiéu qua, doi hoi ta phai hiéu rd ban chét
thuat toan, néu khong thi rat d& nham. Trén thuc té, con c6 mot phuong phap khac dé hiéu hon, tuy
tinh hiéu qua c6 kém hon mét chat. Hay viét chuong trinh mé ta phuong phép sau:
Vén dung thudt toan tim kiém theo chiéu sdu véi thii tuc Visit néi & dau muc, danh s6 lai cdc dinh tir
1 t6i n theo thir tw duyét xong, sau dé ddio chiéu tit ca cdc cung ciia do thi. Xét lan luot cdc dinh
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theo thir t tir dinh duyét xong sau cing t6i dinh duyét xong dau tién, véi méi dinh do, ta lai ding
thudt toan tim kiém trén do thi (BFS hay DFS) liét ké nhitng dinh nao dén dwoc tir dinh dang xét, do
chinh la mgt thanh phan lién théng manh. Lieu ¥ la khi liét ké xong thanh phan nao, ta logi ngay cdc
dinh ciia thanh phan dé khéi do thi.

Tinh dung dan ctia phuong phap c6 thé hinh dung khong méy kho khan:

Trude hét ta thém vao d6 thi dinh x va cac cung (x, v) voi moi v, sau d6 goi Visit(x) dé xay dung
cdy DFS gbc x. Hién nhién x 1a chdt cta thanh phéan lién thong chi gdm mdi x. Sau d6 bo dinh x
khoi cay DFS, cay s€ phan ra thanh cac cay con.

Dinh r duyét xong sau cing chic chan 1a gdc cia mot cdy con (boi khi duyét xong né chic chin s&
1ui vé x) suy ra r 1a chdt. Hon thé nira, néu mot dinh u nao dé toi duge r thi u ciing phai thudc cay
con gdc r. Boi néu gia sir phan ching rang u thudc cdy con khac thi u phai duoc tham trude r (do
cdy con goc r dugc tham tdi sau cung), cé nghia 1a khi Visit(u) thi r chua thim. Vay nén r s& thudc
nhanh DFS géc u, mau thuan véi 1ap luan r 1a géc. Tu d6 suy ra néu u téi duge r thi r t6i dugce u, tic
1a khi dao chiéu cac cung, néu r t&i duoc dinh nao thi dinh d6 thudc thanh phén lién thong chdtr.
Loai bo thanh phan lién thong vai chdt r khéi d6 thi. Cay con gdc r lai phan ra thanh nhiéu cdy con.
Lap luan tuong tu nhu trén vaéi v' 1a dinh duyét xong sau cung.

Vi du:

Danh sb lai, dao chiéu cac cung va duyét BFS vdi cach chon cac dinh xudt phat nguoc lai voi thir tw duyét xong
(Thir tg 11, 10... 3,2, 1)
2. Thuét toan Warshall ¢ thé 4p dung tim bao dong cua dd thi c6 hudng, vay hay kiém tra tinh lién

thong manh ctia mot do thi c6 hudng bang hai cach: Dung cac thuat toan tim kiém trén do thi va
thuat toan Warshall, sau d6 so sanh vu, nhuoc diém cia mdi phuong phap

3. Mé cung hinh chir nhat kich thudc m x n gdm cac 6 vudng don vi. Trén mdi 6 ky tu:

O: Néu 6 d6 an toan

X: Néu 6 d6 c6 cam bay

E: Néu 14 6 c6 mot nha tham hiém dang dimg.

Duy nhét chi ¢6 1 6 ghi chit E. Nha tham hiém c6 thé tir mot 6 di sang mot trong s6 cac 6 chung
canh véi 6 dang dirng. Mot cach di thoat khéi mé cung 1a mot hanh trinh di qua céc 6 an toan ra mot
6 bién. Hay chi giup cho nha tham hiém mot hanh trinh thoét ra khéi mé cung
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4. Trén mat phéng v6i1 hé toa do Decattes vudng géc cho n duong tron, mdi duong tron xac dinh boi
bo 3 b thuc (X, Y, R) 6 day (X, Y) la toa do tam va R 1a ban kinh. Hai dudng tron goi la thong
nhau néu chiing c6 diém chung. Hiy chia cac dudng tron thanh mot s tdi thiéu cac nhom sao cho
hai duong tron bat ky trong mot nhom bat ky co thé di duoc sang nhau sau mdt s6 hitu han céac budc
di chuyén giita hai dudng tron théng nhau.
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§5. VAI 'NG DUNG CUA CAC THUAT TOAN TiM KIEM TREN DO THI

1. XAY DUNG CAY KHUNG CUA PO THI

Cay 1a do thi vé hwdng, lién thong, khong cé chu trinh don. D6 thi vo hudng khong ¢ chu trinh
don goi 1a rimg (hop ctia nhiéu cdy). Nhu vy mdi thanh phan lién thong cia ring 13 mot cay.

Khai niém cay duoc sir dung rong rai trong nhiéu linh vue khac nhau: Nghién ctru cdu triic cac phan
tr hitu co, xay dung cac thuat toan to chirc thu muc, cac thuat toan tim kiém, luu trit va nén dir
lidu...

1. Pinh ly (Daisy Chain Theorem)

Gia sa T =(V, E) 1a d6 thi v hudéng véi n dinh. Khi d6 cac ménh dé sau 1a twong duong:

T la cay

T khong chira chu trinh don va c6 n - 1 canh

T lién thong va mbi canh cila n6 déu 1a cau

Giira hai dinh bat ky cua T déu ton tai dung mot dudng di don

T khong chira chu trinh don nhung hé cir thém vao mét canh ta thu duoc mot chu trinh don.

I R

. T lién thong va c6 n - 1 canh

Chirng minh:

1=2: "T la cay" = "T khong chira chu trinh don va c6 n - 1 canh"

Tu T 1a cay, theo dinh nghia T khong chira chu trinh don. Ta s€ chiing minh cdy T c6 n dinh thi
phai ¢6 n - 1 canh bang quy nap theo s6 dinh n. RS rang khi n = 1 thi cdy c6 1 dinh s& chira 0 canh.
Néu n > 1 thi do dd thi hitu han nén sd cac duong di don trong T cling hitu han, goi P = (vy, vy, ...,
vi) 14 mot dudng di dai nhat (qua nhiéu canh nhat) trong T. Pinh v, khong thé c6 canh ndi vé6i dinh
nao trong sd cac dinh vs, vy, ..., vi. Boi néu ¢ canh (vi, vp) (3 <p <Kk) thi ta sé thiét 1ap duoc chu
trinh don (v1, Vo, ..., Vp, v1). Mit khéc, dinh v, cling khong thé c6 canh ndi vé6i dinh nao khac ngoai
cac dinh trén P trén boi néu ¢o canh (v1, Vo) (voz P) thi ta thiét lap dugc duong di (vo, Vi, Va, ..., Vk)
dai hon duong di P. Vay dinh v; chi c6 dang mdt canh ndi voi vy hay v, la dinh treo. Loai bd v; va
canh (vi, v2) khoi T ta dugc do thi moi ciing 1a cdy va co n - 1 dinh, ciy nay theo gia thiét quy nap
con-2canh. Vaycay T con - 1 canh.

2=3: "T khong chira chu trinh don va c¢6 n - 1 canh"="T lién thong va mdi canh ciia né déu
1a cau"

Gia st T c6 k thanh phén lién thong Ty, Ty, ..., Tx. Vi T khong chira chu trinh don nén cac thanh
phén lién thong cua T cling khong chtra chu trinh don, tic 1a cac Ty, To, ..., Tx déu la cay. Goi nj, ny,
O 1 lan luot 1a s6 dinh cua Ty, Ty, ..., Tx thi cay Ty ¢6 n; - 1 canh, cdy T, c6 n; - 1 canh..., cay Ty
c6 ng - 1 canh. Cong lai ta co ) canhcia T lan; +ny + ... + ng - k = n - k canh. Theo gia thiét, cay
Tcon-1canh,suyrak=1, db thi chi c6 mot thanh phén lién thong 1a dd thi lién thong.

Bay gio khi T da lién thong, néu bo di mot canh cua T thi T s& con n - 2 canh va s& khong lién
thong boi néu T van lién thong thi do T khong c6 chu trinh nén T s& 14 ciy va ¢ n - 1 canh. Diéu d6
chimng t6 mdi canh cta T déu 14 cau.

3=4: "T lién thong va mdi canh ciia n6 déu 1a ciu"="Giira hai dinh bat ky ciia T c6 ding
mot dwong di don"

Goi x va y 1 2 dinh bat ky trong T, vi T lién thong nén s& c6 mot duong di don tir x t&i y. Néu tdn
tai mot dudng di don khéc tir x t6i y thi néu ta bo di mot canh (u, v) nam trén duong di thir nhat
nhung khéng nam trén dudng di tht hai thi tir u van c6 thé dén duoc v bang cach: di tir u di theo
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chiéu t4i x theo cac canh thudc duong tho nhét, sau d6 di tir x toi y theo duong thir hai, roi lai di tir
y t6i v theo cac canh thudc duong di tht nhat. Diéu ndy mau thuan véi gia thiét (u, v) 1a cau.

4=55: "Giira hai dinh bat ky ciia T c6 ding mot dwong di don"="T khong chira chu trinh
don nhung hé cir thém vao mot canh ta thu dwgcc mot chu trinh don"

Thir nhat T khong chira chu trinh don vi néu T chira chu trinh don thi chu trinh d6 qua it nhét hai
dinh u, v. R4 rang doc theo cac canh trén chu trinh do thi tir u ¢6 hai dudong di don tdi v. Vo ly.
Giira hai dinh u, v bat ky ciia T c6 mot duong di don nbi u véi v, vay khi thém canh (u, v) vao
duong di nay thi s€ tao thanh chu trinh.

5=6: "T khéng chira chu trinh don nhung hé cir thém vao mét canh ta thu dwgc mot chu
trinh don"="T lién théng va c6 n - 1 canh"

Goi u va v 13 hai dinh bét ky trong T, thém vao T mdt canh (u, v) nita thi theo gia thiét s& tao thanh
mot chu trinh chtra canh (u, v). Loai bé canh nay di thi phan con lai cta chu trinh s& 1a mot duong
di tir u t6i v. Moi cap dinh ctia T déu c6 mot duong di ndi chiing tire 1a T lién thong, theo gia thiét T
khong chura chu trinh don nén T 1a cdy va c6 n - 1 canh.

6=1: "T lién thong va c6 n - 1 canh"="T la cay"

Gia str T khong 1a cay thi T c¢6 chu trinh, huy bé mét canh trén chu trinh nay thi T van lién thong,
néu dd thi méi nhan duoc van c6 chu trinh thi lai huy mot canh trong chu trinh méi. Ctr nhu thé cho
t6i khi ta nhan duoc mot dd thi lién thong khong c6 chu trinh. Do thi nay la cady nhung lai c6 <n -1
canh (vo ly). Vay T la cay

2. Dinh nghia

Gia st G = (V, E) 1a d6 thi vo huéng. Cay T = (V, F) v6i FCE goi 1a cdy khung cta d6 thi G. Tuc 1a
néu nhu loai bo mot s6 canh ctia G dé duoc mot cdy thi cay dé goi la cdy khung (hay ciy bao trim
ctia do thi).

D& thay rang voi mot do thi vo hudng lién théng c6 thé cé nhiéu ciy khung.

A ) B

Hinh 13: Pd thi G va mot s0 vi du cay khung T,, T,, T; ctia né

e Diéu kién can va du dé mot d thi vo hudng co cay khung 1a do thi d6 phai lién thong

o S6 cay khung cia dd thi ddy du K, 1a n™>.

3. Thuat toan xay dung cay khung

Xét d6 thi v hudng lién thong G = (V, E) ¢6 n dinh, c6 nhiéu thuat toan xay dung ciy khung cua G
a) Xdy dung cdy khung bing thudt todn hop nhit

Trude hét, dit T = (V, @); T khong chira canh nao thi c6 thé coi T gém n cdy roi rac, mdi cdy chi co
1 dinh. Sau d6 xét lan lugt cac canh cua G, néu canh dang xét ndi hai cay khac nhau trong T thi
thém canh d6 vao T, dong thoi hop nhat hai ciy d6 lai thinh mot cay. Cir 1am nhu vay cho t6i khi
két nap di n - 1 canh vao T thi ta duoc T 14 cdy khung ciia d6 thi. Cac phuong phap kiém tra canh
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c¢6 ndi hai cay khac nhau hay khong ciing nhu k¥ thuat hop nhat hai cay s& duge ban kj hon trong
thuat toan Kruskal & §9.

b) Xdy dung cdy khung bcing cdc thudt todn tim kiém trén do thi.

Ap dung thuat toan BFS hay DFS bét dau tir dinh S, tai mdi budce tir dinh u ti tham dinh v, ta thém
vao thao tac ghi nhan luén canh (u, v) vao cay khung. Do dd thi lién thong nén thuat todn sé€ Xuét
phat tr S va téi tham tat ca cac dinh con lai, mdi dinh ding mat lan, tic l1a qua trinh duyét s€ ghi
nhén dugc ding n - 1 canh. Tét ca nhitng canh d6 khong tao thanh chu trinh don béi thuat toan
khong tham lai nhitng dinh da thdm. Theo ménh dé tuong duong thtr hai, ta c6 nhitng canh ghi nhan
duoc tao thanh mot cay khung cua dd thi.

Hinh 14: Cay khung DFS va ciy khung BFS (Miii tén chi chiéu di thim cac dinh)

II. TAP CAC CHU TRINH CO BAN CUA PO THI

Xét mot do thi vo hudng lién thong G = (V, E); goi T = (V, F) 1a mét cay khung cua nd. Cac canh

cua cay khung dugc goi la cac canh trong, con cac canh khéc 1a cac canh ngoai.

Néu thém mot canh ngoai ec E \ F vao ciy khung T, thi ta dugc dung mét chu trinh don trong T, ky

hi€u chu trinh nay 1a Ce. Tép céac chu trinh:

Q={C.| ecE\F}

duoc goi la tap cac chu trinh co so cua dd thi G.

Cic tinh chit quan trong cua tdp cdc chu trinh co so:

1. Tap cac chu trinh co s& 13 phu thudce vao cdy khung, hai cAy khung khac nhau c6 thé cho hai
tap chu trinh co sé khac nhau.

2. Néu db thi lién thong c6 n dinh va m canh, thi trong cay khung c6 n - 1 canh, con laim -n + 1
canh ngoai. Tuong Ung véi mdi canh ngoai c6 mot chu trinh co s¢, vay s0 chu trinh co sé cia
d thi lién théng la m - n + 1.

3. Tap céc chu trinh co sé 1a tip nhiéu nhét cac chu trinh thoa man: Mdi chu trinh c6 diing mot
canh riéng, canh d6 khong nam trong bat ctt mot chu trinh nao khac. Boi néu ¢ mot tap gé)m t
chu trinh thoa man diéu do6 thi viéc loai bo canh riéng cua madt chu trinh sé khong lam mét tinh
lién thong cta dd thi, déng thoi khong dnh hudng toi su tdn tai cia cac chu trinh khac. Nhu vay
néu loai bo tit ca cic canh riéng thi dd thi van lién thong va con m - t canh. Do thi lién thong thi
khong thé co ithonn- 1 canhnéntacom-t>n-1hayt<m-n-+1.

4. Moi canh trong mot chu trinh don bat ky déu phai thugc mot chu trinh co sé. Boi néu co
mot canh (u, v) khong thudc mot chu trinh co so nao, thi khi ta bo canh d6 di dd thi van lién
thong va khong anh hudéng t6i sy ton tai cta cac chu trinh co sé. Lai bé tiép nhiing canh ngoai
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clia cac chu trinh co s thi do thi van lién thong va con laim - (m - n+ 1) - 1 =n - 2 canh. Piéu
nay vo ly.

5. Dbi v6i @6 thi G = (V, E) c6 n dinh va m canh, c6 k thanh phén lién thong, ta co thé xét cac
thanh phan lién thong va xét rimg cac cay khung ciia cac thanh phan d6. Khi d6 ¢ thé md rong
khai niém tap céac chu trinh co sd cho dd thi vo huong téng quat: Mdi khi thém mot canh khong
nam trong cac cay khung vao rung, ta dugc dung mot chu trinh don, tdp cac chu trinh don tao
thanh béng cach ghép cac canh ngoai nhu vay goi la tp cac chu trinh co s¢ cla dd thi G. S6 cac
chu trinh co'sé'la m - n + k.

III. DINH CHIEU PO THI VA BAI TOAN LIET KE CAU

Bai toan dat ra la cho mot d6 thi vo hudng lién thong G = (V, E), hiy thay mdi canh ctia d6 thi bang
mot cung dinh hudng dé duoc mot do thi ¢6 hudng lién théng manh. Néu c¢6 phuong an dinh chiéu
nhu vay thi G duoc goi 1a d6 thi dinh chiéu dugc. Bai toan dinh chiéu d6 thi c6 tmg dung rd nhat
trong so d6 giao thong dudng bd. Chang han nhu tra 10i cau hoi: Trong mot hé théng duong phd,
lidu co thé quy dinh cac duong phd d6 thanh dudng mot chiéu ma van dam bao su di lai giita hai
nut giao thong bat ky hay khong.

1. Phép dinh chiéu DFS

Xét mo hinh duyét do thi bang thuat toan tim kiém theo chiéu sau bat dau tir dinh 1. Vi d6 thi 1a vo
huéng lién thong nén qua trinh tim kiém s& thaim duoc hét cac dinh.

procedure Visit(u € V);
begin
<Théng bao tham u va danh diu u di thim>;
for (Vv: (u, v) € E) do
if <v chua tham> then Visit(v);
end;

begin
<Ppanh dédu moi dinh déu chua thim>;
Visit (1) ;

end;

Coi mot canh cua dd thi twong duong vdi hai cung c6 hudng nguoc chiéu nhau. Thuét toan tim
kiém theo chiéu sau theo m6 hinh trén s& duyét qua hét cac dinh cua dd thi va tit ca cac cung nita.
Qua trinh duyét cho ta mét cay tim kiém DFS. Ta c6 cac nhan xét sau:

Nhan xét 1:

Qua trinh duyét s€ khong c6 cung chéo (cung di tir mdt nhanh DFS tham sau t¢1 nhanh DFS tham

trugc). That vay, néu qua trinh duyét xét tGi mot cung (u, v):

e Néu u tham trude v ¢ nghia 1a khi Visit(u) duoc goi thi v chua tham, vi thu tuc Visit(u) s& xdy
dung nhanh DFS gbc u gdm nhiing dinh chua thim dén duoc tir u, suy ra v nam trong nhanh
DFS géc u = v l1a hau du¢ cta u, hay (u, v) la cung DFS hodc cung xudi.

e Néu u thim sau v (v thim trudc u), twong tu trén, ta suy ra u nam trong nhanh DFS gbc v, v 1a
tién bdi cuia u = (u, v) la cung nguoc.

Nhan xét 2:

Trong qué trinh duyét d thi theo chiéu sau, néu cir duyét qua cung (u, v) nao thi ta bo di cung (v,

u). (Ttc 1a h duyét qua cung (u, v) thi ta dinh chiéu ludn canh (u, v) theo chiéu tir u tdi v), ta duoc

mdt phép dinh chiéu do thi goi 1a phép dinh chiéu DFS.
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S

Qo s

Hinh 15: Phép dinh chiéu DFS

Nhan xét 3:

V6i phép dinh chidu nhur trén, thi s& chi con cac cung trén cdy DFS va cung nguoc, khong con lai

cung xudi. Béi trén dd thi vo hudng ban du, néu ta coi mot canh 1a hai cung c6 hudng nguoc chiéu

nhau thi véi mot cung xudi ta ¢6 cung nguoc chidu voi né 1 cung nguge. Do tinh chit DFS, cung

nguoc dugc duyét trude cung xudi trong Gng, nén khi dinh chidu canh theo cung nguoc thi cung

xuoi s€ bi huy va khong bi xét toi nira.

Nhan xét 4:

Trong d6 thi v hudng ban dau, canh bi dinh huéng thanh cung nguge chinh 1a canh ngoai ciia cay

khung DFS. Chinh vi vdy, moi chu trinh co sé trong d6 thi vé hwéng ban diu vin sé 1a chu

trinh trong d6 thi c6 hudéng tao ra. (Pay la mot phuong phap hiéu qua dé liét ké cac chu trinh co s&

ctia cdy khung DFS: Vira duyét DFS vira dinh chiéu, néu duyét phai cung nguoc (u, v) thi truy vét

duong di cua DFS dé tim dudng tir v dén u, sau d6 ndi thém cung nguoc (u, v) dé duge mot chu

trinh co so).

Dinh Iy: Piéu kién can va di dé mét do thi vé hwong lién théng cé thé dinh chiéu dwgc la moi

canh ciia do thi nam trén it nhit mét chu trinh don (Hay néi cich khdc moi canh ciia do thi déu

khéng phdi la cau).

Chirng minh:

Goi G = (V, E) 1a mot d6 thi vo hudng lién thong.

n_yn

Néu G 1a dinh chiéu duoc thi sau khi dinh hudng s& dugc d6 thi lién thong manh G'. Vi mot canh

duoc dinh chiéu thanh cung (u, v) thi s& ton tai mot dudng di don trong G' theo cac canh dinh

huéng tir v vé u. Puong di d6 ndi thém cung (u, v) sé thanh mot chu trinh don c6 hudéng trong G'.

Ttec 1a trén d6 thi ban dau, canh (u, v) ndm trén mot chu trinh don.

gt

Néu mdi canh ctia G déu ndm trén mét chu trinh don, ta s& chimg minh réng: phép dinh chiéu DFS

s& tao ra dd thi G' lién thong manh.

e Trudc hét ta chimg minh rang néu (u, v) 1 canh ctia G thi s& c6 mot duong di tir u t6i v trong
G'. That vay, vi (u, v) nam trong mét chu trinh don, ma moi canh cia mét chu trinh don déu
phai thudc mdt chu trinh co sé nao do, nén s€ c6 mot chu trinh co s¢ chira ca u va v. Chu trinh
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co so qua phép dinh chiéu DFS van 1a chu trinh trong G' nén di theo cac canh dinh huéng cua
chu trinh d6, ta c6 thé di tir u t6i v va nguoc lai.

e Néuu va v 1a 2 dinh bat ky ctia G thi do G lién thong, ton tai mot duong di (u=xo, X, ..., Xn=V).
Vi (x, Xi + 1) 12 canh cta G nén trong G', tir x; ¢6 thé dén duoc x;:;. Suy ra tir u ciing c6 thé dén
duoc v béng cac canh dinh hudng cua G'.

2. Cai dat
Véi nhitng két qua di chimg minh trén, ta con suy ra dugc: Néu dd thi lién thong va mdi canh cta
n6 nam trén it nhat mot chu trinh don thi phép dinh chiéu DFS s& cho mot db thi lién théng manh.
Con néu khong, thi phép dinh chiéu DFS s& cho mot d6 thi dinh hudng cé it thanh phan lién thong
manh nhat, mot canh khong nam trén mét chu trinh don nao (céu) ctia d6 thi ban dau s& duoc dinh
huéng thanh cung ndi giira hai thanh phan lién thong manh.
Ta sé cai dit mot thudt todn véi mét do thi vé hwong: liét ké cdc cau va dinh chiéu cdc canh dé
dwoc mét do thi mdi cé it thanh phén lién théng manh nhit:
Dénh s cac dinh theo thir ty thaim DFS, goi Numbering[u] 1a s6 tht ti cta dinh u theo cach danh
s6 d6. Trong qua trinh tim kiém DFS, duyét qua canh nao dinh chiéu luon canh d6. Pinh nghia
thém Low[u] 14 gi4 tri Numbering nhé nhat ctia nhitng dinh dén dugc tir nhanh DFS gbc u bang mot
cung nguoc. Tic 1a néu nhanh DFS gbc u ¢6 nhiéu cung nguoc hudng 1én trén phia gdc cay thi ta
ghi nhéan lai cung nguoc hudng 1én cao nhat. Néu nhanh DFS gbc u khong chira cung ngugc thi ta
cho Low[u] = +eo. Cu thé cach cyc tiéu hoa Low[u] nhu sau:

e Trong thi tuc Visit(u), trudc hét ta danh s thtr tw tham cho dinh u (Numbering[u]) va khéi gan
Low[u] = +ee.

e Sau do6, xét tat ca nhitng dinh v ké u, dinh chiéu canh (u, v) thanh cung (u, v). Cé hai kha ning
x4y ra:
¢ v chua tham thi ta goi Visit(v) dé thim v va cyc tiéu hod Low[u] theo cong thuc:

Low[u] := min(Low[u]cs, Low[V])
¢ v da tham thi ta cuc tiéu hoa Low[u] theo cong thirc:
Low([u] := min(Low[u].s, Numbering[v])
D@ thay cach tinh nhu vay 1a dung dan boi néu v chua thim thi nhanh DFS gbc v ndm trong
nhanh DFS gbc u va nhitng cung nguoc trong nhanh DFS gbc v ciing 1 cung nguogc trong nhanh
DFS gbc u. Con néu v da tham thi (u, v) sé& la cung nguoc.

Db thi vo hudng D6 thi dinh chiéu, Gi4 tri Numbering[u] ghi trong vong tron,
Gia tri Low[u] ghi bén canh
Hinh 16: Phép danh s va ghi nhin cung ngworc 1én cao nhit
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Néu tr dinh u t&i tham dinh v, (u, v) 1a cung DFS. Khi dinh v dugc duyét xong, lui vé tha tuc
Visit(u), ta so sanh Low[v] va Numbering[u]. Néu Low[v] > Numbering[u] thi tc 1a nhanh DFS
gbc v khong co cung nguoc thoat 1én phia trén v. Tic 14 canh (u, v) khong thuée mot chu trinh co
& ndo ca, tirc canh do 1a cau.

{Pd thi G = (V, E)}

procedure Visit (uevVv);

begin
<bPanh s thi ty thidm cho dinh u (Numbering[u]); Khéi gan Low[u] := +oo>;
for (Vv: (u, v)€E) do
begin
<Pinh chiéu canh (u, v) thanh cung (u, v) & Loai bd cung (v, u)>;
if <v chwa tham> then
begin
Visit(v);
if Low[v] > Numbering[u] then <In ra cidu (u, v)>;
Low[u] := Min(Low[u], Low[v]); {Cuc tiéu hoa Low[u] theo Low[v]}
end
else {vdatham}
Low[u] := Min(Low([u], Numberingl[v]) ; {Cuc tiéu hoa Low[u] theo Numbering[v]}
end;
end;
begin

for (YueV) do
if <u chuwa tham> then Visit (u);
<In ra cach dinh chiéu>;
end.

Input: file vin ban GRAPH.INP

e Dong 1 ghi sb dinh n (n < 100) va s6 canh m cta d thi cach nhau it nhat mot dau cach

e m dong tiép theo, mdi dong ghi hai s6 nguyén dwong u, v cach nhau it nhat mot dau cach, cho
biét d thi c6 canh ndi dinh u véi dinh v

Output: file vin ban GRAPH.OUT

Thong bao cac cau va phép dinh chiéu c6 it thanh phan lién théng manh nhét

GRAPH. INP GRAPH.OUT

11 14 Bridges:

12 (4, 5)

13 (2, 4)

2 3 Directed Edges:

2 4 1 ->2

4 5 2 -> 3

4 6 2 -> 4

4 9 3 ->1

5 7 4 -> 5

5 10 4 -> 6

6 8 5 ->17

7 10 6 -> 8

7 11 7 -> 10

8 9 8 -> 9

10 11 9 -> 4
10 -> 5
10 -> 11
11 -> 7

PROGO5_1.PAS * Phép dinh chiéu DFS va liét ké cau
program Directivity and Bridges;
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const
max = 100;
var
a: array[l..max, 1..max] of Boolean; {Ma tran k& clia d thi}

Numbering, Low: arrayl[l..max] of Integer;
n, Count: Integer;

procedure Enter;
var
f: Text;
i, m, u, v: Integer;
begin
FillChar (a, SizeOf(a), False);
Assign(f, 'GRAPH.INP'); Reset(f);
ReadLn(f, n, m);
for i := 1 to m do
begin
ReadLn(f, u, v);
alu, vl := True;
alv, ul := True;
end;
Close(f);
end;

procedure Init;

begin
FillChar (Numbering, SizeOf (Numbering), 0); {Numbering[u] =0 < u chwa thdm}
Count := 0;

end;

procedure Visit (u: Integer);
var
v: Integer;
begin
Inc (Count) ;
Numbering[u] := Count; {Panh sb thi tw thdm cho dinh u, u tré thanh da tham}
Low[ul :=n + 1; {Kh&i gan Low{u] béing mot gia tri dd Ién hon tAt c& Numbering}
for v := 1 to n do
if alu, v] then {Xétmoidinhvkéu}

begin
al[v, ul := False; {Binh chiéu canh (u, v) thanh cung (u, v)}
if Numbering[v] = 0 then {Néu v chwa tham}
begin
Visit (v); {Bi tham v}
if Low[v] > Numbering[u]l then {(u,v)laciu}
WriteLm('(', u, ', ', v, ')");
if Low[u]l > Low[v] then Low[u] := Lowl[v]; {Cwc tiéu hoa Low{u] }
end
else
if Low[u] > Numbering[v] then Low[u] := Numbering[v]; {CuctiduhoaLow[u]}
end;

end;

procedure Solve;
var
u, v: Integer;
begin
WriteLn ('Bridges: '); {Dung DFS @& dinh chiéu db thj va liét ké cau}
for u := 1 to n do
if Numbering[u] = 0 then Visit(u):;
WriteLn ('Directed Edges: '); {Quét lai ma tran k& dé in ra cac canh dinh huéng}
for u := 1 to n do
for v := 1 to n do
if a[u, v] then WriteLn(u, ' -> ', Vv);
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end;

begin
Enter;
Init;
Solve;

end.

IV. LIET KE KHOP

Trong dd thi vo hudng, Mot dinh C duge goi 1a khdp, néu nhu ta boé di dinh C va céac canh lién
thudc vdi nd thi s€ 1am tang s6 thanh phén lién thong cua dd thi. Bai toan dit ra 1a phai liét ké hét
cac khop cua db thi.

RS rang theo cach dinh nghia trén, cac dinh treo va dinh ¢ 1ap s& khong phai 13 khop. D6 thi lién
thong c6 > 3 dinh, khong c6 khdp (cho di bo di dinh nao do thi van lién théng) duoc goi 1a d thi
song lién thong. Gitra hai dinh phéan biét cua do thi song lién thong, ton tai it nhat 2 duong di khong
c6 dinh trung gian nao chung.

Coi mdi canh cuia d6 thi ban dau 14 hai cung ¢6 huéng ngugc chiéu nhau va ding phép duyét do thi
theo chiéu siu:

{Pd thi G = (V, E)}
procedure Visit(u € V): € V;
begin
<Théng bao thidm u va danh diu u di tham>;
for (Vv: (u, v) € E) do
if <v chwa tham> then Visit(v);
end;

begin
<Panh ddu moi dinh déu chua thim>;

for (VYueV) do
if <u chuwa tham> then Visit (u);
end;

Qua trinh duyét cho mot rung cac cady DFS. Céac cung duyét qua c6 ba loai: cung DFS, cung nguoc
va cung xudi, dé khong bi réi hinh, ta chi wu tién v& cung DFS hodc cung nguoc:

Hinh 17: Duyét DFS, xdc dinh cay DFS va cdc cung ngugc
Hay dé y nhanh DFS gbc ¢ dinh r ndo d6
e Néu moi nhanh con ctia nhanh DFS gbc r déu c6 mot cung ngugc 1én téi mot tién bdi cia r thi r
khong 14 khép. Boi néu trong dd thi ban dau, ta bo r di thi tir mdi dinh bt ky ctia nhanh con, ta
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van c6 thé di 1én mot tién bdi cua r, rdi di sang nhanh con khac hoac di sang tat ca nhirng dinh
con lai ctia cay. S6 thanh phan lién thong ctia d6 thi khong thay doi.

e Néu r khong phai 1a gbc ctia mot cay DFS, va ton tai mot nhanh con cia nhanh DFS gbc r
khong c6 cung nguoc 1én mot tién bdi ciia r thi r 1a khép. Boi khi d6, tat ca nhing cung xuat
phat tir nhanh con d6 chi di téi nhitng dinh ndi bd trong nhanh DFS gdc r ma thoi, trén dd thi
ban dau, khong tdn tai canh ndi tur nhiing dinh thudc nhanh con t&é1 mot tién bdi cua r. Vay tu
nhanh d6 mudn di 1én mot tién bdi cua r, tat phai di qua r. Huy r khoi do thi s& 1am mat tat ca
cac duong di do, tire 1a lam tang s6 thanh phan lién thong cta d6 thi.

e Néur la gbc cia mot cay DFS, thi r 1a khép khi va chi khi r ¢6 it nhat hai nhanh con. Béi khi r
¢6 2 nhanh con thi duong di giita hai dinh thudc hai nhanh con d6 tat phai di quar.

Viy thi thudt todn liét ké khép lai la nhitng ky thudt quen thuéc, duyét DFS, dinh sé, ghi nhin
canh nguwoc lén cao nhdt tir mot nhdanh con, chi thém vio dé mét thao tic nhé: Néu tiv dinh u goi
dé quy tham dinh v ((u, v) la cung DFS) thi sau khi duyét xong dinh v, liii vé thii tuc Visit(u), ta
so sanh Low|[v] va Numbering[u] dé kiém tra xem tir nhdnh con géc v ¢6 canh ngugc nao lén
tién boi ciia u hay khéong, néu khong cé thi tam thoi dinh diu u la khép. Cudi cing phii kiém
tra lai diéu kién: néu u la géc ciy DFS thi né la khép khi va chi khi né c6 it nhét 2 nhdnh con,
néu khong thod man diéu kién dé thi danh déu lai u khéng la khép.

Input: file van ban GRAPH.INP vé6i khuon dang nhu bai toan liét ké cau

Output: Danh sach cac khép cua do thi

GRAPH.INP GRAPH.OUT
13 15 Cut vertices:
1 2, 3, 4, 5, 9,

W KR 00JO0 U bW

N B
o

R OWwWooooooauUuuld bW WDNDDN

PROG0OS5 2.PAS * Liét ké cac khép cua dd thi

program CutVertices;

const
max = 100;
var
a: arrayl[l..max, 1l..max] of Boolean; {Ma tran ké& clia 6 thi}
Numbering, Low, nC: arrayl[l..max] of Integer; {nCl[u]: S& nhanh con ctia nhanh DFS gbc u}
Mark: arrayl[l..max] of Boolean; {Mark[u] = True < u la kh&p}

n, Count: Integer;

procedure LoadGraph; {Nhap db thi (tr thiét bi nhap chuan Input)}
var

i, m, u, v: Integer;
begin

FillChar(a, SizeOf(a), False);
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ReadLn(n, m);
for i := 1 to m do
begin
ReadLn(u, Vv);
alu, v] := True; alv, ul := True;
end;
end;

procedure Visit(u: Integer); {Tim kiém theo chiéu sau bat du tr u}
var

v: Integer;
begin

Inc (Count) ;

Numbering[u] := Count; Low([u]l] := n + 1; nC[u] := 0;

Mark[u] := False;

for v := 1 to n do

if alu, v] then {Xét moi v k& u}
if Numbering[v] = 0 then {Néu v chwa tham}
begin
Inc(nclul); {Tang bién dém sb con clia ulén 1}
Visit (v) ; {Tham v}
{Néu nhanh DFS gbc v khong 06 cung nguro'c 1én mét tién bdi clia u tirc la Low[v] > Numbering[u]}
Mark[u]l] := Mark[u]l] or (Low[v] >= Numbering[ul) ; {Tamdanh dau u la khop}
if Low[u] > Low[v] then Low[u] := Lowl[v]; {Cuc tiéu hoa Low{u] }
end
else

if Low[u] > Numbering[v] then Low[u] := Numbering[v]; {Cuctiéuhod Lowu]}
end;

procedure Solve;

var
u: Integer;

begin
FillChar (Numbering, SizeOf (Numbering), 0); {Panh s6 = 0 < Dinh chwa tham}
FillChar (Mark, SizeOf (Mark), False); {Mang danh d4u khé'p chwra co gi}

Count := 0;
for u := 1 to n do

if Numbering[u] = 0 then {Xét moi dinh u chwa tham}
begin
Visit (u); {Tha&m u, xay dwng cay DFS gbc u}
if nC[u] < 2 then {Néu u co it hon 2 con}
Mark[u] := False; {Thi u khong phai 1 khop}
end;
end;
procedure Result; {Dwa vao mang danh dau dé liét ké cac khép}
var
i: Integer;
begin

WriteLn('Cut vertices:');
for i := 1 to n do
if Mark[i] then Write(i, ', '):
end;

begin
Assign (Input, 'GRAPH.INP'); Reset (Input);
Assign (Output, 'GRAPH.OUT'); Rewrite (Output);
LoadGraph;
Solve;
Result;
Close (Input) ;
Close (Output) ;
end.
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§6. CHU TRINH EULER, DUONG PI EULER, PO THI EULER
1. BAI TOAN 7 CAI CAU

Thanh phé Konigsberg thudc Pho (nay 1a Kaliningrad thudc Cong hoa Nga), duoc chia 1am 4 ving
bang céc nhanh song Pregel. Cac ving nay gdm 2 ving bén bd song (B, C), dao Kneiphof (A) va
mot mién nam giira hai nhanh séng Pregel (D). Vao thé ky XVIII, nguoi ta da xay 7 chiéc cau ndi
nhimg ving nay v6i nhau. Nguoi dan ¢ ddy ty hoi: Liéu c¢6 cach ndo xuit phat tai mot dia diém
trong thanh phd, di qua 7 chiéc cau, mdi chiéc ding 1 1an rdi quay trd vé noi xuat phat khong ?

Nha toan hoc Thuy si Leonhard Euler d giai bai toan ndy va c6 thé coi day 1a ung dung dau tién
ctia Ly thuyét d6 thi, 6ng d3 mo hinh hod so d6 7 cai cAu bang mot da d thi, bén ving dugc biéu
dién bang 4 dinh, cac cau 1 cac canh. Bai toan tim dudng qua 7 cau, mdi cau dang mdt lan c6 thé
tong quat hoa bang bai toan: Cé ton tai chu trinh don trong da dd thi chira tit ca cac canh ?.

Hinh 18: M& hinh dd thi ciia bai toan bay cai ciu

II. PINH NGHIA

1. Chu trinh don chtra tit ca cac canh cua d6 thi duge goi la chu trinh Euler

2. DPuong di don chura tat ca cac canh cua dd thi duoc goi la duong di Euler

3. Mot dd thi ¢6 chu trinh Euler duoc goi la dd thi Euler

4. Mot dd thi c6 duong di Euler duge goi 1a dd thi nira Euler.

R rang mot d6 thi Euler thi phai 1a nira Euler nhung diéu nguoc lai thi khong phai luén ding

III. PINH LY

1. Mot d6 thi vé huéng lién théng G = (V, E) c6 chu trinh Euler khi va chi khi moi dinh ctia n6
déu c6 bac chin: deg(v) = 0 (mod 2) (Vve V)

2. Mot dd thi vo hudng lién thong cé6 dwong di Euler nhung khong c6 chu trinh Euler khi va
chi khi n6 c6 ding 2 dinh bac 1¢

3. Mot db thi c6 hwéng lién théng véu G = (V, E) c¢6 chu trinh Euler thi moi dinh ctia né c6 ban

béc ra bang ban bac vao: deg'(v) = deg'(v) (Vve V); Nguoc lai, néu G lién théng yéu va moi
dinh cua nd cb ban bac ra bé“mg ban bac vao thi G c6 chu trinh Euler, hay G s¢ 1a lién thong
manh.

4. Mot @6 thi c6 hudng lién théng yéu G = (V, E) ¢6 dwong di Euler nhung khong c6 chu trinh
Euler néu ton tai dung hai dinh u, v € V sao cho deg’(u) - deg'(u) = deg'(v) - deg’(v) = 1, con
tat ca nhitng dinh khac u va v déu c6 ban bac ra be‘ing ban bac vao.

Lé Minh Hoang



Ly thuyét do thi oS 48 &

IV. THUAT TOAN FLEURY TIM CHU TRINH EULER

1. D6i véi dd thi vo huéng lién thong, moi dinh déu c6 bac chin.

Xuat phat tir mot dinh, ta chon mot canh lién thudc véi nd dé di tiép theo hai nguyén tic sau:

e Xo04 bo canh da di qua

e Chi di qua cau khi khong con canh nao khac dé chon

Va ta ctr chon canh di mdt cach thoai mai nhu vay cho td1 khi khong di tiép duoc ntra, duong di tim
duoc 1a chu trinh Euler.

Vi du: Véi do thi sau:

Néu xuat phat tir dinh 1, c6 hai cach di tiép: hodc sang 2 hodc sang 3, gia sir ta s& sang 2 va xoa

canh (1, 2) vira di qua. Tt 2 chi c6 cach duy nhat 13 sang 4, nén cho du (2, 4) 1a cau ta ciing phai di

sau d6 xoa ludén canh (2, 4). bén day, cac canh con lai cua dd thi c6 thé v& nhu trén bﬁng nét lién,

cac canh da bi xoa dugc vé bfing nét dut.

Bay gid dang dung ¢ dinh 4 thi ta co 3 cach di tiép: sang 3, sang 5 hodc sang 6. Vi (4, 3) 1a cAu nén

ta s& khong di theo canh (4, 3) ma sé& di (4, 5) hodc (4, 6). Néu di theo (4, 5) va cu tiép tuc di nhu

vay, ta s€ dugc chu trinh Euler 14 (1, 2,4, 5, 7, 8, 6, 4, 3, 1). Con di theo (4, 6) s€ tim dugc chu trinh

Eulerla: (1,2,4,6,8,7,5,4,3,1).

2. D6i véi do thi ¢6 hwéng lién thong yéu, moi dinh déu cé ban bac ra bang ban bic vao.

Béng cach "lam dung thuat ngi", ta co thé mé ta duoc thuit toan tim chu trinh Euler cho ca dd thi

c6 hudng ciing nhu vo hudng:

e Thu nhit, dudi ddy néu ta ndi canh (u, v) thi hiéu 14 canh ndi dinh u va dinh v trén d6 thi vo
hudng, hiéu 14 cung ndi tir dinh u ti dinh v trén d6 thi ¢ hudng.

e Thu hai, ta goi canh (u, v) 12 "mot di khong tro lai" néu nhu tir u ta di t&i v theo canh dé, sau do
x04 canh do di thi khong c6 cach nao tir v quay lai u.

Vay thi thuat toan Fleury tim chu trinh Euler c6 thé mo ta nhu sau:

Xuét phat tor mot dinh, ta di mgt cach tuy y theo céc canh tuan theo hai nguyén tdc: Xoa bo canh

vtra di qua va chi chon canh "mdt di khong trd lai” néu nhu khong con canh nao khac dé chon.

V. CAI PAT

Ta s€ cai dat thuat toan Fleury trén mot da dd thi vo hudéng. bé don gian, ta coi dd thi nay da c6 chu

trinh Euler, cong viéc cua ta la tim ra chu trinh do6 théi. Boi viéce kiém tra tinh lién thong cling nhu

kiém tra moi dinh déu co bac chin dén gio co thé coi 1a chuyén nho.

Input: file van ban EULER.INP

e Dong 1: Chira s6 dinh n ctia d6 thi (n < 100)

e Cic dong tiép theo, mdi dong chira 3 s6 nguyén duong cach nhau it nhat 1 dau cach c6 dang: u
v k cho biét giira dinh u va dinh v ¢6 k canh ndi

Output: file van ban EULER.OUT ghi chu trinh EULER
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EULER.INP EULER.OUT
1 2 3 1 3 4 1

WNRRRB
B Wk WwN
HHERNDR

PROGO6 1.PAS * Thudt toan Fleury tim chu trinh Euler

program Euler Circuit;

const
max = 100;

var
a: arrayl[l..max, 1l..max] of Integer;
n: Integer;

procedure Enter; {Nhap di¥ liéu tlr thiét bi nhap chuan Input}
var

u, v, k: Integer;
begin

FillChar(a, SizeOf(a), 0);
ReadLn (n) ;
while not SeekEof do
begin
ReadLn(u, v
alu, vl
alv, ul
end;
end;

k) ;

{Tha tuc nay kiém tra néu xoa mdt canh ndi (x, y) thi y 06 cdn quay lai duoe x hay khong}
function CanGoBack(x, y: Integer): Boolean;
var
Queue: arrayl[l..max] of Integer; {Hangdoidung cho Breadth First Search}
First, Last: Integer; ({First: Chisb dauhang doi, Last: Chi sb cudi hang doi}
u, v: Integer;
Free: arrayl[l..max] of Boolean; {Mangdanh dau}

begin
Dec(alx, yl); Dec(aly, x1); {Thlr x04 mdt canh (x, y) < Sb canh ndi (x, y) gidm 1}
FillChar (Free, n, True); {sau d6 ap dung BFS d& xem tr y ¢4 quay lai x dwoc khong ?}
Freel[yl := False;
First := 1; Last := 1;
Queue[l] := y;
repeat

u := Queue[First]; Inc(First);
for v := 1 to n do
if Freel[v] and (al[u, v] > 0) then
begin
Inc(Last);
Queue [Last] := v;
Free[v] := False;
if Free[x] then Break;
end;
until First > Last;
CanGoBack := not Freelx];
Inc(alx, yl); Inc(aly, x1); {&téndathkxoa canhthi gio phdi phuc hbi}
end;

procedure FindEulerCircuit; {Thuattoan Fleury}
var
Current, Next, v, count: Integer;
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begin
Current :=
Write(1l:5)
count := 1
repeat
Next := 0;
for v := 1 to n do
if a[Current, v] > 0 then
begin
Next := v;
if CanGoBack (Current, Next) then Break;
end;
if Next <> 0 then
begin
Dec (a[Current, Next]
Dec (a[Next, Current] {Xoa bé canh wira di qua}
Write (Next:5) ; {In két qua di t&i Next}
Inc (count);
if count mod 16 = 0 then WriteLn; {lnra tbida 16 dinh trén mot dong}
Current := Next; {Lai tiép tuc v&i dinh dang dirng la Next}
end;
until Next = 0; {Cho t&ikhi khong di tiép duoc niva}
WritelLn;
end;

B&t dau tir dinh Current = 1}

—_~

) ;
) ;

begin
Assign (Input, 'EULER.INP'); Reset (Input):;
Assign (Output, 'EULER.OUT'); Rewrite (Output);
Enter;
FindEulerCircuit;
Close (Input) ;
Close (Output) ;

end.

VI. THUAT TOAN TOT HON

Trong trudng hop d6 thi Euler c6 s6 canh di nhé, ta c6 thé st dung phuong phap sau dé tim chu
trinh Euler trong d6 thi vo huéng: Bit dau tir mot chu trinh don C bat ky, chu trinh nay tim duoc
bang cach xuat phat tir mot dinh, di tuy ¥ theo cic canh cho t6i khi quay vé dinh xuét phat, luu ¥ 1a
di qua canh nao xo04 ludén canh do. Néu nhu chu trinh C tim duogc chura tit ca cac canh cia do thi thi
d6 1 chu trinh Euler. Néu khong, xét cac dinh doc theo chu trinh C, néu con ¢ canh chua xo4 lién
thudc v6i mot dinh u nao d6 thi lai tir u, ta di tuy ¥ theo cac canh ciing theo nguyén tic trén cho t6i
khi quay tro vé u, dé duoc mot chu trinh don khéc qua u. Loai bo vi tri u khoi chu trinh C va chén
vao C chu trinh méi tim dugc tai dang vi tri cua u vira xo4, ta dugec mot chu trinh don C' méi 16n
hon chu trinh C. C&r lam nhu vay cho t61 khi dugce chu trinh Euler. Viéc chiing minh tinh dung dén
cua thuat toan cling 1a chiig minh dinh ly vé diéu kién can va da dé mot dd thi vo hudng lién thong
¢o chu trinh Euler.

M0 hinh thudt toan c6 thé viét nhu sau:
<Khéi tao mdét ngdn xép Stack ban diu chi gém mdéi dinh 1>;
<M& ta cac phuong thitc Push (diy vao) va Pop(lidy ra) mdét dinh tir ngdn xép Stack,
phuong thitc Get cho biét phén t& nidm & dinh Stack. Khac véi Pop, phuong thitc Get
chi cho biét phdn t& & dinh Stack ch@ khéng ldy phadn ti& dé ra>;
while Stack #J do
begin

x := Get;

if <Tén tai dinh y ma (x, y)e€E> then {T& xoondihudng khac duoc)

begin
Push(y) ;
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<Loai bé canh (x, y) khéi dd thi>;
end
else {Trxkhong ditiép dwoc téi dau niva)
begin
x := Pop;
<In ra dinh x trén duong di Euler>;
end;
end;

Thuét toan trén c¢6 thé dung dé tim chu trinh Euler trong dd thi ¢6 huéng lién thong yéu, moi dinh
cO ban bac ra bé'mg ban bac vao. Tuy nhién thtr tu cdc dinh in ra bi ngugc so vdi cac cung dinh
hudng, ta co thé dao nguoc hudng cac cung trude khi thyc hién thuat toan dé duoc thu ty dang.
Thuat todn hoat dong v6i hi¢u qua cao, dé cai dat, nhung truong hop x4u nhat thi Stack s& phai chtra
toan bd danh sach dinh trén chu trinh Euler chinh vi vay ma khi da dd thi c6 s canh qua 16n thi s&
khong dii khong gian nhé mo ta Stack (Ta ctr thir v6i d0 thi chi gdm 2 dinh nhung giita hai dinh d6
c6 t6i 10° canh ndi s& thiy ngay). Ly do thudt toan chi c6 thé 4p dung trong trudng hop sé canh ¢é
gi6i han biét trudc di nho 1a nhu vay.

PROGO6 2.PAS * Thudt toan hiéu qua tim chu trinh Euler

program Euler Circuit;

const

max = 100;

maxE = 20000; {S6 canh téi da}
var

a: arrayl[l..max, 1l..max] of Integer;
stack: arrayl[l..maxE] of Integer;
n, last: Integer;

procedure Enter; {Nhép dir liéu}
var
u, v, k: Integer;
begin
FillChar(a, SizeOf(a), 0);
ReadLn (n) ;
while not SeekEof do
begin
Readln(u, v
afu, vl
alv, ul
end;
end;

k) ;

procedure Push(v: Integer); {Paymotdinhv vao nganxép}
begin

Inc(last);

Stack[last] := v;
end;

function Pop: Integer; {LAy mot dinh khéi ngan xép, tra vé trong két qua ham}
begin

Pop := Stack[last];

Dec (last) ;

end;
function Get: Integer; {Tra v& phan tlr & dinh (Top) ngan xép}
begin
Get := Stack[last];
end;

procedure FindEulerCircuit;
var
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u, v, count: Integer;
begin
Stack[1l] := 1;  {Khditaonganxép ban dau chi gdmdinh 1}
last := 1;
count := 0;
while last <> 0 do {Chirngndo ngin x&p chwa rong}
begin
u := Get; {Xac dinh u la phan t&r & dinh ngén xép}
for v := 1 to n do
if alu, vl > 0 then {Xéttitca caccanh liénthudc vaiu, néu thay}
begin
Dec(alu, vl); Dec(alv, ul); {Xo& canh d6 khai dd thi}
Push (v) ; {PAy dinh tiép theo vao ngan xép}
Break;
end;
if u = Get then  {Néuphantlr & dinh ngin xép van Ia u = vong I&p trén khdng tim thiy dinh nao k& v&i u}
begin
Inc (count) ;
Write (Pop:5, ' ');  {Inraphan t& dinh ngén xép}
if count mod 16 = 0 then WriteLn; {Outputkhdng quéa 16 sb trén mot dong}
end;
end;
end;

begin
Assign (Input, 'EULER.INP'); Reset (Input);
Assign (Output, 'EULER.OUT'); Rewrite (Output);
Enter;
FindEulerCircuit;
Close (Input) ;
Close (Output) ;

end.

Bai tap:

Trén mat phéng cho n hinh chit nhét c¢6 cac canh song song vdi cac truc toa do. Hay chi ra mdt chu

trinh:

e Chi di trén canh cua cac hinh chir nhat

e Trén canh ciia mdi hinh chir nhat, ngoai trir nhitng giao diém véi canh caa hinh chir nhat khac
c6 thé qua nhiéu 1an, nhiing diém con lai chi dugc qua dung mot lan.

B C
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~
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§7. CHU TRINH HAMILTON, DUONG Bl HAMILTON, DO THI HAMILTON

I. PINH NGHIA

Cho db thi G = (V, E) ¢6 n dinh

1. Chu trinh (x4, X, ..., X5, X1) dugc goi 1a chu trinh Hamilton néu x; # Xjvoi1<i<j<n

2. Puong di (x4, X2, ..., Xn) dugc goi 1a duong di Hamilton néu x; # Xjvoi1<i<j<n

C6 thé phat biéu mot cach hinh thire: Chu trinh Hamilton 13 chu trinh xuét phat tir 1 dinh, di tham
tat ca nhimg dinh con lai mdi dinh ding 1 lan, cudi cung quay tré lai dinh xuat phat. Puong di
Hamilton 1a duong di qua tit ca cac dinh cta dd thi, mdi dinh dung 1 1an. Khac voi khai niém chu
trinh Euler va duong di Euler, mot chu trinh Hamilton khong phai 1a duong di Hamilton boi c6 dinh
xuét phat dugc thim téi 2 lan.

Vi dy: Xét 3 don db thi G, G», G; sau:

(F—C0 © (®) @ ® 9
N
e‘ © O, O, ®

G,

Do thi G; ¢6 chu trinh Hamilton (a, b, ¢, d, e, a). G khong c6 chu trinh Hamilton vi deg(a) = 1
nhung c¢6 duong di Hamilton (a, b, ¢, d). G; khong c6 ca chu trinh Hamilton 1an duong di Hamilton

II. PINH LY

1. D06 thi vo huéng G, trong d6 ton tai k dinh sao cho néu xo4 di k dinh nay cing véi nhiing
canh lién thudc ctia ching thi d6 thi nhan dugc sé c6 nhiéu hon k thanh phéan lién thong. Thi
khang dinh 1a G khong ¢6 chu trinh Hamilton. Ménh dé phan dao cua dinh 1y nay cho ta diéu
kién can dé mot do thi co chu trinh Hamilton

2. Dinh Iy Dirac (1952): D6 thi v6 hudéng G c¢6 n dinh (n > 3). Khi d6 néu moi dinh v cia G déu
c6 deg(v) = n/2 thi G ¢6 chu trinh Hamilton. Pay 1a mot diéu kién du dé mot d6 thi c6 chu
trinh Hamilton.

3. Db thi c6 huéng G lién thong manh va c6 n dinh. Néu deg(v) > n/ 2 va deg(v) = n /2 véi
moi dinh v thi G ¢6 chu trinh Hamilton

III. CAI PAT

Duéi déy ta s& cai dat mot chuong trinh liét ké tat ca cac chu trinh Hamilton xuét phat tir dinh 1, cac

chu trinh Hamilton khac c6 thé c6 dugc bang cach hoan vi vong quanh. Luu ¥ rang cho ti nay,

ngudi ta van chwra tim ra mot phuwong phap nao thuc sy hiéu qua hon phuong phéap quay lui dé tim

dui chi mot chu trinh Hamilton cling nhu dudng di Hamilton trong trudng hop d thi tong quat.

Input: file vin bin HAMILTON.INP

e Dong 1 ghi s dinh n (< 100) va s canh m ctia d6 thi cach nhau 1 ddu cach

e m dong tiép theo, mdi dong c6 dang hai sé nguyén duong u, v cach nhau 1 déu cach, thé hién u,
v 12 hai dinh ké nhau trong d6 thi

Output: file vin ban HAMILTON.OUT liét ké cac chu trinh Hamilton
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HAMILTON.INP HAMILTON.OUT

135241
142531

(1)
97 .!Q
S

Uk WNDRREWV
NERE U WDNDO

PROGO07_1.PAS * Thudt toan quay lui liét ké chu trinh Hamilton

program All of Hamilton Circuits;

const
max = 100;

var
f: Text;
a: arrayl[l..max, 1..max] of Boolean; {Ma tranké cliadd thi: a[u, v] = True < (u, v) 1a canh}
Free: arrayl[l..max] of Boolean; {Mang danh d4u Free[v] = True néu chwa di qua dinh v}
X: arrayl[l..max] of Integer; {Chu trinh Hamilton sé tim Ia; 1=X[1]1>X[2] - ... -X[n] ->X[1]=1}
n: Integer;

procedure Enter; {Nhap di liéu tlr thiét bi nhap chuan Input}
var

i, u, v, m: Integer;
begin

FillChar (a, SizeOf(a), False);
ReadLn(n, m);
for i := 1 to m do
begin
ReadLn(u, Vv);
alu, vl := True;
alv, ul := True;
end;
end;

procedure PrintResult; {Inkétqua néutimthiy chu trinh Hamilton}

var
i: Integer;

begin
for i := 1 to n do Write(XI[il, ' ');
WriteLn(X[1]);

end;

procedure Try(i: Integer); {Th caccach chondinh thitrong hanh trinh}

var
j: Integer;
begin
for j := 1 to n do {Binh thtr i (X[i]) 0 thé chon trong nhirng dinh}
if Freel[j] and alx[i - 1], j] then {kév&iXi-1]vachwabidiqua}
begin
x[i]l := j; {ThCr mt cach chon XiJ}
if i < n then {Néu chwa thtr chon dén X[nJ}
begin
Freel[j] := False; {Panhd4udinhjlada diqua}
Try(i + 1); {Pé cac budc thir ké tiép khdng chon phai dinh j niva}
Free[j] := True; {S8& thir phwng an khac cho X[i] nén sé& bd danh dau dinh viva thir}
end
else {Néuda thlr chondén Xn]}
if alj, X[1]] then PrintResult; {vanéuXn]laik& v&iX[1]thitacd chu trinh Hamilton}
end;
end;
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begin
{Binh hudng thiét bi nhap/xuét chuén}
Assign (Input, 'HAMILTON.INP'); Reset (Input);
Assign (Output, 'HAMILTON.OUT'); Rewrite(Output);

Enter;

FillChar (Free, n, True); {Khéi tao: Cac dinh déu chwa di qua}
x[1] := 1; Freel[l] := False; {BAt d4u tir dinh 1}

Try (2) ; {Thtr cac cach chon dinh ké tiép}

Close (Input) ;
Close (Output) ;
end.

Bai tap:

1. Lap chuong trinh nhap vao mét do thi va chi ra diing mot chu trinh Hamilton néu co.

2. Lap chuong trinh nhip vao mot do thi va chi ra ding mot duong di Hamilton néu co.

3. Trong ddm cudi cua Péc-xdy va An-dro-nét c6 2n hiép sy. Mdi hiép sy c6 khong qua n - 1 ké
thu. Hay giup Ca-xi-6-bé, me cta An-dro-nét xép 2n hiép sy ngdi quanh mot ban tron sao cho
khong c6 hiép sy nao phai ngdi canh ké thi ctia minh. Mdi hiép sy sé cho biét nhiing ké thu cua
minh khi ho dén san rong.

4. Gray code: Mot hinh tron duoc chia thanh 2" hinh quat déng tam. Hay xép 000
tat ca cac xau nhi phan d6 dai n vao cac hinh quat, mdi xau vao mot hinh [ 101 001
quat sao cho bat cir hai x4u nao & hai hinh quat canh nhau déu chi khac \111 011
nhau dang 1 bit. Vi dy v&i n =3 & hinh v& bén

5. "Thach d6: Bai toan mi di tudn: Trén ban cd téng quat kich thudc n x n &
vuong (n chin va 6 < n < 20). Trén mot 6 nao d6 c6 dit mot quan ma. Quan ma dang ¢ 6 (Xj,
Y1) ¢6 thé di chuyén sang 6 (X, Y2) néu | Xi-Xs |.| Y1-Y> | =2 (Xem hinh v&).
Hay fim mét hanh trinh cia quan ma tiv é xudt phdt, di qua tét cd cdc 6 ciia ban co, méi 6
ding 1 lan.

Vi du:
Véi n = 8; 6 xuat phat (3, 3)

P = z - / W
45 42 3 : 18 35 20 ,5 . 8 2 /%
;2 ZZ ﬁf :2 £: ;3 i: %l é%%%‘!l'///i
£ 6057 |32 | 45 58 [ 35 10 be@
e s |15 |25 &5 [ sa a1 s A

14 | 29 | 62 | 55 | 12 | 27 | 24 | 53 ‘

Véi n = 10; & xuldt phat (6, 5)
18 | 71 [ 100 | 43 [ 20 [ 69 | 86 | 45 | 22 | 25
97 | 42 19 70 | 99 | 44 | 21 | 24 | 87 | 46
72 | 17 98 95 | 68 | 85 | 88 | 63 | 26 | 23
41 | 96 73 84 | 81 | 94 | 67 | 90 | 47 | 50
16 | 83 80 93 | 74 | 89 | 64 | 49 | 62 | 27
79 | 40 35 82 1 |76 | 91 | 66 | 51 | 48
36 | 15 78 75 | 92 | 65 2 61 | 28 | 53
39 | 12 37 34 | 77 | 60 | 57 | 52 3 6
14 | 33 10 59 | 56 | 31 8 5 54 | 29
11 | 38 13 32 9 58 | 55 | 30 | 7 4

Goi y: Néu coi cac 0 cua ban co 1a cac dinh cua do thi va cac canh la ndi gitra hai dinh twong ung

v6i hai 6 ma giao chan thi dé thay rang hanh trinh ctia quian ma can tim s& 1a mot dudng di
Hamilton. Ta c6 thé xay dung hanh trinh bang thut toan quay lui két hop v6i phuong phap duyét
ru tién Warnsdorff: Néu goi deg(x, y) 1a s6 6 k& véi 6 (x, y) va chua di qua (ké ¢ ddy theo nghia
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dinh ké chir khong phai 13 6 k& canh) thi tir mot 6 ta s& khong thir xét 1an lwot cac hwéng di co
thé, ma ta s& wu tién thir hwéng di t6i 6 c6 deg nhé nhit trwée. Trong trwdng hop cé ton tai
dwong di, phuong phap nay hoat dong véi tde do tuyét voi: V&i moi n chan trong khoang tir 6 t&i
18, v6&i moi vi tri 6 xuét phat, trung binh thoi gian tinh tir lac bét dau t6i lic tim ra mot nghiém < 1
gidy. Tuy nhién trong trwdng hop n 1é, ¢é lic khong ton tai dwomng di, do phai duyét hét moi kha
nang nén thoi gian thuc thi lai hét strc toi té. (Co xét uu tién nhu trén hay xét thir ty nhu trudce kia
thi cling vy thoi. Khong tin cir thir voi n 1é: 5, 7, 9 ... va 6 xudt phat (1, 2), sau d6 ngdi xem may
tinh toat mo hoi).
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§8. BAI TOAN BUONG Pl NGAN NHAT

1. PO THI CO TRONG SO

Do thi ma mdi canh cta nd duge gan cho twong tng véi mot sé (nguyén hoic thuc) duoc goi 1a d6

thi c¢6 trong sb. S6 gan cho mdi canh cua do thi duoc goi 1a trong sb cua canh. Tuwong ty nhu do thi

khong trong sd, co nhiéu cach biéu dién db thi c6 trong sb trong may tinh. Dbi véi don d6 thi thi
cach dé dung nhét 1a sir dung ma tran trong sé:

Gia st d6 thi G = (V, E) ¢6 n dinh. Ta s& dung ma tran vudng C kich thuéc n x n. O day:

e Néu (u,v) € E thi C[u, v] = trong sb ctia canh (u, v)

e Néu (u, v) ¢ E thi tuy theo truong hop cu thé, C[u, v] duoc gan mot gia tri ndo dé dé co thé
nhan biét dugc (u, v) khong phai 1a canh (Chang han c6 thé gan bang +eo, hay bang 0, bang -co
V.V...)

e  Quy uoc c[v, v] =0 vdi moi dinh v.

Puong di, chu trinh trong do thi c¢6 trong sd ciing duge dinh nghia gidng nhu trong truong hop

khong trong sd, chi ¢6 khac 1a do dai duong di khong phai tinh bang sd canh di qua, ma duoc tinh

bang tong trong s6 cua cac canh di qua.

II. BAI TOAN PUONG PI NGAN NHAT

Trong cac ung dung thuc té, chfmg han trong mang ludi giao thong duong bd, duong thuy hoac
duong khong. Nguoi ta khong chi quan tim dén viéc tim duong di giira hai dia diém ma con phai
lwa chon mot hanh trinh tiét kiém nhat (theo tiéu chuan khong gian, thoi gian hay chi phi). Khi d6
phat sinh yéu cau tim dudng di ngan nhit giita hai dinh cia d6 thi. Bai toan d6 phat biéu dudi dang
téng quat nhu sau: Cho dd thi ¢ trong s6 G = (V, E), hay tim mdt duong di ngén nhét tir dinh xuét
phat S € V dén dinh dich F € V. D6 dai ctia duong di nay ta sé ky hiéu 1a d[S, F] va goi 1a khodng
cdch tir S dén F. Néu nhu khong ton tai duong di tir S tdi F thi ta s& dit khoang cach d6 = +eo.

e Néu nhu d6 thi c¢6 chu trinh 4m (chu trinh véi do dai am) thi khoang cach gitra mot s6 cip dinh
nao dé c6 thé khong xac dinh, boi vi bang cach di vong theo chu trinh nay mot sé 1an du 16n, ta
c6 thé chi ra dudng di gitra hai dinh nao d6 trong chu trinh nay nho hon bat ky mét sé cho trude
nao. Trong truong hop nhu viy, c6 thé dit vin dé tim dwong di co ban (dudng di khong co
dinh l3p lai) ngan nhat. Van dé d6 1a mot van dé hét stc phirc tap ma ta s& khong ban toi ¢ day.

e Néu nhu d6 thi khong c6 chu trinh am thi ta ¢6 thé ching minh dugc ring mot trong nhiing
duong di ngdn nhit 1a duong di co ban. Va néu nhu biét duoc khoang cach tir S t6i tit ca nhitng
dinh khac thi duong di nga‘in nhat tir S t6i F c6 thé tim dugc mot cach dé dang qua thuat toan
sau:

Goi c[u, v] 1a trong sb cua canh [u, v]. Qui udc c[v, v] =0 véi moi v € V va c[u, v] = +oo néu nhu

(u, v) ¢ E. Pat d[S, v] 1 khoang cach tir S toi v. Dé tim duong di tir S t6i F, ta co thé nhan thiy

ré‘mg luén ton tai dinh F; # F sao cho:

d[S, F] =d[S, F;] + c[F, F]

(D¢ dai dwong di ngdn nhat S->F = D¢ dai dwong di ngan nhat S->F; + Chi phi di tir F; t6i F)
Dinh F; d6 1a dinh lién trudc F trong duong di ngan nhit tir S toi F. Néu F\=S thi duong di ngin
nhét 14 dudng di truc tiép theo cung (S, F). Néu khong thi van dé tro thanh tim duong di ngan nhét
tir S t6i Fy. Va ta lai tim duoc mot dinh F, khac F va F, dé:

d[S, F1] =d[S, F2] + c[F2, Fi]
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Cu tiép tuc nhu vay, sau mot s6 hitu han budc, ta suy ra réng day F, Fy, F», ... khong chura dinh lap
lai va két thuc & S. Lat nguogc thir tu ddy cho ta dudng di ngén nhat tir S t6i F.

Tuy nhién, trong da sb truong hop, ngudi ta khong str dung phuong phap nay ma s& két hop luu vét

duong di ngay trong qua trinh tim kiém.

Duéi day ta s& xét mot sd thuat toan tim dudng di ngan nhat tir dinh S t6i dinh F trén don dd thi c6

huéng G = (V, E) ¢6 n dinh va m cung. Trong truong hop don dd thi vé hudng voi trong sé khong

am, bai toan tim duong di ngin nhat c6 thé dan vé bai toan trén d6 thi c6 huéng bang cach thay mdi

canh cua né bang hai cung c6 hudng nguoc chiéu nhau. Luu ¥ rang cac thuat toan dudi day sé luén

ludn tim duoc dudng di ngan nhat 13 dudng di co ban.

Input: file van ban MINPATH.INP

e Dong 1: Chira s6 dinh n ( < 100), s6 cung m ctia d9 thi, dinh xuat phat S, dinh dich F cch nhau
it nhat 1 ddu cach

e mdong tiép theo, mdi dong co dang ba sbu, v, c[u, v] cach nhau it nhét 1 ddu cach, thé hién (u,
v) 1a mot cung € E va trong sd cta cung d6 1a c[u,v] (c[u, v] 13 s6 nguyén c6 gia tri tuyét ddi <
100)

Output: file vin ban MINPATH.OUT ghi duong di ngan nhat tir S t&i F va d¢ dai duong di d6

MINPATH.INP MINPATH.OUT

71 4 Distance from 1 to 4: 15
1 4<-5<-6<-3<-2<-1

20
2
20
3
5
4

AU WWNRERO®O
nunhbhakwo b

III. TRUONG HOP PO THI KHONG CO CHU TRINH AM - THUAT TOAN FORD
BELLMAN

Thuat toan Ford-Bellman c6 thé phat biéu rat don gian:

Véi dinh xudt phdt S. Goi d[v] la khodng cdch tiv S t6i v.

Ban diu d[v] dwoc khdi gan bcing c/S, v]

Sau dé ta téi wu hod din cdc d[v] nhw sau: Xét moi cdp dinh u, v ciia do thi, néu cé mot cip dinh

u, v ma dfv] > dfu]+ cfu, v] thi ta dat lai d[v] := d[u] + c[u, v]. Tic 12 néu d6 dai dudng di tir S t6i

v lai 16m hon tong do dai duong di tir S t6i u cong véi chi phi di tir u t6i v thi ta s& huy bo duong di

tir S t6i v dang c6 va coi duong di tir S t6i v chinh 1a duong di tir S t6i u sau d6 di tiép tir u toi v.

Chu ¥ rang ta dit c[u, v] = +eo néu (u, v) khong 1 cung. Thuit toan sé& két thiic khi khong thé t6i wu

thém bat ky mot nhin d[v] nao nira.

Tinh dung cua thudt todn:

e Tai budc lip 1: Budc khoi tao d[v] = c[S, v]: thi ddy d[v] chinh 14 d6 dai ngin nhat cia duong
di tur S to1 v qua khong qua 1 canh.

e Gia str tai budce lap thiri (i > 1), d[v] bang d6 dai duong di ngan nhat tir S t6i v qua khong qua i
canh, thi do tinh chat: dudng di tir S t6i v qua khong qua i + 1 canh s& phai thanh 1ap bang cach:
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1dy mot dudng di tir S t6i mot dinh u nao d6 qua khong qua i canh, roi di tiép téi v bang cung (u,
v). Nén d6 dai duong di ngén nhat tir S t6i v qua khong qua i + 1 canh s& dugc tinh bang gia tri
nho nhat trong cac gi tri: (Nguyén 1y t6i vu Bellman)
¢ DO dai duong di ngan nhat tr S t6i v qua khong qua i canh
¢ Do dai duong di ngan nhét tir S téi u qua khong qué i canh cong véi trong s6 canh (u, V)
(Vu)
Vi vay, sau budc lap tdi uu cac d[v] bang cong thirc
d[V]buee i+1 = min(d[V]owec is d[u]buse it c[u, v]) (Vu)
thi cac d[v] s& bang d6 dai duong di ngan nhit tir S t6i v qua khong qua i + 1 canh.
Sau budc 1ap toi vu thir n - 2, ta ¢6 d[v] = do dai duong di ngin nhét tir S t6i v qua khong quan - 1
canh. Vi d6 thi khong c6 chu trinh &m nén s€ c6 mot duong di ngén nhit tir S toi v 1a duong di co
ban (qua khong qué n - 1 canh). Ttc 1a d[v] s€ 1a d0 dai duong di ngén nhit tr S t6i v.
Viy thi s6 buéc Lip toi wu hoa sé khong qua n - 2 bude.
Trong khi cai dat chuong trinh, néu mdi budc ta mé ta dudi dang:
for u := 1 to n do

for v := 1 to n do
d[v] := min(d[v], d[ul + clu, vl]);

Thi do sy tbi vu bic cau (dung d[u] t6i wu d[v] rdi lai c¢6 thé dung d[v] t6i wvu d[w] nita...) nén chi
1am toc do t6i wvu nhan d[v] ting nhanh 1én chtr khong thé giam di duoc.

PROGO08 1.PAS * Thudt toan Ford-Bellman

program Shortest Path by Ford Bellman;
const
max = 100;
maxC = 10000;
var
c: arrayl[l..max, 1l..max] of Integer;
d: arrayl[l..max] of Integer;
Trace: array[l..max] of Integer;
n, S, F: Integer;

procedure LoadGraph; {Nhap db thj ttr thiét bi nhap chuan (Input), d thi khéng dwoc cd chu trinh am}
var

i, m: Integer;

u, v: Integer;
begin

Readln(n, m, S, F);

{Nhirng canh khong c6 trong dd thi dwoc gan trong s6 +w}

for u := 1 to n do

for v := 1 to n do
if u = v then c[u, v] := 0 else c[u, v] := maxC;
for i := 1 to m do Readln(u, v, clu, vl]);

end;
procedure Init; {Kh&i tao}
var
i: Integer;
begin
for i := 1 to n do
begin
dl[i]l := cI[s, il; {Po dai duwerng di ngén nhét tir St i = (S, i)}
Trace[i] := S;
end;
end;
procedure Ford Bellman; {Thuat toan Ford-Bellman}

Lé Minh Hoang



Ly thuyét do thi

o 60 e

var
Stop: Boolean;

u, v, CountLoop:

begin
CountLoop := 0;
repeat
Stop := True;
for u := 1 to

Integer;

{Bién dém sb Ian 1ap}

n do

for v := 1 to n do

if dlv] >
begin
d[v]
Trace
Stop
end;

d[u] + clu, vl

:= d[u] + clu,
[v]l := u;
:= False;

Inc (CountLoop) ;
until Stop or (CountlLoop >= n - 2);

{Thuat toan két thic khi khong slra nhan cac d[v] dwoc nira hodc da Iap n-2 lan }

end;

procedure PrintResult;

begin

if d[F] = maxC then
from ', S, ' to

WriteLn ('Path
else
begin

then {Néu 3u, v thod man d[v] > d[u] + c[u, v] thi t&i wu lai d[v]}

v];
{Lwu vét dudng di}

{In duong di tr S ti F}

{Néu d[F] van Ia +x thi trc 13 khdng oo dudng}
', F, ' not found')

{Truy vét tim duong diy

WriteLn('Distance from ',
while F <> S do

begin
Write (F

’ '<");

F := TracelF];

end;
WriteLn(S);
end;
end;

begin

s, ' to ', F, ':

Assign (Input, 'MINPATH.INP'); Reset (Input);

Assign (Output,
LoadGraph;
Init;
Ford Bellman;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

'MINPATH.OUT') ;

Rewrite (Output) ;

IV. TRUONG HQP TRONG SO TREN CAC CUNG KHONG AM - THUAT TOAN

DIJKSTRA

Trong trudng hop trong s trén cac cung khong am, thuat toan do Dijkstra dé xuat dudi day hoat

dong hiéu qua hon nhiéu so v&i thuat toan Ford-Bellman. Ta hiy xem trong trudng hop nay, thuat

toan Ford-Bellman thiéu hiéu qua ¢ chd nao:
Véidinh v e V, Goi d[v] 1a d§ dai duong di ngén nhét tir S t6i v. Thuat toan Ford-Bellman khéi tao
d[v] = ¢[S, v]. Sau d6 t6i wu hoa dan cac nhan d[v] bang cach sira nhin theo cong thirc: d[v] =

min(d[v], d[u] + c[u, v]) v6i Vu, v € V. Nhu vdy néu nhu ta dung dinh u sira nhin dinh v, sau d6

néu ta lai t&i vu dugc d[u] thém nira thi ta cling phai stra lai nhan d[v] din t&i viéc d[v] c6 thé phai

chinh di chinh lai rat nhiéu lan. Vay nén ching, tai méi budc khong phai ta xét moi cip dinh (u,
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v) dé dung dinh u stra nhan dinh v ma s& chon dinh u 13 dinh ma khéng thé t6i wu nhin d[u]
thém duoc nita.
Thudt toan Dijkstra (E.Dijkstra - 1959) co thé mé ti nhw sau:
Budc 1: Khéi tao
Véi dinh v € V, goi nhan d[v] 1a d6 dai dudng di ngin nhét tir S t6i v. Ta s& tinh cac d[v]. Ban dau
d[v] duoc khai gan bang c[S, v]. Nhan ctia mbi dinh c6 hai trang thai tu do hay c¢6 dinh, nhén ty do
c6 nghia 13 ¢6 thé con tdi wu hon duge nita va nhin c¢b dinh tac 1a d[v] di bang d6 dai duong di
ngan nhét tir S t6i v nén khong thé t6i vu thém. Pé 1am diéu nay ta c6 thé st dung k¥ thuat danh
dau: Free[v] = TRUE hay FALSE tuy theo d[v] tu do hay ¢b dinh. Ban d4u cac nhin déu ty do.
Budc 2: Lap
Budc lap gom c6 hai thao tac:

1. C6 dinh nhin: Chon trong cac dinh c6 nhin ty do, lay ra dinh u la dinh c6 d[u] nhé

nhit, va co dinh nhin dinh u.
2. Sira nhin: Dung dinh u, xét tat ca nhirng dinh v va sira lai cac d[v] theo cong thirc:
d[v] := min(d|v], d[u] + c[u, V])
Buéc liap sé két thic khi ma dinh dich F dwogc ¢6 dinh nhin (tim dwoe dwong di ngin nhit tir
S téi F); hoic tai thao tac c6 dinh nhin, tit ca cic dinh tu do déu c6 nhén 13 +oo (khong ton tai
dwong di).
Co thé dat cau hoi, & thao tac 1, tai sao dinh u nhu vay duoc ¢ dinh nhan, gid str d[u] con co thé toi
vu thém dugc nita thi tat phai c6 mot dinh t mang nhan tu do sao cho d[u] > d[t] + ¢[t, u]. Do trong
sd c[t, u] khong 4m nén d[u] > d[t], trai v6i cach chon d[u] 12 nho nhat. T4t nhién trong lan lip dau
tién thi S 1a dinh duoc ¢ dinh nhén do d[S] = 0.
Buée 3: Két hop véi viée luu vét duong di trén tig budc stra nhén, thong bao duong di ngan nhat
tim duoc hodc cho biét khong t6n tai dudng di (d[F] = +eo).
PROG08_2.PAS * Thudt toan Dijkstra

program Shortest Path by Dijkstra;
const
max = 100;
maxC = 10000;
var
c: arrayl[l..max, 1l..max] of Integer;
d: arrayl[l..max] of Integer;
Trace: array[l..max] of Integer;
Free: arrayl[l..max] of Boolean;
n, S, F: Integer;

procedure LoadGraph; {Nhap db thi, trong sb cac cung phai la sb khong am}
var

i, m: Integer;

u, v: Integer;

begin

Readln(n, m, S, F);

for u := 1 to n do

for v := 1 to n do
if u = v then c[u, v] := 0 else clu, v] := maxC;

for i := 1 to m do Readln(u, v, clu, vl);
end;
procedure Init; {Khé&i tao cac nhan d[v], cac dinh déu duorc coi la t do}
var

i: Integer;
begin
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for i := 1 to n do
begin
d[i] := c[s, 1il:;
Trace[i] := S;

end;
FillChar (Free, SizeOf (Free), True);
end;
procedure Dijkstra; {Thuat toan Dijkstra}

var
i, u, v: Integer;
min: Integer;
begin
repeat
{Tim trong céc dinh cd nhan tw do ra dinh u ¢4 du] nhd nhat}
u := 0; min := maxC;
for i := 1 to n do
if Freel[i]l and (d[i] < min) then
begin

{Thuat toan s& két thic khi cac dinh tw do déu 06 nhén +o hodc da chon dén dinh F}
if (u = 0) or (u = F) then Break;
{Cb dinh nhan dinh u}
Free[u] := False;
{Duing dinh u t&i wu nhan nhirng dinh tw do k& v&i u}
for v := 1 to n do
if Freel[v] and (d[v] > d[u]l + cl[u, v]) then
begin
dlvl := dlul + clu, vl;
Tracel[v] := u;
end;
until False;
end;

procedure PrintResult; {In dwdng di tr S t&i F}
begin
if d[F] = maxC then
WriteLn('Path from ', S, ' to ', F, ' not found')
else
begin
WriteLn('Distance from ', S, ' to ', F, ': ', d[Fl);
while F <> S do
begin
Write(F, '<-');
F := Tracel[F];
end;
WriteLn(S) ;
end;
end;

begin
Assign (Input, 'MINPATH.INP'); Reset (Input);
Assign (Output, 'MINPATH.OUT'); Rewrite (Output);
LoadGraph;
Init;
Dijkstra;
PrintResult;
Close (Input) ;
Close (Output) ;
end.
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V. THUAT TOAN DIJKSTRA VA CAU TRUC HEAP

Néu d6 thi c6 nhiéu dinh, it canh, ta c6 thé sir dung danh sach ké kém trong s6 dé biéu dién do thi,
tuy nhién toc do cta thuat toan DIJKSTRA van kh4 cham vi trong trudng hop xau nhat, nd can n
lan ¢6 dinh nhin va mdi lan tim dinh dé ¢ dinh nhin s& mat mot doan chuong trinh voi do phtc tap
O(n). Pé tang toc do, ngudi ta thudng sir dung ciu trac dit liéu Heap dé luu cac dinh chua c6 dinh
nhin. Heap & ddy 1a mot cAy nhi phan hoan chinh thod man: Néu u 1a dinh lyu & nit cha va v 1a
dinh luu & nat con thi d[u] < d[v]. (Pinh r luu & gbc Heap 1a dinh c6 d[r] nhé nhat).

Tai mdi budc lap cua thuat toan Dijkstra ¢6 hai thao tac: Tim dinh ¢ dinh nhan va Stra nhan.

e Thao tac tim dinh ¢ dinh nhin s& ldy dinh luu & gbc Heap, c¢b dinh nhén, dwa phan tir cubi
Heap vao thé chd va thuc hién viéc vun déng (Adjust)

e Thao tac stra nhan, s& duyét danh sach ké cua dinh vira ¢d dinh nhén va sira nhin nhitng dinh tu
do ké véi dinh nay, mdi 1an stra nhdn mot dinh nao do, ta xac dinh dinh nay nam ¢ dau trong
Heap va thuc hién viéc chuyén dinh d6 1én (UpHeap) phia gbc Heap néu can dé bao toan céu
trac Heap.

Cai dat dudi day co Input/Output gidng nhu trén nhung c6 thé thuc hién trén do thi 5000 dinh,

10000 canh, trong s6 mdi canh < 10000.

PROG0O8 3.PAS * Thuat toan Dijkstra va clu truc Heap
program Shortest Path by Dijkstra and Heap:

const
max = 5000;
maxE = 10000;
maxC = 1000000000;
type

TAdj = array[l..maxE] of Integer;
TAdjCost = arrayl[l..maxE] of LongInt;
THeader = arrayl[l..max + 1] of Integer;

var
adj: “TAdj; {Danh sach k& dang Forward Star}
adjCost: “TAdjCost; {Kém trong sb}
head: “THeader; {Mang danh d4u cac doan clia Forward Star}

d: arrayl[l..max] of LongInt;

Trace: array[l..max] of Integer;
Free: arrayl[l..max] of Boolean;
heap, Pos: array[l..max] of Integer;
n, S, F, nHeap: Integer;

procedure LoadGraph; {Nhapd liéu}
var
i, m: Integer;
u, v, c: Integer;
inp: Text;
begin
{Pocfile 1an 1, d& xac dinh cac doan}
Assign(inp, 'MINPATH.INP'); Reset(inp);
ReadLn(inp, n, m, S, F);
New (head) ;
New (adj) ; New(adjCost):;
{Phép dém phan phéi (Distribution Counting)}
FillChar (head”, SizeOf (head™), 0);
for i := 1 to m do
begin
ReadLn (inp, u);
Inc (head” [ul);
end;
for i := 2 to n do head”[i] := head”[i - 1] + head”[il;
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Close(inp) ;
{bén day, ta xac dinh dwoc head[u] 14 vi tri cubi clia danh sach ké dinh u trong adj’}

Reset (inp) ; {Pocfile lan 2, vao cAu tnic Forward Start}
ReadLn (inp) ; {B& qua dong dAu tién Input file}
for i := 1 to m do
begin
ReadLn (inp, u, v, c);
adj”* [head” [ul] := v; {Pién v va c vao vj tri dung trong danh sach ké clia u}
adjCost” [head” [ul] := c;
Dec (head” [ul) ;
end;
head”[n + 1] := m;
Close (inp);
end;
procedure Init; {Kh&i tao d[i] = d8 dai dutrng di ngén nhét tr S t6i i qua 0 canh, Heap rdng}
var
i: Integer;
begin
for i := 1 to n do d[i] := maxC;
d[s] := 0;

FillChar (Free, SizeOf (Free), True):;
FillChar (Pos, SizeOf (Pos), 0);
nHeap := 0;

end;
procedure Update(v: Integer); {Dinh v vira duoc stra nhan, can phai chinh lai Heap}
var
parent, child: Integer;
begin
child := Posl[v]; {child 1a vi tri clia v trong Heap}
if child = 0 then {Néuv chwa co trong Heap thi Heap phai bd sung thém 1 phan ttr va coi child = nat 4 cudi Heap}
begin
Inc (nHeap); child := nHeap;
end;

parent := child div 2; {parentla natcha clia child}
while (parent > 0) and (d[heap[parent]] > d[v]) do
begin  {Néudinhlwu® nit parent wu tién kém hon v thi dinh d6 s& bi @Ay xubng ndt con child}
heap [child] := heap[parent]; {PAaydinhlwu trong nit chaxubng nit con}
Pos [heap[child]] := child; {Ghi nhan lai vi tri m&i clia dinh dé}

child := parent; {Tiép tuc xét Ién phia nit gbc}
parent := child div 2;
end;

{Thao tac "kéo xubng" & trén tao ra mdt "khoang trdng" tai nit child ctia Heap, dinh v sé& duwoc dat vao day}
heap[child] := v;
Pos[v] := child;

end;

function Pop: Integer;

var
r, ¢, v: Integer;

begin
Pop := heapll]; {Nut gbc Heap chtra dinh ¢ nhan tw do nhd nhat}

v := heapl[nHeap]; ({vladinh& nitla cudi Heap, s& duoc ddo Ién dau va vun ddng}
Dec (nHeap) ;
r := 1; {B&tdauty nitgbc}
while r * 2 <= nHeap do {Chlrngnaor chwa phaila la}
begin
{Chon c la nut chtra dinh wu tién hon trong hai nat con}
c :=1r * 2;
if (c < nHeap) and (d[heaplc + 1]] < dl[heaplc]l]) then Inc(c):;
{Néu v wu tién hon ca dinh chira trong C, thi thoat ngay}
if d[v] <= dl[heaplc]] then Break;
heap[r] := heaplcl; {Chuyéndinhlwu® nitconclénnitchar}
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Pos[heap[r]l] := r; {Ghinhanlaivitri m&itrong Heap clia dinh dé}

r := c; {Gan nut cha := nut con va ap lai}
end;
heap[r] := v; {Pinhvsé duocdatvaonitrdé bdo toan cAu tric Heap}
Pos[v] := r;

end;

procedure Dijkstra;

var
i, u, iv, v: Integer;
min: Integer;

begin
Update (1) ;
repeat
u := Pop; {Chon dinh tw do 04 nhan nhd nhéat}
if u = F then Break; {NéudinhdolaF thi dirng ngay}
Free[u]l := False; {C4 dinh nhan dinh d6}
for iv := head”[u] + 1 to head”[u + 1] do {Xétdanh sich k&}
begin
v := adj’[iv];
if Freel[v] and (d[v] > dlu]l] + adjCost”[iv]) then
begin
dlv] := d[u]l + adjCost™[iv]; {Tbiwuhoa nhan clia cac dinh tw do ké& v&i u}
Tracelv] := u; {Lwu vét duong di}
Update (v) ; {T6 chirc lai Heap)
end;
end;
until nHeap = 0; {Khéng con dinh nao mang nhan tw do}
end;

procedure PrintResult;
var
out: Text;
begin
Assign (out, 'MINPATH.OUT'); Rewrite(out);
if d[F] = maxC then
WriteLn(out, 'Path from ', S, ' to ', F, ' not found')
else
begin
WriteLn (out, 'Distance from ', S, ' to ', F, ': ', 4d[F]);
while F <> S do
begin
Write(out, F, '<-');
F := Tracel[F];
end;
WriteLn (out, S);
end;
Close (out) ;
end;

begin
LoadGraph;
Init;
Dijkstra;
PrintResult;
end.

VI. TRUONG HQP PO THI KHONG CO CHU TRINH - THU TU TO PO

Ta c6 dinh 1y sau: Gia st G = (V, E) 1 d6 thi khong c6 chu trinh (c6 huéng - tit nhién). Khi d6 cac
dinh ciia né co6 thé danh s6 sao cho mdi cung clia né chi ndi tir dinh ¢6 chi s6 nho hon dén dinh c6
chi s 16n hon.
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Hinh 19: Phép danh lai chi sé theo thir tu topd
Thuét toan danh sé lai cac dinh cua do thi ¢ thé mé ta nhu sau:

Trudc hét ta chon mot dinh khong c6 cung di vao va danh chi sé 1 cho dinh d6. Sau d6 xoa bo dinh
nay cung véi tit ca nhitng cung tir u di ra, ta dwoc mot dd thi moi cling khoéng co chu trinh, va lai
danh chi s6 2 cho mét dinh v nao d6 khong c6 cung di vao, rdi lai xo4 dinh v cling véi cc cung tir v
di ra ... Thuat toan s& két thuc néu nhu hodc ta di danh chi sé dugc hét cac dinh, hodc tat ca cac
dinh con lai déu c6 cung di vao. Trong truong hop tat ca cac dinh con lai déu c6 cung di vao thi s&
ton tai chu trinh trong dd thi va khang dinh thuat toan tim duong di ngan nhét trong muc nay khong
ap dung duoc. (Thuét toan danh sé niy c6 thé cai tién bang cach ding mot hang doi va cho nhiing
dinh khong c6 cung di vao ding cho lan luot trong hang doi do, 1an luot rat cac dinh khoi hang doi
va danh s6 cho no, déng thoi huy nhitng cung di ra khoi dinh vira danh sd, lvu y sau mdi 1an loai bo
cung (u, v), néu thiy ban bac vao ctia v = 0 thi ddy v vao chd trong hang doi, nhu vay d& mat cong
duyét dé tim nhing dinh c6 ban bac vao = 0)

Néu cac dinh duoc danh s6 sao cho mdi cung phai ndi tir mot dinh téi mot dinh khac mang chi sb
16n hon thi thuat toan tim duong di ngén nhat c6 thé mé ta rat don gian:

Goi d[v] 1a do dai duong di ngdn nhét tir S toi v. Khoi tao d[v] = ¢[S, v]. Ta s& tinh cac d[v] nhu

sau:
for u := 1 ton - 1 do
for v := u + 1 to n do

d[v] := min(d[v], dlul + clu, vl]);
(Gia thiét rang c[u, v] = +eo néu nhu (u, v) khong 1a cung).
Tac 1a dung dinh u, t6i wu nhan d[v] cta nhitng dinh v ndi tir u, v6i u duge xét 1an luot tir 1 tdi n -
1. C6 thé 1am tét hon nita bang cach chi can cho u chay tir dinh xut phat S téi dinh két thuc F. Boi
hé u chay t6i dau thi nhan d[u] 13 khong thé cuec tiéu hoa thém nira.

PROGO8 4.PAS * Dudng di ngdn nhidt trén dé thi khéng cé chu trinh

program Critical Path;
const

max = 100;

maxC = 10000;
var

c: arrayl[l..max, 1l..max] of Integer;

List, d, Trace: arrayl[l..max] of Integer; {Listla danh sach cac dinhtheo cach danh sb moi}

n, S, F, count: Integer;

procedure LoadGraph; {Nhap di liéu, dd thi khong dwoc cd chu trinh}
var

i, m: Integer;

u, v: Integer;

begin
Readln(n, m, S, F);
for u := 1 to n do
for v := 1 to n do
if u = v then c[u, v] := 0 else clu, v] := maxC;
for i := 1 to m do Readln(u, v, clu, vl);
end;
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procedure Number; {Thuat toan danh sb cac dinh}
var
deg: arrayl[l..max] of Integer;
u, v: Integer;
front: Integer;
begin
{Trwérc hét, tinh ban bac vao clia cac dinh (deg)}
FillChar (deg, SizeOf(deg), 0);
for u := 1 to n do
for v := 1 to n do
if (v <> u) and (clv, ul < maxC) then Inc(deglul):;
{Pwa nhirng dinh c6 ban bac vao = 0 vao danh sach List}
count := 0;
for u := 1 to n do
if deglu]l = 0 then
begin
Inc(count); List[count] := u;
end;
{front: Chi sb phan ttr dang xét, count: S& phan ttr trong danh sach}
front := 1;
while front <= count do {Chirng ndo chwa xét hét cac phan t trong danh sach}
begin
{Xét phan tr thr front trong danh sach, day con tré front sang phan ttr k& tiép}
u := List[front]; Inc(front);
for v := 1 to n do
if clu, vl <> maxC then {Xétnhitngcung (u, v)va "loai" khdi db thi < deg’(v) giam 1}
begin
Dec (deglv]) ;
if deglv] = 0 then {Néu v tr& thanh dinh khéng o6 cung di vao}
begin {Puatiép v vao danh sach List}
Inc (count) ;
List[count] := v;
end;
end;
end;
end;

procedure Init;

var
i: Integer;
begin
for i := 1 to n do
begin
d[i] := cs, il;
Trace[i] := S;
end;
end;
procedure FindPath; {Thuat toan quy hoach ddng tim dudng di ngén nhét trén dd thi khdng chu trinh}
var
i, j, u, v: Integer;
begin

for i := 1 ton - 1 do

for j := i + 1 to n do
begin
u := List[i]; v := List[jl; {Duing List[i] t6i Lu nhan List[j] v&ii < j}
if dlv]l > d[u]l + clu, v] then
begin
dlvl := dlul + clu, vl;
Tracel[v] := u;
end
end;

end;
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procedure PrintResult; {In dwdng di tr S t&i F}
begin
if d[F] = maxC then
WriteLn('Path from ', S, ' to ', F, ' not found')

else
begin
WritelLn('Distance from ', S, ' to ', F, ': ', d[Fl);
while F <> S do
begin
Write(F, '<-');
F := Tracel[F];
end;
WriteLn(S);
end;
end;
begin

Assign (Input, 'MINPATH.INP'); Reset (Input);
Assign (Output, 'MINPATH.OUT'); Rewrite (Output);
LoadGraph;
Number;
if Count < n then
WriteLn ('Error: Circuit Exist')
else
begin
Init;
FindPath;
PrintResult;
end;
Close (Input) ;
Close (Output) ;
end.

VIL. PUONG PI NGAN NHAT GIUA MOI CAP DiNH - THUAT TOAN FLOYD

Cho don d6 thi c6 hudng, c6 trong s G = (V, E) voi n dinh va m canh. Bai toan dit ra 1a hay tinh
tat ca cac d(u, v) 1a khoang cach tir u t6i v. R rang 13 ta c6 thé ap dung thuit toan tim dudng di
ngan nhét xuat phat tir mot dinh voi n kha ning chon dinh xuat phat. Nhung ta cé cach 1am gon hon
nhiéu, cach lam nay rat giéng voi thut toan Warshall ma ta da biét: T ma tran trong sb ¢, thuat
toan Floyd tinh lai cac c[u, v] thanh d¢ dai duong di ngan nhat tir u t&i v:
Vi moi dinh k ciia dd thi duge xét theo thir tu tir 1 t6i n, xét moi cap dinh u, v. Cyuc tiéu hoa c[u, v]
theo cong thuec:

c[u, v] := min(c[u, v], c[u, k] + c[k, v])
Tirc la néu nhuw dwong di tiv u t6i v dang cé lai dai hon dwong di tir u t6i k cong véi dwong di tir k
16i v thi ta huy bé dwong di tiv u téi v hién thoi va coi dwong di tir u t6i v s€ la néi cia hai dwong di
tir u 161 k roi tir k t6i v (Chil y rang ta con cé viée lwu lai vér):

for k := 1 to n do
for u := 1 to n do
for v := 1 to n do
clu, vl := min(c[u, vl, clu, k]l + clk, v]);

Tinh dung ciia thudt todn:

Goi ¢"[u, v] 14 d6 dai duong di ngdn nhét tir u t6i v ma chi di qua cac dinh trung gian thudc tap {1,
2, ..., k}. RS rang khi k = 0 thi ¢’[u, v] = c[u, v] (dudng di ngin nhit 1 duong di tryc tiép).

Gia sir ta da tinh duge cac ¢ '[u, v] thi ¢*[u, v] s& duoc xay dung nhu sau:

Néu duong di ngan nhét tir u toi v ma chi qua cac dinh trung gian thudc tap {1, 2, ..., k} lai:

e Khong di qua dinh k thi tirc 1a chi qua cac dinh trung gian thudc tap {1, 2, ..., k - 1} thi
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k-1 [u’ V]

ck[u, v]=c

o (Co di qua dinh k thi duong di d6 s& 12 ndi cia mot dudng di tir u t6i k va mot dudng di tir k t6i
v, hai duong di nay chi di qua céc dinh trung gian thudce tap {1, 2, ..., k- 1}.
My, v] = [u, k] + [k, v].

Vi ta mudn c*[u, v] 12 cuc tiéu nén suy ra: ¢*[u, v] = min(c*'[u, v], ¢*'[u, k] + [k, v]).
Va cubi cing, ta quan tam t6i ¢"[u, v]: DO dai duong di ngin nhét tir u téi v ma chi di qua cc dinh
trung gian thudce tap {1, 2, ..., n}.
Khi cai dat, thi ta sé khong c6 cac khai niém ck[u, v] ma sé& thao tac truc tiép trén cac trong sb c[u,
v]. c[u, v] tai budc t6i uu thir k s& dugc tinh toan dé t6i vu qua cac gia tri c[u, v]; c[u, k] va c[k, v]
tai budc thir k - 1. Va néu cai dat dudi dang ba vong lap for léng nhu trén, do ¢6 su toi vu bac cau
tai mdi budre, toe d6 t6i wu c[u, v] chi ting 1én cht khong thé giam di duoc.

PROG08 5.PAS * Thudt toan Floyd

program Shortest Path by Floyd;
const
max = 100;
maxC = 10000;
var
c: arrayl[l..max, 1l..max] of Integer;
Trace: arrayl[l..max, 1l..max] of Integer; {Trace[u, v] =Binh lién sau u trén dudng di tlr u téi v}
n, S, F: Integer;

procedure LoadGraph; {Nhap di¥ liéu, d thi khéng dwoc cd chu trinh am}
var

i, m: Integer;

u, v: Integer;
begin

ReadLn(n, m, S, F);

for u := 1 to n do

for v := 1 to n do

if u = v then c[u, v] := 0 else clu, v] := maxC;
= 1 to m do ReadLn(u, v, clu, v]);

procedure Floyd;
var
k, u, v: Integer;
begin
for u := 1 to n do
for v := 1 to n do Tracel[u, v] := v; {Gid sk dwongdi ngdn nhat gitka moi cap dinh la dwdng tnwc tiép}
{Thuat toan Floyd}
for k := 1 to n do
for u := 1 to n do
for v := 1 to n do
if clu, vl > clu, k] + clk, vl then {Pudngditl quak tothon}

begin
clu, vl := clu, k] + clk, v]; {Ghi nhan dwong di d6 thay cho duwong ci}
Trace[u, v] := Tracelu, kl; {Lwu vét dutng di}

end;

end;

procedure PrintResult; {Indwongditlr St6iF}
begin
if c[S, F] = maxC
then WriteLn('Path from ', S, ' to ', F, ' not found')
else
begin
WritelLn('Distance from ', S, ' to ', F, ': ', cl[S, Fl);
repeat
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Write(S, '->');
S := TracelS, Fl; {NhAc lai rang Trace[S, F] Ia dinh lién sau S trén dudng di ti F}
until S = F;
WriteLn (F) ;
end;
end;

begin
Assign (Input, 'MINPATH.INP'); Reset (Input);
Assign (Output, 'MINPATH.OUT'); Rewrite (Output);
LoadGraph;
Floyd;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

Khac biét rd rang cua thuat toan Floyd 1a khi can tim duong di ngin nhat gitta mot cap dinh khac,
chuong trinh chi viéc in két qua chir khong phai thuc hién lai thuét toan Floyd nira.

VIII. NHAN XET

Bai toan duong di dai nhat trén dd thi trong mot sd trudng hop co thé giai quyét bang cach dbi dau
trong sb tat ca cic cung rodi tim duong di ngan nhat, nhung hiy can than, ¢ thé xay ra truong hop
c6 chu trinh am.

Trong tat ca cac cai dat trén, vi st dung ma trén trong s chir khong str dung danh sach canh hay
danh sach ké co trong sb, nén ta déu dua vé db thi day du va dem trong sb +e gan cho nhirng
canh khéong c6 trong dd thi ban diu. Trén méy tinh thi khong co khai niém triru tuong +eo nén ta
s& phai chon mot sé duong du 16n dé thay. Nhu thé nao 14 du 16n? sé d6 phai di 16n hon tit ca
trong s ciia cac dwong di co ban dé cho du duong di that co toi t& dén dau van tot hon duong di
tryc tiép theo canh tudng tuong ra d6. Vay nén néu do thi cho sé dinh ciing nhu trong sb cac canh
vao ¢ 300 ching han thi gia tri d6 khong thé chon trong pham vi Integer hay Word. Ma tran ¢
s& phai khai bao 1a ma tran Longlnt va gia tri hing s6 maxC trong cic chuong trinh trén phai doi
lai 14 300 * 299 + 1 - diéu d6 c6 thé gay ra nhiéu phién todi, chang han nhu van dé lang phi bd nho.
Dé khic phuc, nguoi ta ¢ thé cai dit bang danh sach k& kém trong s6 hodc sir dung nhiing k¥ thuat
danh dau khéo 1éo trong timg trudng hop cu thé. Tuy nhién c6 mot didu chic chin: khi d6 thi cho sb
dinh ciing nhu trong sb cic canh vao khoang 300 thi céc trong sb c[u, v] trong thuit toan Floyd
va cic nhin d[v] trong ba thuat toan con lai chic chin khong thé khai bio 1a Integer dugc.

Xét vé do phurce tap tinh toan, néu cai dat nhu trén, thuat toan Ford-Bellman c6 do phuec tap la O(n3),
thuat todn Dijkstra 1a O(n?), thudt toan t&i wu nhin theo thi ty topo 1a O(n?) con thuat toan Floyd la
O(n’). Tuy nhién néu str dung danh sach ké, thuat toan tdi wu nhén theo thi ty topd s& co do phirc
tap tinh toan 1a O(m). Thuat toan Dijkstra két hop vé6i ciu trac dir liéu Heap c6 do phirc tap
O(max(n, m).logn).

Khac v6i mot bai toan dai s6 hay hinh hoc c¢6 nhidu cach giai thi chi cin nim ving mot cich ciing
c6 thé coi 1a dat yéu cau, nhiing thuat toan tim duong di ngén nhét bdc 16 rat rd wu, nhuoc diém
trong timg truong hop cu thé (Vi du nhu sb dinh ciia do thi qua 16n 1am cho khong thé biéu dién
bang ma tran trong s6 thi thuat toan Floyd s& gap kho khan, hay thuét toan Ford-Bellman lam viéc
kha cham). Vi vy yéu cau trude tién 1a phai hiéu ban chét va thanh thao trong viéc cai dat tat ca cac
thudt toan trén dé c6 thé sir dung chiing mot cach uyén chuyén trong ting truong hop cu thé. Nhiing
bai tap sau day cho ta thiy rd diéu do.

Bai tap
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1. Giai thich tai sao dbi voi @6 thi sau, can tim duong di dai nhat tir dinh 1 t6i dinh 4 lai khong thé
dung thuat toan Dijkstra dugc, cur thir 4p dung thuat toan Dijkstra theo timg budc xem sao:

2. Trén mat phéng cho n duong tron (n < 2000), duong tron thur 1 dugce cho bdi bo ba s6 thue (Xi,
Yi, Ry, (X, Yj) 1a toa d6 tAm va R; 1a ban kinh. Chi phi di chuyén trén mdi dudng tron bang 0. Chi
phi di chuyén giita hai duong tron bang khoang cach giira ching. Hiy tim phuong an di chuyén
giira hai duong tron S, F cho trudc véi chi phi it nhat.

3. Cho mdt ddy n s6 nguyén A[1], A[2], ..., A[n] (n < 10000; 1 < A[i] £ 10000). Hiy tim mot diy
con gdm nhiéu nhét cic phan tir ctia diy di cho ma tong cua hai phan tir lién tiép 14 s6 nguyén td.

4. Mot cong trinh 16n dugc chia lam n cong doan danh s61,2,....n. Cong doan i phai thuc hi¢n mét
thoi gian t[i]. Quan hé gifra cac cong doan dugce cho badi bang afi, j]: a[i, j] = TRUE < cong doan j
chi duoc bit dau khi ma cong viéc i dd xong. Hai cong doan doc 14p nhau c6 thé tién hanh song
song, hiy bd tri lich thuc hién céc cong doan sao cho thoi gian hoan thanh ca cong trinh 1a sém
nhét, cho biét thoi gian sém nhit do.

5. Cho mot bang céc sd tu nhién kich thuéec mxn (1 < m, n < 100). Tir mét 6 c6 thé di chuyén sang
mot 6 ké canh véi no. Hay tim mot cach di tir 6 (X, y) ra mot 6 bién sao cho téng cac sd ghi trén céc
6 di qua la cuc tiéu.
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§9. BAl TOAN CAY KHUNG NHO NHAT

I. BAI TOAN CAY KHUNG NHO NHAT

Cho G = (V, E) 1a d6 thi vo hudng lién thong co trong sd, véi mot cay khung T cia G, ta goi trong

s6 ctia cay T 1a tong trong sd cac canh trong T. Bai toan dit ra 13 trong sb cac cay khung cta G, chi

ra cay khung c6 trong s6 nho nhét, cdy khung nhu vay duoc goi 1a cdy khung nho nhat cua do thi,

va bai toan d6 goi 13 bai toan cdy khung nho nhét. Sau day ta s& xét hai thuat toan thong dung dé

giai bai toan cay khung nho nhit cta don d thi vo hudng co trong sb.

Input: file van ban MINTREE.INP:

. Dong 1: Ghi hai s6 s6 dinh n (< 100) va s6 canh m ctia d6 thi cach nhau it nhit 1 du cach

e m dong tiép theo, mdi dong c6 dang 3 sd u, v, c[u, v] cich nhau it nhat 1 ddu cach thé hién do
thi ¢6 canh (u, v) va trong s6 canh d6 1a c[u, v]. (c[u, v] 14 s6 nguyén c6 gia tri tuyét ddi khong
qua 100).

Output: file vin ban MINTREE.OUT ghi cic canh thudc ciy khung va trong sd cdy khung

MINTREE.INP MINTREE.OUT

6 9 Minimal spanning tree:
121 (2, 4) =1

131 (3, 6) =1

2 41 (2, 5) =1

2 32 (1, 3) =1

251 (1, 2) =1

351 Weight = 5

361

4 52

56 2

II. THUAT TOAN KRUSKAL (JOSEPH KRUSKAL - 1956)

Thuat toan Kruskal dua trén mo hinh xdy dung cdy khung bang thuat toan hop nhat (§5), chi ¢o

diéu thuat toan khong phai xét cac canh voi thtr ty tuy ¥ ma xét cac canh theo thir ty da sap xép: Véi

dd thi vo huéng G = (V, E) ¢6 n dinh. Khoi tao cdy T ban dau khong co canh ndo. Xét tat ca cac

canh cta d6 thi tir canh cé trong sé nhé dén canh c6 trong s6 16m, néu viéc thém canh d6 vao T

khong tao thanh chu trinh don trong T thi két nap thém canh d6 vao T. Ct lam nhu vay cho t&i

khi:

. Hoic da két nap dugc n - 1 canh vao trong T thi ta duge T 1a ciy khung nho nhét

° Hodc chua két nap du n - 1 canh nhung hé cit két nap thém mot canh bét ky trong s6 cac canh
con lai thi s& tao thanh chu trinh don. Trong truong hop nay do thi G 1a khong lién thong, viée
tim kiém ciy khung that bai.

Nhu vy c6 hai vin dé quan trong khi cai dit thuat toan Kruskal:

Tht nhét, 1am thé nao dé xét duoc cac canh tir canh co trong s6 nho tGi canh co trong s6 16m. Ta ¢6

thé thuc hién bang cach sip xép danh sach canh theo thtr ty khong giam cua trong s6, sau d6 duyét

tr dau t6i cudi danh sach canh. Nén st dung céac thuat toan sép xép hiéu qua dé dat dugce toc do

nhanh trong trudng hop sé canh 16n. Trong trudng hop tong quét, thuat toan HeapSort 13 hiéu qua

nhét boi nod cho phép chon lan luot cac canh tir canh trong nho nhét téi canh trong sb6 16n nhat ra

khoi Heap va co thé xir 1y (bo qua hay thém vao cay) ludn.
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Tht hai, 1am thé nao kiém tra xem viéc thém mot canh c6 tao thanh chu trinh don trong T hay
khong. Dé ¥ rang cac canh trong T & cac budc s& tao thanh mot rimg (dd thi khong c6 chu trinh
don). Mudn thém mot canh (u, v) vao T ma khong tao thanh chu trinh don thi (u, v) phai ndi hai cay
khac nhau cua rung T, bdi néu u, v thude cung mot cay thi s€ tao thanh chu trinh don trong cay do.
Ban du, ta khoi tao rimg T gdm n cdy, mdi cdy chi gom dang mot dinh, sau d6, mdi khi xét dén
canh ndi hai ciy khac nhau cta rimg T thi ta két nap canh d6 vao T, dong thoi hop nhét hai cay
do lai thanh mot cay.

Néu cho mdi dinh v trén cdy mot nhan Lab[v] 1a s6 hiéu dinh cha cta dinh v trong cdy, trong truong
hop v 14 gbc ctia mot cay thi Lab[v] duge gan mot gia tri am. Khi d6 ta hoan toan c6 thé xac dinh
dugc gde ciia cay chira dinh v bang ham GetRoot nhu sau:

function GetRoot(veV): €V;

begin
while Lab[v] > 0 do v := Labl[v];
GetRoot := v;

end;

Vay dé kiém tra mot canh (u, v) ¢6 ndi hai cdy khac nhau ctia rimg T hay khong? ta ¢6 thé kiém tra
GetRoot(u) c6 khac GetRoot(v) hay khong, bdi mdi cay chi c6 duy nhat mot gc.

Dé hop nhét cay gdc r; va cdy gbc r, thanh mot cdy, ta luu ¥ rang mdi cdy ¢ day chi ding dé ghi
nhan mot tap hop dinh thudc cdy d6 chir cAu tric canh trén cdy thé nao thi khéng quan trong. Vay

dé hop nhét cay gdc r; va cdy gdc 12, ta chi viéc coi r; 13 nut cha ca r, trong cdy bang cach dit:
Lab[r;] :=1;.

Hai cdy gbc r, va r, va cdy méi khi hop nhat ching
Tuy nhién, dé thuat toan lam viéc hiéu qua, tranh trudng hop cdy tao thanh bi suy bién khién cho
ham GetRoot hoat dong cham, nguoi ta thudng danh gia: Pé hop hai cdy lai thanh mot, thi goc cay
nao it nat hon sé& bi coi 14 con cua gdc cay kia.
Thuat toan hop nhat cay gdc r; va ciy gdc r; ¢o thé viét nhu sau:

{Count[k] 1& sb dinh cia cay gbc k}
procedure Union(rl, r2 € V);

begin
if Count[rl] < Count[r2] then {Hop nhét thanh cay gbc r2}
begin
Count [r2] := Count[rl] + Count[r2];
Lab[rl] := r2;
end
else {Hop nhét thanh cay gbc r1}
begin
Count [rl] := Count[rl] + Count[r2];
Lab[r2] := rl;
end;
end;
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Khi cai dat, ta c6 thé tan dung ngay nhin Lab[r] dé luu sé dinh cia cay gdc r, boi nhu di giai thich
& trén, Lab[r] chi cAn mang mot gia tri 4m 14 du, vay ta co thé coi Lab[r] = -Count[r] v&i r 1 gbc

cua mot cay nao do.

procedure Union(rl, r2 € V); {Hop nhét cay gbc ry v&i cay gbc o}
begin
X := Lab[rl] + Labl[r2]; {-x 1a tdng sb nut clia ca hai cay}
if Lab[rl] > Lab[r2] then {Cay gbc r1 it nit hon cay gbc r2, hop nhét thanh cay gbe r2}
begin
Lab[rl] := r2; {rlachacltar}
Lab[r2] := x; {rla gbccay mdi, -Lab[r2] giv day la sb nit trong cay méi}
end
else {Hop nhét thanh cay gbc r1}
begin
Lab[rl] := x; {rlagbccay mdi, -Lab[r1] giv day la sb nit trong cay méi}

Lab[r2] := rl; {chaclarsélar}
end;
end;

M0 hinh thuat toan Kruskal:

for VkeV do Lablk] := -1;
for V(u, v)€E (theo th& tu t¥ canh trong sé nhé téi canh trong sé 1lén) do
begin
rl := GetRoot(u); r2 := GetRoot(v);
if rl # r2 then {(u,v)ndihai cy khac nhau}
begin
<Két nap (u, v) vdo cdy, néu di da n - 1 canh thi thuat toan dung>
Union(rl, r2); {Hopnhathaicay laithanh mot cay}
end;
end;

PROGO9 1.PAS * Thudt toan Kruskal

program Minimal Spanning Tree by Kruskal;

const
maxV = 100;
maxE = (maxV - 1) * maxV div 2;
type
TEdge = record {CAu tric mot canh}
u, v, c: Integer; {Haidinhva trongsd}
Mark: Boolean; {Panh d4u ¢ dugc két nap vao cay khung hay khong}
end;
var
e: arrayl[l..maxE] of TEdge; {Danh sach canh}

Lab: arrayl[l..maxV] of Integer; {Lab[v]la dinhchactav, néuvla gbc thi Labv] = - sb con cay gbc v}
n, m: Integer;
Connected: Boolean;

procedure LoadGraph; {Nhap db thi tr thiét bi nhap chuan (Input)}
var

i: Integer;
begin

Readln(n, m);

for i := 1 to m do

with e[i] do
ReadLn(u, v, c);

end;

procedure Init;
var
i: Integer;
begin
for
for
end;

=1 ton do Lab[i] := -1; {Rirng ban dau, moi dinh 1a gc clia cay gdm dling mdt it}
1

i
i to m do e[i] .Mark := False;
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function GetRoot(v: Integer): Integer; {LAygbccla caychirav}
begin

while Lab[v] > 0 do v := Labl[v];

GetRoot := v;
end;

procedure Union(rl, r2: Integer); {Hop nhat hai cay lai thanh mot cay}
var
x: Integer;
begin
X := Lab[rl] + Labl[r2];
if Lab[rl] > Lab[r2] then
begin
Lab[rl]
Lab [r2]
end
else
begin
Lab[rl]
Lab [r2]
end;
end;

= r2;
= X;

procedure AdjustHeap (root, last: Integer); {Vun thanh déng, diing cho HeapSort}
var
Key: TEdge;
child: Integer;
begin
Key := el[rootl];
while root * 2 <= Last do
begin
child := root * 2;
if (child < Last) and (elchild + 1].c < e[child].c)
then Inc(child);
if Key.c <= elchild].c then Break;
el[root] := el[child];
root := child;
end;
e[root] := Key;
end;

procedure Kruskal;

var
i, rl, r2, Count, a: Integer;
tmp: TEdge;

begin
Count := 0;
Connected := False;
for i := div 2 downto 1 do AdjustHeap (i, m);

m
for i :=m - 1 downto 1 do
begin
tmp := e[l]l; el[l] := eli + 1]1; eli + 1] := tmp;
AdjustHeap (1, 1i);
rl := GetRoot(e[i + 1l].u); r2 := GetRoot(el[i + 1].Vv);

if rl <> r2 then {Canh €fi + 1] ndi hai cay khac nhau}
begin
e[i + 1] .Mark := True; {Két nap canh do vao cay}
Inc (Count) ; {Pém sb canh}
if Count = n - 1 then {Néu da du sb thi thanh odng}
begin
Connected := True;
Exit;
end;
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Union(rl, r2); {Hop nhét hai cay thanh mot cay}
end;
end;
end;

procedure PrintResult;
var
i, Count, W: Integer;
begin
if not Connected then
WriteLn ('Error: Graph is not connected')
else
begin
WriteLn('Minimal spanning tree: ');
Count := 0;
W := 0;
for i := 1 to m do {Duyét danh sach canh}
with e[i] do
begin
if Mark then {Loc ra nhitng canh @4 két nap vao cay khung}
begin
WriteLn('(', u, ', ', v, ') ="', ¢c);
Inc (Count) ;
W :=W + c;
end;
if Count = n - 1 then Break; {Chot&ikhidln-1canh}
end;
WriteLn('Weight = ', W);
end;
end;

begin
Assign (Input, 'MINTREE.INP'); Reset (Input);
Assign (Output, 'MINTREE.OUT'); Rewrite (Output);
LoadGraph;
Init;
Kruskal;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

Xét vé do phirc tap tinh toan, ta c6 thé chimg minh dugc rang thao tic GetRoot c¢6 do phuc tap 1a
O(logyn), con thao tac Union 1a O(1). Gia sir ta di c6 danh sach canh da sap xép roi thi xét vong lap
dung cdy khung, né duyét qua danh sach canh va vi mdi canh n6 goi 2 1an thao tac GetRoot, vay
thi 6 phirc tap 12 O(mlogon), néu do thi c6 cdy khung thi m > n-1 nén ta thay chi phi thoi gian cha
yéu s& nam & thao tac sip xép danh sach canh bai do phuc tap ctia HeapSort 1a O(mlog,m). Vay do
phtc tap tinh toan cua thuét toan 1a O(mlog,m) trong trudng hop xdu nhat. Tuy nhién, phai luu ¥
rang dé xdy dung cay khung thi it khi thuét toan phai duyét toan bo danh sach canh ma chi mot
phan ctia danh sach canh ma thoi.

III. THUAT TOAN PRIM (ROBERT PRIM - 1957)

Thuat toan Kruskal hoat dong cham trong trudng hop do thi day (c6 nhiéu canh). Trong truong hop
d6 nguoi ta thuong sir dung phuong phap 1an can gan nhat cta Prim. Thuat toan d6 c6 thé phat biéu
hinh thtrc nhu sau:

Pon dd thi vo huong G = (V, E) c6 n dinh dugc cho bdi ma tran trong s6 C. Qui uoc clu, v] = +oo
néu (u, v) khong 1a canh. Xét cay T trong G va mot dinh v, goi khoang cach tir v t6i T 1a trong s6
nho nhét trong s6 cac canh ndi v v6i mét dinh nao do trong T:
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d[v] = min{c[u, v] | ue T}

Ban dau khdi tao cay T chi gdm c6 mdi dinh {1}. Sau d6 ¢t chon trong sb cac dinh ngoai T ra mot
dinh gan T nhat, két nap dinh d6 vao T dong thoi két nap ludn ca canh tao ra khoang cach gan nhat
d6. Cur lam nhu vay cho t6i khi:
o Hoic da két nap dugc tat ca n dinh thi ta ¢6 T 14 cay khung nho nhét
. Hoic chua két nap dugc hét n dinh nhung moi dinh ngoai T déu c6 khoang cach t6i T 1 +oo.

Khi d6 d6 thi da cho khong lién thong, ta thong bao viéc tim cay khung that bai.
Vé mit ky thuat cai dit, ta ¢6 thé 1am nhu sau:
Str dung mang danh dau Free. Free[v] = TRUE néu nhu dinh v chua bj két nap vao T.
Goi d[v] 1a khoang cach tir v t6i T. Ban ddu khai tao d[1] =0 con d[2] = d[3] = ... = d[n] = +eo. Tai
mdi bude chon dinh dua vao T, ta s& chon dinh u nao ngoai T va c6 d[u] nho nhat. Khi két nap u
vao T rdi thi rd rang cc nhan d[v] s& thay ddi: d[V]ms := min(d[v]e, c[u, v]). Van d& chi c6 vay
(chuong trinh rat gidng thuat toan Dijkstra, chi khac & cong thirc tdi uu nhan).

PROGO09 2.PAS * Thudt toan Prim

program Minimal Spanning Tree by Prim;
const
max = 100;
maxC = 10000;
var
c: arrayl[l..max, 1l..max] of Integer;
d: arrayl[l..max] of Integer;
Free: arrayl[l..max] of Boolean;
Trace: arrayl[l..max] of Integer; {Vét Trace[v]la dinhchacla v trong cay khung nhé nhat}
n, m: Integer;
Connected: Boolean;

procedure LoadGraph; {Nhap db thi}

var
i, u, v: Integer;
begin
ReadLn(n, m);
for u := 1 to n do
for v := 1 to n do
if u = v then clu, vl := 0 else clu, v] := maxC; {Kh&itaoma tran trong sb}
for i := 1 to m do
begin
ReadLn(u, v, clu, vl);
clv, ul := clu, vl;
end;
end;

procedure Init;

var
v: Integer;

begin
d[1] := 0; {Binh 1 c6 nhan khodng cach la 0}
for v := 2 to n do dlv] := maxC; {Cac dinh khac cd nhan khodng cach +oo}
FillChar (Free, SizeOf (Free), True); {CayTbandaularéng)

end;

procedure Prim;

var
k, i, u, v, min: Integer;
begin
Connected := True;
for k := 1 to n do
begin
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u := 0; min := maxC; {Chondinhu chwa bjkétnap cd d[u] nhd nhat}
for i := 1 to n do
if Free[i] and (d[i] < min) then
begin
min := d[i];
u := 1i;
end;
if u = 0 then {Néukhdng chonduwocuniocd dfu] <+ thi dd thi khdng lién thong}
begin
Connected := False;
Break;
end;
Free[u]l := False; {Néuchonduoc thi danh diuu da bi kétnap, 1&p1an 1 thi di nhién u =1 bdi d[1] =0}
for v := 1 to n do
if Freel[v] and (d[v]l > clu, v]) then {Tinh lai cicnhan khodng cach d[v] (v chwa két nap)}

begin
dlv]l := clu, vl;  {Téiwunhand]v]theo cdng thirc}
Tracelv] := u; {Lwu vét, dinh néi v&i v cho khodng cach ngén nhét 14 u}
end;
end;
end;

procedure PrintResult;
var
v, W: Integer;
begin
if not Connected then {Néudb thi khdng lién thong thi that bai}
WriteLn ('Error: Graph is not connected')

else
begin
WriteLn('Minimal spanning tree: ');
W := 0;
for v := 2 to n do {Caykhung nhd nhitgdm nhitng canh (v, Trace[V])}
begin
Writeln(' (', Tracelvl, ', ', v, ') = ', clTracelvl, vl);
W := W + cl[Tracelv], vl;
end;
WriteLn('Weight = ', W);
end;
end;
begin

Assign (Input, 'MINTREE.INP'); Reset (Input);
Assign (Output, 'MINTREE.OUT'); Rewrite (Output):;
LoadGraph;
Init;
Prim;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

Xét vé do phirc tap tinh toan, thuat toan Prim c6 do phirc tap 1a O(n®). Tuong tu thudt toan Dijkstra,
néu két hop thudt toan Prim voi cdu tric Heap s€ dugc mdt thudt toan véi do phuc tap
O((m+n)logn).
Bai tap

1. Viét chuong trinh tao dd thi véi sd dinh < 100, trong s6 cac canh la cac s6 dugc sinh ng?tu nhién.
Ghi vao file dit liecu MINTREE.INP dung theo khuén dang quy dinh. So sanh két qua lam viéc cua
thuat toan Kruskal va thuét toan Prim vé tinh ding dén va vé toc do.
2. Trén mét nén phéng voi h¢ toa do Decattes vuong gdoc dat n may tinh, may tinh thr i dugc dat &
toa d6 (Xi, Y;). Cho phép nbi thém cac day cap mang ndi giira timg cip may tinh. Chi phi ndi mot
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day cap mang ti 18 thuan v6i khoang cach gitta hai may can ndi. Hiy tim cach ndi thém cac day cap
mang dé cho cac may tinh trong toan mang 14 lién thong va chi phi néi mang 1a nh6 nhat.

3. Tuong tu nhu bai 2, nhung ban dau da co sin mot sb cap may ndi rdi, can cho biét cach ndi thém
it chi phi nhét.

4. Hé théng dién trong thanh phé dugc cho bdi n tram bién thé va cac duong day dién ndi gitra cac
cap tram bién thé. Mdi dudong day dién e co do an toan 13 p(e). & day 0 < p(e) < 1. Do an toan cta ca
ludi dién 1a tich d6 an toan trén cac dudng day. Vi du nhu c6 mot dudng day nguy hiém: p(e) = 1%
thi cho du cac dudng day khac 13 tuyét ddi an toan (do an toan = 100%) thi d6 an toan ctia mang
cling rat thip (1%). Hay tim cach bo di mot sé day dién dé cho cac tram bién thé van lién thong va
d6 an toan ctia mang 1a 16n nhat c6 thé.

5. Hay thir cai dat thuat toan Prim vé6i cau trac dit liéu Heap chua cac dinh ngoai cdy, twong tu nhu
d6i véi thuat toan Dijkstra.
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§10. BAI TOAN LUONG CUC DAI TREN MANG

Ta goi mang 1a mot dd thi ¢6 huéng G = (V, E), trong d6 c6 duy nhat mot dinh A khong c6 cung di
vao goi 1a diém phat, duy nhit mot dinh B khong c6 cung di ra goi 1a dinh thu va mdi cung e = (u,
v) € E duoc gan voi mot sb khong am c(e) = c[u, v] goi 1a kha niang théng qua ctia cung d6. Bé
thuan tién cho viéc trinh bay, ta qui udc rang néu khéng c¢é cung (u, v) thi kha ning thong qua c[u,
v] ctia n6 duge gan bang 0.
Néu c6 mang G = (V, E). Ta goi ludng f trong mang G 1a mot phép gan cho mdi cung e = (u, v) € E
mét sb thuc khong am f(e) = f[u, v] goi la lué)ng trén cung e, thoa man cac diéu kién sau:
. Ludng trén mdi cung khong vuot qua kha ning thong qua cta nd: 0 < flu, v] < c[u, v] (V¥ (u, V)

€ E)
. Véi moi dinh v khong trung véi dinh phat A va dinh thu B, téng ludng trén cac cung di vao v

bang tong ludng trén cac cung di ra khoi v: Zf[u, v]= Zf[v, w]. Trong do:

uel™ (v) wel™ (v)

I"'(v)={ueV | (u,v) e E}
I'(v) = {weV|(v, w) e E}
Gia tri ciia mdt ludng 13 tong ludng trén cic cung di ra khoi dinh phat = tong ludng trén cac cung
di vao dinh thu.

Hinh 20: Mang véi cac kha niang thong qua (1 phat, 6 thu) va mot luf‘)ng cia no véi gia tri 7

I. BAI TOAN

Cho mang G = (V, E). Hay tim ludng f* trong mang v&i gid tri ludng 16n nhat. Ludng nhu vy goi
13 ludng cuc dai trong mang va bai todn ndy goi 12 bai toan tim ludng cuc dai trén mang.

IL. LAT CAT, PUONG TANG LUONG, DINH LY FORD - FULKERSON

1. Pinh nghia:

Ta goi lat cit (X, Y) la mot cach phan hoach tap dinh V ciia mang thanh hai tap ro1 nhau X va Y,
trong d6 X chira dinh phéat va Y chtra dinh thu. Kha ning thong qua cta lat cat (X, Y) la tong tat ca
céc kha ning théng qua cia cac cung (u, v) cou € X vav e Y. Lat cat véi kha nang thong qua nho
nhat goi 1a 1at cat hep nhat.

2. Pinh ly Ford-Fulkerson:

Gié tri ludng cuc dai trén mang ding bang kha ning thong qua cia lat cit hep nhat. Viéc chimg
minh dinh ly Ford- Fulkerson da xay dung dugc mot thudt toan tim luéng cuc dai trén mang;:

Gia su f'la mot lué)ng trong mang G = (V, E). T mang G = (V, E) ta xay dung dd thi co trong s6 Gy
=(V, E¢) nhu sau:

Xét nhiing canh e = (u, v) € E (c[u, v] > 0):
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. Néu fu, v] < c[u, v] thi ta thém cung (u, v) vao E; véi trong sd c[u, v] - f[u, v], cung d6 goi la
cung thuin. V& y nghia, trong s6 cung ndy cho biét con c6 thé ting ludng f trén cung (u, v)
mot luong khong qua trong s6 do.

. Xét tiép néu nhu flu, v] > 0 thi ta thém cung (v, u) vao E; vdi trong s6 f[u, v], cung d6 goi la
cung nghich. V& ¥ nghia, trong s6 cung nay cho biét con c6 thé giam ludng f trén cung (u, v)
mot lwong khong qua trong s do.

D6 thi Gy duoc goi 1 do thi ting ludng.

Hinh 21: Mang va ludng trén cic cung (1 phat, 6 thu) va dé thi ting ludng twong tmg
Gia st P 1a mot duong di co ban tir dinh phat A toi dinh thu B. Goi A 1a gi4 tri nho nhat ciia cac
trong sb clia cac cung trén duong di P. Ta s& ting gia tri cta ludng f bang cach dit:
. flu, v] := f[u, v] + A, néu (u, v) 13 cung trong dudng P va la cung thuan
. flv, u] :=f]v, u] - A, néu (u, v) 1a cung trong dudng P va la cung nghich
. Con ludng trén nhitng cung khac giir nguyén
C6 thé kiém tra ludng f méi xdy dung van 1a ludng trong mang va gia tri ciia ludng f méi dugc ting
thém A so vé6i gia tri ludng f cii. Ta goi thao tac bién ddi ludng nhu vay 14 ting ludng doc dwong P,
duong di co ban P tir A toi B duoc goi 1a dwong ting ludng.
Vi du: voi dd thi tang luéng G¢ nhu trén, gid su chon duong di (1, 3, 4, 2, 5, 6). Gié tri nho nhét cua
trong sb trén cc cung 1a 2, vay thi ta s& ting cac gia tri f]1, 3]), f[3, 4], f[2, 5], f[5, 6] 1én 2, (do cac
cung d6 1 cung thuan) va giam gia tri f[2, 4] di 2 (do cung (4, 2) 1a cung nghich). Pugc ludng méi
mang gia tri 9.

Hinh 22: Mang G truéc va sau khi ting ludng
Pén day ta c6 thé hinh dung ra dugc thuat toan tim luéng cuc dai trén mang: khoi tao mot luéng bat

ky, sau d6 ctr tang ludng doc theo dwong ting ludng, cho téi khi khong tim dwge dudng ting
ludng nira

Viy cac buéc clia thuit toan tim ludng cwe dai trén mang c6 thé mé ta nhw sau:

Budc 1: Khoi tao:

Mot ludng bat ky trén mang, chang han nhur ludng 0 (ludng trén cac cung déu bang 0), sau do:
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Budc 2: Lap hai budce sau:

e  Tim duong ting ludng P dbi véi ludng hién c6 = Tim duong di co ban tir A toi B trén d6 thi
tang ludng, néu khong tim dugc duong ting ludng thi budc lap két thic.

o Tang ludng doc theo duong P

Budc 3: Thong bao gia tri luéng cuc dai tim duoc.

III. CAI PAT

Input: file van ban MAXFLOW.INP. Trong do:

. Dong 1: Chura s6 dinh n (<£100), s6 canh m cua db thi, dinh phat A, dinh thu B theo dling thu
tu cach nhau it nhat mot dau cach

° m dong tiép theo, modi dong c6 dang ba séu, v, c[u, v] cach nhau it nhat mot ddu cach thé hién
¢6 cung (u, v) trong mang va kha ning théng qua ctia cung d6 1a c[u, v] (c[u, v] 13 sé nguyén
duong khong qua 100)

Output: file vin ban MAXFLOW.OUT ghi ludng trén céc cung va gia trj ludng cuc dai tim duoc

MAXFLOW. INP MAXFLOW.OUT
6 81 6 £(1, 2) =5
125 £(1, 3) = 4
135 £(2, 4) = 3
2 4 6 £(2, 5) = 2
25 3 £(3, 4) =3
343 £(3, 5) =1
351 £(4, 6) =6
4 6 6 £(5, 6) = 3
56 6 Max Flow: 9

Chu ¥ rang tai mdi budc c6 nhiéu phuong an chon dudng ting ludng, hai cach chon khac nhau c6
thé cho hai luéng cuc dai khac nhau, tuy nhién vé mat gia tri thi tat ca cac luéng xay dung dugc
theo cach trén s€ c6 cung gia tri cuc dai.
Cai dat chuong trinh tim ludng cuc dai dudi dy rat chan phuong, tir ma tran nhiing kha ning thong
qua ¢ va ludng f hién c6 (khi tao f 14 ludng 0), né xdy dung d0 thi ting ludng Gf bang cach xay
dung ma tran cf nhu sau:

e cfu, v] = trong s cung (u, v) trén dd thi G¢néu nhu (u, v) 1a cung thuan

e cfu, v] = - trong s6 cung (u, v) trén d6 thi Gy néu nhu (u, v) 1a cung nghich

e cfu, v] = +oo néu nhu (u, v) khong phai cung ctia G¢
cf gan giébng nhu ma tran trong sé cua Gy, chi c6 diéu ta d6i ddu trong s6 néu nhu gip cung nghich.
Cau hoi dit ra 1a néu nhu mang da cho c6 nhitng duong hai chiéu (c6 ca cung (u, v) va cung (v, u) -
diéu nay xdy ra rat nhiéu trong mang ludi giao théng) thi d6 thi ting ludng rat c6 thé 1a da do thi
(gitra u, v co6 thé c6 nhiéu cung tir u t6i v). Ma tran cf cling gdp nhuoc diém nhu ma tran trong sd:
khéng thé biéu dién dwoe da dd thi, tirc 1 néu nhu c6 nhiéu cung ndi tir u téi v trong d6 thi ting
ludng thi ta danh chip nhén bé bét ma chi giir lai mét cung. Rt may cho ching ta 13 diéu d6
khong 1am sai léch di muc dich xdy dung d6 thi ting ludng: chi 13 tim mot duong di tir dinh phat A
té1 dinh thu B ma thoi, con duong nao thi khong quan trong.

Sau d6 chuong trinh tim duong di tir dinh phat A t6i dinh thu B trén d6 thi ting ludng bang thuat
toan tim kiém theo chiéu rong, néu tim dwoc duong di thi s& ting ludng doc theo dudng ting
ludng...
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PROG10 1.PAS * Thudt toan tim ludng cuc dai trén mang

program Max Flow;
const
max = 100;
maxC = 10000;
var
c, £, cf: arrayl[l..max, 1l..max] of Integer; {c:khanangthong, f: Ludng}
Trace: array[l..max] of Integer;
n, A, B: Integer;

procedure Enter; {Nh&p mang}
var

m, i, u, v: Integer;
begin

FillChar(c, SizeOf(c), 0);
Readln(n, m, A, B);
for i := 1 to m do
ReadLn(u, v, clu, vl);
end;

procedure CreateGf; {Timdb thiténgludng, ttrc la xay dung cf tir c va f}

var
u, v: Integer;
begin
for u := 1 to n do
for v := 1 to n do cflu, v] := maxC;
for u := 1 to n do
for v := 1 to n do
if clu, vl > 0 then {Néuu,vla cung trong mang}
begin
if f£[u, v] < clu, v] then cflu, vl := clu, vl - £flu, v]; {Patcungthuan}
if £[u, vl > 0 then cflv, ul := -£f[u, v]; {Patcungnghich}
end;
end;

{Tha tuc nay tim mot dudng di tr A t&i B baing BFS, tra vé& TRUE néu c6 duwong, FALSE néu khdng o6 dudng)
function FindPath: Boolean;
var
Queue: array[l..max] of Integer; {HangdoidungchoBFS}
Free: arrayl[l..max] of Boolean;
u, v, First, Last: Integer;
begin
FillChar (Free, SizeOf (Free), True);
First := 1; Last := 1; Queuell] := A; {Queue chi gdmmotdinh phatA}

Free[A] := False; {danh dau A}
repeat
u := Queue[First]; Inc(First); {LAy u khéi Queue}

for v := 1 to n do
if Freelv] and (cflu, v] <> maxC) then {Xétvchwadanhdiu k& véiu}

begin
Trace[v] := u; {LuuvétduongdiA— ... > u >V}
if v = B then {v =B thi ta c6 dwdng di ttr A t&i B, thoat tha tuc}
begin
FindPath := True; Exit;
end;

Free[v] := False; {danhdauv}
Inc (Last) ;
Queue [Last] := v; {Queue <« v}

end;
until First > Last; {Queue réng}
FindPath := False; {& trén khdng Exit dworc thi tirc la khdng cd duong}

end;
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{Tha tuc ting ludng doc theo dudng tang ludng tim dworc trong FindPath}
procedure IncFlow;
var
u, v, IncValue: Integer;
begin
{Trude hét do dwdng theo vét dé tim trong sb nhd nhét clia cac cung trén dudng)
IncValue := maxC;
v := B;
while v <> A do
begin
u := Tracelv]; {P&yrang |cflu, v]| Ia trong sb ctia cung (u, v) trén db thi tng lubng}
if Abs(cf[u, v]) < IncValue then IncValue := Abs(cflu, vl]);
vi= u;
end;
{D0 lai dutrng 1an the hai, 1an nay dé tang ludng}
v := B;
while v <> A do
begin
u := Tracelv];

if cflu, vl > 0 then £lu, v] := £[u, vl + IncValue {Néu(u,v)lacungthuan trén Gf}

else f£[v, ul := £[v, ul - IncValue; {Néu(u,v)lacungnghich trén Gf}
v o= uj;
end;

end;

procedure PrintResult; {Inludngcwcdaitimduoc)

var
u, v, m: Integer;
begin
m := 0;
for u := 1 to n do

for v := 1 to n do
if c[u, vl > 0 then {Néuodcung(u, v)trén mang thi in ragia tr ludng f gan cho cung dé}

begin
WriteLn('£(', u, ', ', v, ') ="', f[u, vl);
if u = A thenm :=m + £[A, v]; {Gia trlubng cwcdai = tbng lubng phét ra ttr A}
end;
WritelLn('Max Flow: ', m);
end;
begin

Assign (Input, 'MAXFLOW.INP'); Reset (Input);
Assign (Output, 'MAXFLOW.OUT'); Rewrite (Output);

Enter; {Nhap dir liau)

FillChar (£, SizeOf(£), 0); {Kh&itaoludng O}

repeat {Budc lap}
CreateGf; {Dwng @b thi tang ludng}
if not FindPath then Break; {Néukhong timduwoc dudng ting ludng thi thoat ngay}
IncFlow; {Tang ludng doc dutng ting ludbng)

until False;

PrintResult;

Close (Input) ;
Close (Output) ;
end.

Bay gio ta thir xem céch lam trén dugc ¢ cho nao va chua hay ¢ cho nao ?

Trude hét, thuat toan tim duong bang Breadth First Search 1a kha t6t, ngudi ta da ching minh ring

néu nhu dudng ting ludng duoc tim bang BFS sé& lam giam dang ké s6 budc 1ap ting ludng so véi

DFS.

Nhung c6 thé thay rang viéc xdy dwng twong minh ca dé thi Gy thong qua viéc xdy dung ma tran
cf chi dé 1am mdi mot viéc tim dudng 13 lang phi, chi can dya vao ma tran kha ning thong qua ¢ va

ludng f hién co 14 ta c6 thé biét duoc (u, v) c6 phai 1a cung trén d thi ting ludng Gy hay khong.

Lé Minh Hoang



Ly thuyét do thi oS 85 &

Thtr hai, tai budc ting luéng, ta phai do lai hai lan duong di, mot lan dé tim trong s6 nho nhét cua

cac cung trén dudng, mot 1an dé ting ludng. Trong khi viéc tim trong sé nho nhét cua cac cung trén

duong co thé két hop 1am ngay trong thii tuc tim dudng bang cach sau:

e Dit Delta[v] 1a trong s6 nho nhét cia cac cung trén dudng di tir A t6i v, khdi tao Delta[A] = +eo.

e Tai mdi budc tir dinh u thim dinh v trong BFS, thi Delta[v] c6 thé dugc tinh bang gia tri nho
nhét trong hai gia tri Delta[u] va trong s6 cung (u, v) trén d0 thi ting luéng. Khi tim dugc duong
di tir A toi B thi Delta[B] cho ta trong sé nho nhat ciia cac cung trén dudng ting ludng.

Thir ba, ngay trong budc tim duong ting ludng, ta c6 thé xac dinh ngay cung nao 1 cung thuan,

cung ndo 1a cung nghich. Vi vay khi tir dinh u thim dinh v trong BFS, ta c6 thé van luu vét dudng

di Trace[v] := u, nhung sau do6 s& d6i dau Trace[v] néu nhu (u, v) 13 cung nghich.

Nhiing cai tién do cho ta mot cach cai dat hiéu qua hon, do la:

IV. THUAT TOAN FORD - FULKERSON (L.R.FORD & D.R.FULKERSON - 1962)

Moi dinh v duoc gan nhan (Trace[v], Delta[v]). Trong d6 |Trace[v] | 1a dinh lién trudc v trong

duong di tir A t&1 v, Trace[v] am hay duong tuy theo (|Trace[v] , V) la cung nghich hay cung
thuan trén d6 thi tang ludng, Delta[v] 14 trong sb nho nhit cta cac cung trén dudng di tir A tdi v trén
do thi tang ludng.

Budc lap s& tim duong di tir A tdi B trén do thi ting ludng dong thoi tinh ludn cac nhin (Trace[v],

Delta[v]). Sau d6 tang ludng doc theo duong ting ludng néu tim thiy.

PROG10_2.PAS * Thudt toan Ford-Fulkerson

program Max Flow by Ford Fulkerson;
const
max = 100;
maxC = 10000;
var
c, f£f: array[l..max, 1l..max] of Integer;
Trace: arrayl[l..max] of Integer;
Delta: arrayl[l..max] of Integer;
n, A, B: Integer;

procedure Enter; {Nhap di¥ liéu}
var
m, i, u, v: Integer;
begin
FillChar(c, SizeOf(c), 0):
ReadLn(n, m, A, B);
for i := 1 to m do
ReadLn(u, v, clu, vl);
end;

function Min(X, Y: Integer): Integer;
begin

if X < Y then Min := X else Min := Y;
end;

function FindPath: Boolean;

var
u, v: Integer;
Queue: arrayl[l..max] of Integer;
First, Last: Integer;

begin
FillChar (Trace, SizeOf (Trace), 0); {Trace[v]=0ddngnghia v&iv chwadanh dau}
First := 1; Last := 1; Queue[l] := A;
Trace[A] :=n + 1; {Chi cAn n6 khac 0 dé danh dau ma théi, sb duong ndo cling duoc ca}
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repeat
u := Queue[First]; Inc(First); {LAy u khdi Queue}
for v := 1 to n do
if Tracelv] = 0 then {Xét nhirng dinh v chwa danh d4u tham}
begin
if £[u, vl < clu, vl then {Néu(u, v)la cung thuan trén Gf va od trong sb la cfu, v] - flu, v]}
begin
Tracelv] := u; {Lwu vét, Trace[v] mang dau duong}
Deltalv] := min(Deltalul, clu, vl - £[u, vl);
end
else
if £[v, ul > 0 then {Néu (u, v) 1 cung nghich trén Gf va ¢ trong s 1a flv, u}
begin
Tracel[v] := -u; {Lwu vét, Trace[v] mang dau am}
Deltalv] := min(Deltalul, £lv, ul);
end;
if Tracel[v] <> 0 then {Trace[v] khéc 0 tirc la v u 6 thé tham v}
begin
if v = B then {C6 dwirng tang lubng tv A t&i B}
begin
FindPath := True; Exit;
end;
Inc (Last); Queuel[Last] := v; {Pwavvao Queue}
end;
end;
until First > Last; {Hang doi Queue réng}
FindPath := False; {& trén khdng Exit dugc tre la khdng cd dudng}

end;

procedure IncFlow; {Tingludng docdweng téng ludng)

var
IncValue, u, v: Integer;
begin
IncValue := DeltalB]; {Nhan Delta[B] chinh I trong sb nhd nhét trén cac cung clia dwdng ting lubng}
v := B; {Truy vét dudng di, ting ludng doc theo dudrng di}
repeat
u := Tracelv]; {Xétcung (| ul, v) trén dwong tang ludng}
if u > 0 then f[u, v] := f[u, vl + IncValue {(|u], v) la cung thuan thi tang flu, v]}
else
begin
u := -u;
flv, ul := f£[v, ul - IncValue; {(Jul, v) la cung nghich thi gidm flv, |u|l}
end;
v = u;
until v = A;
end;
procedure PrintResult; {In két qua}
var
u, v, m: Integer;
begin
m := 0;
for u := 1 to n do

for v := 1 to n do
if c[u, vl > 0 then

begin
WriteLn('£(', uw, ', ', v, ') ="', £lu, vl);
if u = A thenm :=m + £[A, Vv];
end;
WriteLn('Max Flow: ', m);
end;
begin
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Assign (Input, 'MAXFLOW.INP'); Reset (Input);
Assign (Output, 'MAXFLOW.OUT'); Rewrite (Output);
Enter;
FillcChar(f, sizeOf(£f), 0);
repeat
if not FindPath then Break;
IncFlow;
until False;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

Pinh Iy vé ludng cwe dai trong mang va lat cit hep nhat:

Ludng cuc dai trong mang bang kha ning thong qua cua l1at cat hep nhat. Khi da tim duoc ludng cuc
dai thi theo thuat toan trén s& khong c6 dudng di tir A téi B trén do thi ting ludng. Néu dt tap X
gdm nhimng dinh dén dugc tir dinh phat A trén d0 thi ting ludng (tat nhién Ae X) va tip Y gom
nhitng dinh con lai (tat nhién BeY) thi (X, Y) la l4t cit hep nhat d6. Co thé c6 nhiéu lat cat hep
nhat, vi du néu dat tap Y gém nhiing dinh dén duge dinh thu B trén do thi tdng luéng (tét nhién Be
Y) va tp X gdm nhitng dinh con lai thi (X, Y) cling 12 mot 14t cat hep nhat.

Pinh Iy vé tinh nguyén:

Néu tit ca cac kha ning thong qua 1a sb nguyén thi thuét toan trén ludn tim duoc ludng cuc dai véi
ludng trén cung 13 cac s6 nguyén. Didu ndy cé thé ching minh rat d& bai ban dau khoi tao ludng 0
thi ttrc cac ludng trén cung 1a nguyén. Mdi 1an ting ludng 1én mot luong bang trong s6 nho nhat trén
cac cung cua duong ting ludng ciing 1a s6 nguyén nén cudi ciing ludng cuc dai tat s& phai co ludng
trén cac cung la nguyén.

Pinh ly vé chi phi thoi gian thwe hién giai thuat:

Trong phuong phap Ford-Fulkerson, néu dung dudng di ngan nhét (qua it canh nhat) tir dinh phat
t6i dinh thu trén dd thi tang luéng thi can it hon n.m 1an chon duong di dé tim ra lué)ng cuc dai.
Edmonds va Karp da chimg minh tinh chét nay va dé nghi mot phuwong phap cai tién: Tai mdi budc,
ta nén tim duong tang ludng sao cho gia tri ting ludng dugc gia ting nhiéu nhat.

N6i chung d6i voi thuat toan Ford-Fulkerson, cac danh gia 1y thuyét bi 1éch rat nhiéu so véi thuc té,
mic du voi su phan tich trong trudng hop xau, chi phi thoi gian thue hién cua thuat toan 1a kha 1on.
Nhung trén thuc té thi thuat toan nay hoat dong rat nhanh va hiéu qua.

Bai tap:

1. Mang véi nhiéu diém phat va nhiéu diém thu: Cho mot mang gém n dinh véi p diém phat A,
Ay, ..., Apvaq diém thu By, B, ..., By Mbi cung clia mang duoc gan kha ning thong qua la 5O
nguyén. Céac dinh phat chi c6 cung di ra va cac dinh thu chi ¢6 cung di vao. Mot ludng trén mang
nay 1a mot phép gan cho mdi cung mét sb thuc goi 1a ludng trén cung d6 khéng vuot qua kha ning
thong qua va thoa man véi mdi dinh khong phai dinh phét hay dinh thu thi téng ludng di vao bang
tong ludng di ra. Gia tri ludng bang tong ludng di ra tir cac dinh phat = tong ludng di vao cac dinh
thu. Hay tim ludng cuc dai trén mang.

2. Mang véi kha nang thong qua cia cac dinh va cac cung: Cho mot mang véi dinh phat A va
dinh thu B. Mdi cung (u, v) dugc gan kha ning thong qua c[u, v]. Mdi dinh v khéac véi A va B dugc
gan kha ning thong qua d[v]. Mot ludng trén mang dugc dinh nghia nhu trude va thém diéu kién:
tong ludng di vao dinh v khong duoc vuot qua kha niang thong qua d[v] cua dinh d6. Hay tim ludng
cuc dai trén mang.
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3. Lat cit hep nhéit: Cho mot dd thi lién thong gé)m n dinh va m canh, hay tim cach bo di mdt s it

nhét cac canh dé 1am cho d6 thj mat di tinh lién thong

4. Tap dai dién: Mot 16p hoc c6 n ban nam, n ban nit. Cho m mén qua luu niém, (n < m). Mdi ban

¢6 s thich vé mot sé mén qua nao d6. Hay tim cach phan cho mdi ban nam ting mot mén qua cho

mot ban nit thoa man:

e MaJi ban nam chi ting qua cho ding mdt ban nir

e MJGi ban nir chi nhan qua cua diing mot ban nam

e Ban nam nao cling di tdng qua va ban nit nao ciling dugc nhan qua, mén qua d6 phai hgp so
thich cua ca hai nguoi.

e Mobn qua nao da dugc mot ban nam chon thi ban nam khac khong dugc chon nira.
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§11. BAl TOAN TiM BO GHEP CU’C PAI TREN PO THI HAI PHIA

1. PO THI HAI PHIA (BIPARTITE GRAPH)

Céc tén goi d6 thi hai phia, do thi ludng phén, d6 thi phan déi, do thi
dbi sanh hai phan v.v... 1a d chi chung mét dang don do thi vo

huéng G = (V, E) ma tap dinh ctia n6 co thé chia lam hai tip con X,
Y rdi nhau sao cho bat ky canh nao ctia d6 thi ciing néi mot dinh cia
X v61 mot dinh thudc Y. Khi d6 nguoi ta con ky hiéu G 1a (XUY, E) [X
va goi mot tap (chang han tap X) 1a tap cac dinh trai va tip con lai

1a tap cac dinh phai cia do thi hai phia G. Cac dinh thudc X con
got la cac X _dinh, cac dinh thudc Y goi la cac Y _dinh.
Pé kiém tra mot do thi lién thong co6 phai la dd thi hai phia hay khong, ta co thé ap dung thuat toan
sau:
Véi mot dinh v bat ky:
X := {v}; Y := O&;
repeat

Y := Y U K&(X);

X := X U K&(Y);
until (XNY # @) or (X va Y 14 téi dai - khéng bd sung duoc nira) ;
if XNY # @ then < Khéng phai dé thi hai phia >
else <Pay 14 d6 thi hai phia, X 1la t&p cac dinh trai: cac dinh dén dugc ti v qua
mét sb chdn canh, Y 1la tdp cac dinh phai: cac dinh dén dugc t@ v qua mét sd lé
canh>;
Do thi hai phia gdp rat nhi€u moé hinh trong thuc té. Chang han quan hé hon nhan gitra tap nhitng
ngudi dan ong va tap nhitng nguoi dan ba, viée sinh vién chon truong, thiy gido chon tiét day trong
thoi khod bicu v.v...

II. BAI TOAN GHEP POI KHONG TRONG VA CAC KHAI NIEM

Cho mot db thi hai phia G = (XUY, E) ¢ day X 1a tap cac dinh trai va Y 1a tip cac dinh phai cua G

Mot bd ghép (matching) cua G 1a mét tdp hop céc canh cua G d61 mot khong cd dinh chung.

Bai toan ghép doi (matching problem) 1a tim mot bo ghép 16n nhét (nghia 13 ¢6 sd canh 16n nhat)

cua G

Xét mot b ghép M cua G.

e (Cac dinh trong M goi la cac dinh da ghép (matched vertices), cac dinh khéc la chua ghép.

e (C4c canh trong M goi la cac canh da ghép, cac canh khac 1a chua ghép

Néu dinh hudng lai cac canh ctua dd thi thanh cung, nhitng canh chua ghép dugc dinh huong tor X

sang Y, nhitng canh dd ghép dinh huéng tir Y vé X. Trén db thi dinh hudéng d6: Mot dudng di xuét

phat tr mot X dinh chua ghép goi la duong pha, mdt duong di tr mot X dinh chua ghép tédi mot

Y dinh chua ghép goi 1a duong mé.

Mot cach d& hiéu, co thé quan niém nhu sau:

e Mot dudng pha (alternating path) 1a mot dudng di don trong G bat dau bang mot X_dinh chua
ghép, di theo mdt canh chwa ghép sang Y, roi dén mot canh da ghép vé X, rdi lai dén mot canh
chwa ghép sang Y... ctr xen k& nhau nhu vay.

e Mot dudng mé (augmenting path) 13 mét dwong pha. Bit diu tir mét X_dinh chwa ghép két
thiic bang mot Y_dinh chwa ghép.
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Vi du: v6i dd thi hai phia nhu hinh bén, va bg ghép

M= {(X1,Y1]), (X2,Y>)}

X3 va Y3 la nhitng dinh chua ghép, cac dinh khéc 1a da ghép
DPuong (X3, Y2, X2, Y1) 1a duong pha

buong (X3, Y2, Xa, Y1, X1, Y3) 1a duong md.

III. THUAT TOAN PUONG MO

Thuét todn dudng mo dé tim mot bo ghép 16n nhat phat biéu nhu

sau:

e Bit diu tir mot b ghép bat ky M (thong thudng bd ghép duoc
khoi gan bang bo ghép rong hay duoc tim bang cac thuat toan tham lam)

e Sau d6 di tim mot duong mo, néu tim duoc thi mé rong bo ghép M nhu sau: Trén dudong mo,
loai bo nhitng canh di ghép khoi M va thém vao M nhing canh chua ghép. Néu khong tim dugc
duong mo thi bd ghép hién thoi 1a 16n nhat.

<Kh&i tao mét bé ghép M>;

while <Cé dudng mé xudt phat tir x tdi mdét dinh y chwa ghép €Y> do

<Doc trén dudng md, xoda bdé khéi M cac canh da ghép va thém vao M nhing canh
chua ghép, dinh x va y trd thanh did ghép, s canh dd ghép tang 1lén 1>;‘

Nhu vi du trén, voi bd ghép hai canh M = {(X1, Y1), (X2, Y2)} va duong mé tim dugc gom cac

canh:

l. (X5, Y2)e M
2. (Yz, Xz) eM
3. X, Y)e M
4. (Yl, Xl) eM
5. X, Y e M

Vay thi ta s€ loai di cac canh (Y, X;) va (Y, X)) trong bd ghép cii va thém vao do céc canh (X3,

Y2), (X2, Y1), (X1, Y3) dugc bd ghép 3 canh.

IV. CAI PAT

1. Bi¢u dién db thij hai phia

Gia st do thi hai phia G = (XUY, E) ¢6 cac X_dinh ky hiéu 1a X[1], X[2], ..., X[m] va cac Y_dinh

ky hiéu 12 Y[1], Y[2], ..., Y[n]. Ta sé& biéu dién d6 thi hai phia nay bang ma trdn A ¢& mxn. Trong

do:

A[i, j] = TRUE & c6 canh nbi dinh X[i] v6i dinh Y[j].

2. Biéu dién b ghép

Dé biéu dién bo ghép, ta sir dung hai mang: matchX[1..m] va matchY[1..n].

e matchX([i] 1a dinh thudc tap Y ghép vdi dinh X[i]

e matchY([j] la dinh thudc tap X ghép voi dinh Y[j].

Ttc 14 néu nhu canh (X[i], Y[j]) thudc bd ghép thi matchX[i] = j va matchY[j] =i.

Quy udc rang:

Néu nhu X[i] chua ghép voi dinh ndo cta tdp Y thi matchX[i] = 0

Néu nhu Y[j] chua ghép véi dinh ndo cua tap X thi matchY[j] = 0.

Pé thém mot canh (X[i], Y[j]) vao bo ghép thi ta chi viéc dat matchX[i] :=j va matchY[j] := i;

Dé loai mot canh (X[i], Y[j]) khoi b ghép thi ta chi viéc dit matchX[i] := 0 va matchY[j] == 0;
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3. Tim dwong mé nhw thé nao.

Vi duong mé bat dau tir mot X_dinh chua ghép, di theo mot canh chwa ghép sang tap Y, roi theo

mot da ghép dé vé tap X, roi lai mot canh chua ghép sang tip Y ... cudi cing 1a canh chwa ghép t6i

mot Y _dinh chua ghép. Nén c6 thé thay ngay rang d6 dai duong mo 13 16 va trén dudng mé sd canh

€ M it hon s6 canh ¢ M 1 1 canh. Va ciing dé thdy rang giai thuat tim dudng mé nén sir dung thuat

toan tim kiém theo chiéu rong dé dudng mé tim duogc 1a dudng di ngan nhét, giam bdt cong viée

cho budc tang cap ghép.

Ta khoi tao mot hang doi (Queue) ban dau chira tit ca cac X_dinh chua ghép. Thuat toan tim kiém

theo chiéu rong 1am viéc theo nguyén tic 1dy mot dinh v khoi Queue va lai ¢y Queue nhitng ni tir

v chua duoc thim. Nhu vay néu thim t6i mot Y _dinh chua ghép thi tirc 13 ta tim duong mé két thuc

&Y _dinh chua ghép d6, qua trinh tim kiém dirng ngay. Con néu ta tham téi mot dinh j € Y da ghép,

dua vao su kién: tir j chi c6 thé téi dwge matchY[j] theo duy nhat mot canh di ghép dinh hudng

nguoc tir Y vé X, nén ta c6 thé danh dau thim j, thim ludn ci matchY[j], va day vao Queue

phén tir matchY/[j] € X (Thim lién 2 budc).

Input: file vain ban MATCH.INP

e Dong 1: chtra hai s6 m, n (m, n < 100) theo thtr ty 1a s X_dinh va s6 Y_dinh cach nhau it nhat
mot dau cach

e Cac dong tiép theo, mdi dong ghi hai sé i, j cach nhau it nhat mot dau cach thé hién c6 canh ndi
hai dinh (X[i], Y[j]) .

Output: file vin bAn MATCH.OUT chua bd ghép cuc dai tim dugc

e, MATCH.INP | MATCH.OUT
d § Y K Match:

1) X[1] - YI[1]
2) X[2] - Y[4]
3) XI[3] - YI[3]
4) X[4] - YI[2]

BB WWDMNDMDMDNDRE PR A
WNDNWNDMNBENMNREARLRW

PROG11l 1.PAS * Thudt toan dudng mé& tim bd ghép cuc dai

program MatchingProblem;

const
max = 100;

var
m, n: Integer;
a: arrayl[l..max, 1l..max] of Boolean;
matchX, match¥: array[l..max] of Integer;
Trace: array[l..max] of Integer;

procedure Enter; {Poc di liéu, (tlr thiét bi nhap chuan)}
var

i, j: Integer;
begin

FillChar(a, SizeOf(a), False);

ReadLn(m, n);
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while not SeekEof do
begin
ReadLn (i, j);
ali, j] := True;
end;
end;

procedure Init; {Khéi tao bd ghép réng})
begin
FillChar (matchX, SizeOf (matchX), 0);
FillChar (matchY, SizeOf (matchY), 0);
end;

{Tim dwdng mé, néu thay tra v& mot Y_dinh chura ghép la dinh két thic dudng mé, néu khong théy tra vé 0}
function FindAugmentingPath: Integer;
var

Queue: arrayl[l..max] of Integer;

i, j, first, last: Integer;

begin
FillChar (Trace, SizeOf (Trace), 0); {Trace[]] =X dinhlién trwdc Y[ trén duong md}
last := 0; {Kh&i tao hang doi rdng}
for i := 1 to m do {PAy tAt c& nhirng X_dinh chwa ghép vao hang doi}
if matchX[i] = 0 then
begin

Inc(last);
Queue[last] := 1i;
end;
{Thuat toan tim kiém theo chiéu rong}
first := 1;
while first <= last do

begin
i := Queuel[first]; Inc(first); {LAymot X dinhrakhdi Queue (X[i])}
for j := 1 to n do {Xét nhirng Y_dinh chwa tham k& v&i X[i] qua mét canh chwa ghép}

if (Tracelj]l] = 0) and ali, j] and (matchX[i] <> j) then
begin {lénhif trén hoi thira dk matchX{i] <> ], diéukién Trace[j] = 0 4 bao ham ludn diéu kién nay rdi}

Tracel[j]l := i; {Lwu vét duong di}
if matchY[j] = 0 then {N&ujchwaghép thi ghi nhan dwdng mé va thoat ngay}
begin
FindAugmentingPath := j;
Exit;
end;
Inc(last); {PAy ludn matchY[j] vao hang doi}
Queue[last] := matchY[j];
end;

end;
FindAugmentingPath := 0; {0 trén khong Exit dwoc ttrc 1 khdng con dworng mé}
end;

{N6i rong bd ghép bang dudng mé két thic & feY}
procedure Enlarge(f: Integer):;
var
x, next: Integer;
begin
repeat
x := Tracelfl; 77 e A
next := matchX[x];
matchX[x] := f;
matchY[f] := x;
f := next;
until £ = 0;
end;

procedure Solve; {Thuat toan dwong mé}
var
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finish: Integer;
begin
repeat
finish := FindAugmentingPath; {PAutién thl tim mot dwdng md}
if finish <> 0 then Enlarge(finish); {Néuthy thi ting cip va lap lai}
until finish = 0; {Néu khong thay thi dirng}
end;

procedure PrintResult; {In két qua}
var
i, Count: Integer;
begin
WriteLn ('Match: ') ;
Count := 0;
for i := 1 to m do
if matchX[i] <> 0 then
begin
Inc (Count) ;
WriteLn(Count, ') X[', i, '] - Y[', matchX[i], ']"');
end;
end;

begin
Assign (Input, 'MATCH.INP'); Reset (Input);
Assign (Output, 'MATCH.OUT'):; Rewrite (Output) ;
Enter;
Init;
Solve;
PrintResult;
Close (Input) ;
Close (Output) ;
end.

Khao sat tinh ding dan cta thuat toan cho ta mot két qua kha thu vi:
Néu ta thém mot dinh A va cho thém m cung
tir A t6i tat ca nhitng dinh cua tap X, thém

mot dinh B va n6i thém n cung tir tat ca cac

dinh cta Y t61 B. Ta dugc m0t mang voi dinh A
phat A va dinh thu B. Néu dit kha niang thong
qua cia cac cung déu 1a 1 sau d6 tim ludng

cuc dai trén mang bang thuat toan Ford-
Fulkerson thi theo dinh 1y vé tinh nguyén, x Y
ludng tim duoc trén cac cung déu phai 1a s6 nguyén (tirc 1a bang 1 hodc 0). Khi d6 dé thiy rang
nhing cung c6 ludng 1 tir tap X t6i tap Y s& cho ta mot bd ghép 16n nhat. Dé ching minh thuét toan
dudng mé tim duge bd ghép 16n nhat sau hitu han bude, ta s& chirmg minh rang sé b ghép tim duoc
bang thuat toan dudng mé s& bang gid tri ludng cuc dai noi trén, diéu do ciing rat dé boi vi néu dé y
k§ mot chut thi duong mé chang qua 1a dudng ting ludng trén dd thi ting ludng ma thoi, ngay cai
tén augmenting path da cho ta biét diéu nay. Vi vay thuat toan duong mé & truong hop nay 1a mot
cach cai dit hiéu qua trén mot dang do thi dic biét, n6 1am cho chuong trinh sang siia hon nhiéu
50 v&i phuong phap tim bo ghép dua trén bai toan ludng va thuat toan Ford-Fulkerson thuan tuy.
Ngudi ta da chimg minh dugc chi phi thoi gian thyc hién giai thuat nay trong truong hop xau nhat
s& 1a O(n’) d6i véi @6 thi day va O(n(n + m)logn) dbi v&i @6 thi thwa. Tuy nhién, ciing gidng nhu
thuat toan Ford-Fulkerson, trén thyc té phuong phép nay hoat dong rat nhanh.

Bai tap
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1. C6 n thg va n cong viée (n < 100), mdi thg thuc hién duge it nhat mot viéc. Nhu vay mot tho cé
thé lam duoc nhiéu viéc, va mot viéc c6 thé co nhiéu tho 1am duge. Hay phan cong n thg thyuc hién
n viéc d6 sao cho mdi tho phai 1am dung 1 viéc hodc thong bao rang khong co cach phan cong nao
thoa man diéu trén.

2. C6 n thg va m cong viéc (n, m < 100). M&i thg cho biét minh c6 thé lam duge nhitng vi¢c nao,
hay phan cong céc thg lam cac cong viéc do sao cho mdi thg phai lam it nhét 2 viéc va sd viée thuc
hién dugc 1a nhiéu nhat.

3. C6 n tho va m cong viée (n, m < 100). Mdi thg cho biét minh c6 thé lam duoc nhiing viéc nao,
hay phéan cong thyuc hién cac cong viée d6 sao cho sd cong viée phan cho ngudi tho 1am nhiéu nhat
thuc hién 1a cuc tiéu.
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§12. BAl TOAN TiM BO GHEP cU’C bAI VOl TRONG SO CUC TIEU TREN
DO THI HAI PHIA - THUAT TOAN HUNGARI

I. BAI TOAN PHAN CONG

. Pay 1a mot dang bai toan phat biéu nhu sau: C6 m ngudi (danh s6 1, 2, ..., m) va n cong viée
(danh sb 1, 2, ..., n), mdi ngudi c6 kha ning thuc hién mot s6 cong viée nao d6. Dé giao cho
ngudi i thuc hién cong viée j cn mot chi phi 1a c[i, j] = 0. Can phan cho mdi thg mét viée va
mdi viéc chi do mét tho thuc hién sao cho $6 cong viéc cb thé thuc hién duogc la nhiéu nhit va
néu c6 > 2 phuong an déu thuc hién duoc nhidu cong viée nhat thi chi ra phuong an chi phi it
nhat.

. Duyng dd thi hai phia G = (XUY, E) véi X 1a tdp m ngudi, Y 13 tip n viée va (u, v) € E véi
trong s6 c[u, v] néu nhu ngudi u 1am dugc cong viée v. Bai toan dwa vé tim bd ghép nhiéu
canh nhét cua G c6 trong s6 nho nhat.

. Goi k = max(m, n). B6 sung vao tip X va Y mot s6 dinh gia dé | X | = | Y | =k.

J Goi M 1a mét s6 duong du 16n hon chi phi ctia moi phép phan cong c6 thé. Vi mdi cap dinh
(u,v):ue Xvave Y.Néu(u,v) ¢ E thi ta bd sung canh (u, v) vao E véi trong sb 1a M.

e  Khi d6 ta duoc G 1a mot dd thi hai phia day da (Do thi hai phia ma giita mot dinh bat ky cua
X va mot dinh bit ky ciia Y déu c6 canh ndi). Va néu nhu ta tim dwoc b ghép diy da k
canh mang trong s6 nhé nhit thi ta chi cin loai bé khéi by ghép d6 nhirng canh mang
trong s6 M vira thém vao thi s& duoc ké hoach phan cong 1 nguoi <> 1 viéc can tim. Diéu
nay dé hiéu bai bo ghép ddy du mang trong s6 nhoé nhat tirc 13 phai it canh trong s M nhat,
tire 1a s6 phép phan cong 1a nhidu nhat, va tit nhién trong s6 cac phuong an ghép it canh trong
s& M nhat thi ddy 1a phuong an trong s6 nho nhat, tirc 1a tong chi phi trén cac phép phan cong
la it nhat.

II. PHAN TICH

e Vao: Db thi hai phia diy du G = (XUY, E);
kxk, c[i,j] = trong s6 canh ndi dinh X; véi Y;. Gia thiét c[i, j] > 0. v6i moi i, j.

X | = | Y | = k. Pugc cho bdi ma tran vuong C co

. Ra: Bo ghép day du trong s6 nho nht.

Hai dinh 1y sau ddy tuy rat don gian nhung 13 nhitng dinh 1y quan trong tao co s& cho thudt toan s&
trinh bay:

Dinh Iy 1: Loai b6 khéi G nhitng canh trong so > 0. Néu nhitng canh trong sé 0 con lai tao ra bp
ghép k canh trong G thi ddy la bj ghép cén tim.

Chtng minh: Theo gia thiét, cic canh cia G mang trong sd khong 4m nén bat ky bo ghép nao trong
G ciing c6 trong s6 khong 4m, ma bd ghép & trén mang trong sd 0, nén tat nhién d6 1a bd ghép day
du trong s6 nho nhat.

Dinh Iy 2: Véi dinh X;, néu ta cong thém mét sé A(dwong hay dm) vao tit ci nhitng canh lién
thudc véi X; (twong dwong vdi vigc cong thém A vao tit cd cdc phan tie thudc hang i ciia ma trin
C) thi khong dnh hwéng t6i bp ghép ddy dii trong sé nhé nhit.

Chtng minh: Vi mot bo ghép dy du bat ky thi c6 mot va chi mot canh ghép véi X[i]. Nén viée
cong thém A vao tat ca cac canh lién thudc voi X[i] s& 1am ting trong s6 bd ghép d6 1én A. Vi viy
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néu nhu ban dau, M 13 bd ghép diy di trong s6 nho nhat thi sau thao tac trén, M van 13 b ghép day
du trong s6 nho nhit.

Hé qua: Véi dinh Y[j], néu ta cong thém mot s6 A (dwong hay 4m) vao tat ca nhitng canh lién thudc
v6i Y[j] (twong duong véi viéc cong thém A vio tat ca cac phan tir thudc cot j ciia ma tran C) thi
khong anh huong tdi bo ghép day du trong s nho nhat.

Tir ddy cé thé nhin ra tw twéng ciia thudt todn: Tiv do thi G, ta tim chién lwoc cong / triv mot
cdach hop ly trong $6 ciia cdc canh lién thudc véi mét dinh nao dé dé dwoc mét do thi méi van cé
cdc canh trong 0 khong am, ma cdc canh trong s6 0 ciia dé thi mdi dé chira mét bo ghép ddy dii
k canh.

Vi du: Bién d6i ma tran trong s6 cua dd thi hai phia 3 dinh trai, 3 dinh phai:

00 110 | 0T x[17- Y[3]
| — 7 0 | -6 X[2]- Y[2]
4 — g8l9 0+7—8% > X[31-Y[1]

0
K
jOT

+1

III. THUAT TOAN

1. Cac khai niém:

Dé cho gon, ta goi nhitng canh trong s6 0 ctia G 13 nhimg 0_canh.

Xét mot bd ghép M chi gdm nhitng 0 canh.

o Nhiing dinh € M goi la nhitng dinh da ghép, nhiing dinh con lai goi 1a nhiing dinh chua ghép.

J Nhiing 0 _canh € M goi la nhiing 0 canh da ghép, nhitng 0 _canh con lai 1a nhiitng 0 _canh
chua ghép.

Néu ta dinh hudng lai cic 0_canh nhu sau: Nhitng 0 _canh chua ghép cho hudng tir tip X sang tap

Y, nhitng 0_canh d ghép cho huéng tir tap Y vé tap X. Khi do:

. Puong pha (Alternating Path) 1a mot dudng di co ban xuat phat tir mot X_dinh chua ghép di
theo cac 0 _canh da dinh hudng ¢ trén. Nhu vay doc trén duong pha, cac 0_canh chua ghép va
nhitng 0 canh d3 ghép xen k& nhau. Vi duong pha chi 1a duong di co ban trén d6 thi dinh
hudng nén viéc xac dinh nhitng dinh nao c6 thé dén duoc tir x € X bang mot dudng pha co
thé sir dung cac thuat toan tim kiém trén do thi (BFS hodc DFS). Nhitng dinh va nhiing canh
duoc duyét qua tao thanh mot cy pha goc x

J Mot duong mo (Augmenting Path) 1a mot duong pha di tr mot X dinh chua ghép téi mot
Y dinh chua ghép. Nhu vay:

¢ Duong di tryc tiép tir mot X_dinh chua ghép téi mot Y _dinh chua ghép qua mot 0 _canh
chua ghép ciing 1a mot duong mé.
¢ Doc trén dudng md, s6 0_canh chwa ghép nhiéu hon s6 0_canh dd ghép ding 1 canh.

2. Thuat toan Hungari

Budrc 1: Khéi tao:

J Mot bo ghép M .=

Buéc 2: Véi moi dinh x €X, ta tim cach ghép x* nhw sau.
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Bit dAu tr dinh x* chua ghép, thtr tim duong mé bét dau & X béng thuat toan tim kiém trén do thi

(BFS hodc DFS - théng thuong nén dung BFS dé tim duong qua it canh nhét) c¢6 hai kha ning xay

ra:

° Hoac tim dugc duong mo thi doc theo duong md, ta loai bd nhitng canh da ghép khoi M va

thém vao M nhing canh chua ghép, ta duoc mot b ghép méi nhiéu hon bd ghép cii 1 canh
va dinh x” tré thanh di ghép.

. Hoac khong tim dugc duong mé thi do ta st dung thuat toan tim kiém trén dd thi nén c6 thé

xac dinh dugc hai tap:

X/
o

X/
o

X/
L X4

X/
L X4

VisitedX = {Tap nhiing X_dinh c6 thé dén dugc tir x* bang mot duong pha}

VisitedY = {Tap nhiing Y_dinh c6 thé dén dugc tir x* bang mot duong pha}

Goi A la trong s6 nho nhit cua cac canh nbi gitra mot dinh thudc VisitedX vo1 mot dinh
khong thudc VisitedY. D& thdy A > 0 bai néu A = 0 thi ton tai mot 0 canh (x, y) v6i
xe VisitedX va ye VisitedY. Vi X dén dugc x bang mot dudng pha va (x, y) 1a mot
0 _canh nén x ciing dén duoc y bang mot dudng pha, din téi y € VisitedY, didu nay vo
ly.

Bién ddi d6 thi G nhu sau: Véi Vx € VisitedX, trir A vao trong sb nhiing canh lién
thudc voi x, Voi V y € VisitedY, cong A vao trong ) nhitng canh lién thude véiy.

Lap lai tha tyc tim kiém trén dd thi thir tim duong md xuat phat & X cho t6i khi tim ra
duong mo.

Buére 3: Sau bude 2 thi moi X_dinh déu dugc ghép, in két qua vé bd ghép tim dugc.

MO hinh cai dat cua thuat toan co thé viét nhu sau:
<Khdi tao: M := J ...>;
for (x'eX) do

begin
repeat
<Tim dudng md xudt phat & x'>;
if <Khéng tim thiy dudng mé> then <Bién ddi dé thi G: Chon A := ...>;

until <Tim thdy dudng mé>;
<Doc theo duong m&, loai bdé nhiing canh did ghép khoéi M
va thém vado M nhitng canh chua ghép>;

end;

<Két qua>;
Vi du minh hoa:

Pé khong bi réi hinh, ta hiéu nhitng canh khong ghi trong s 1a nhitng 0 canh, nhitng canh khong

v& mang trong s rat 1on trong truong hop nay khong can thiét phai tinh dén. Nhiing canh nét dam

1a nhitng canh da ghép, nhiing canh nét thanh 1a nhitng canh chua ghép.
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X* = X1
Tim dugc dudng mo:
X =Y,

Tang cap

X’k = X2
Tim dugc duong mo:
X=>Y - X —>Y,;

Tang cap

X* = X3
Tim dugc duong mo:
X5 —=Y;

Tang cap

x = X4

Khong tim dugc duong mo:
Tap nhitng X dinh dén duoc tir X4
bang mot duong pha: {X3, X,}
Tap nhiing Y_dinh dén duoc tir X4
bang mot duong pha: {Y3}
Gia tri xoay A = 1 (Canh X3-Y3)
Trir tat ca trong s6 nhing canh lién
thudc voi {X; X4} di 1
Cong tat ca trong s6 nhing canh lién
thudc véi Ys 1én 1
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x = X4

Vin khéng tim dugc duong mé:
Tap nhiing X dinh dén duoc tir X4
bang mot duong pha:

{X1, Xa, X%, Xa}
Téap nhitng Y _dinh dén duogc tr X,
bang mot duong pha:
1Y, Yo, Y3}

Gia tri xoay A =2 (Canh X,-Yy)
Trir tit ca trong s6 nhitng canh lién
thudc véi {X, X,, X3, X4} di 2
Cong tat ca trong s6 nhing canh lién
thudc véi {Yy, Yy, Y3} 1én 2

Tim dugc duong mo:

X4—)Y3—)X3—)Y2—>X1—)Yl—>
X, > Y,

Tang cap

Xong

Dé ¥ rang néu nhir khong tim thay dwong mé xudt phdt ¢ x* thi qud trinh tim kiém trén do thi sé cho
ta mét cdy pha géc x". Gid tri xoay A thie chdt 1 trong s6 nhé nhdt cia canh néi mot X _dinh trong
cdy pha voi mot Y _dinh ngoai cdy pha (canh ngoai). Viéc triv A vao nhitng canh lién thuoc voi
X dinh trong cdy pha va cong A vao nhitng canh lién thuoc voi Y dinh trong cday pha sé lam cho
canh ngodi néi trén tré thanh 0_canh, cdc canh khdc van c6 trong sé > 0. Nhung quan trong hon la
tit cd nhitng canh trong cdy pha van civ la 0_canh. Diéu dé dam bdao cho qud trinh tim kiém trén
do thi lan sau sé xdy dung dwoc cdy pha méi I6n hon cdy pha cii (Thé hién & ché: tap VisitedY sé
réng hon truée it nhat 1 phan tr). Vi tdp cac Y dinh da ghép la hitu han nén sau khong qua k
buorc, sé co mot Y _dinh chwa ghép € VisitedY, tiec la tim ra dwong mo

Trén thuc té, dé chuong trinh hoat dong nhanh hon, trong budc khoi tao, nguoi ta co thé thém mot
thao tac:

Vi mdi dinh x € X, xac dinh trong s6 nho nhit cta cac canh lién thudc véi x, sau do trir tat ca
trong s6 cac canh lién thudc véi x di trong s6 nho nhat d6. Lam tuong tu nhu vady véi cac Y _dinh.
Piéu nay tuong duong voi viée trir tit ca cac phan tir trén mdi hang ctia ma tran C di gia tri nho
nhét trén hang do, roi lai trix tht ca cac ph'?m tr trén moi cot ctia ma tran C di phﬁn tir nho nht trén
cot d6. Khi d6 sb 0 canh cta dd thi 1a khé nhiéu, c6 thé chira ngay bo ghép dﬁy du hodc chi can qua
it budc bién doi 1a s& chira bo ghép day du k canh.

Pé twong nhd hai nha toan hoc Konig va Egervary, nhitng ngudi di dit co sé Iy thuyét dau tién cho
phuong phap, ngudi ta da lay tén cta dat nudc sinh ra hai nha toan hoc nay dé dat tén cho thuat
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toan. Mic du sau ndy c6 mot s6 cai tién nhung tén goi Thuat toan Hungari (Hungarian Algorithm)
van dugc dung phd bién.

IV. CAI PAT

1. Phwong phap d6i ngdu Kuhn-Munkres (Khong 1am bién ddi ma tran C ban diu)

Phuong phap Kuhn-Munkres di tim hai ddy s6 Fx[1..k] va Fy[1..k] thoa mén:

e cfi,j]- Fx[il - Fy[j]2 0

. Tap céac canh (X[i], Y[j]) thoa mén c[i, j] - Fx[i] - Fy[j] = 0 chta tron mot bd ghép day du k
canh, day chinh 1 by ghép can tim.

Chitng minh:

Néu tim duwoc hai day $6 thod médn trén thi ta chi viéc thuc hién hai thao tdc:

Véi méi dinh X[i], triv tat cd trong sé ciia nhitng canh lién thuéc véi X[i] di Fx[i]

Véi méi dinh Y[j], trir tdt ca trong s6 cia nhitng canh lién thudc véi Y[j] di Fy[j]

(Hai thao tic ndy twong dwong véi viéc trir tat cd trong sé cia cdc canh (X[i], Y[j]) di mét lwong

Fx[i] + Fy[j] tuc la c[i, j] := c[i, j] - Fx[i] - Fy[j])

Thi dé thdy dé thi m&i tao thanh sé gom c6 cdc canh trong sé khéng dm va nhitng 0_canh cia do

thi chita tron mét bg ghép day di.

1 2 3 4
1 0 M M Fx[1] =2
2 M M p) Fx[2] =2
3 1 Fx[3] =3
4 M 9 Fx[4] =3

Fy[l] =-2  Fy[2] =-2 Fy[3]=-3 Fy[4]=0
(C6 nhiéu phwong dn khdc: Fx = (0,0, 1, 1); Fy = (0, 0, -1, 2) ciing diing)

Vay phuong phap Kuhn-Munkres dua viéc bién doi dd thi G (bién d6i ma tran C) vé viéc bién ddi
hay dy s6 Fx va Fy. Viéc trir A vao trong sd tit ca nhitng canh lién thudc véi X[i] twong duong véi
viéc tang Fx[i] 1én A. Viéc cong A vao trong sd tit ca nhimg canh lién thudc v6i Y[j] twong duong
v6i giam Fy[j] di A. Khi can biét trong sé canh (X[i], Y[j]) 1a bao nhiéu sau cac budc bién ddi, thay
vi viét c[i, j], ta viét c[i, j] - Fx[i] - Fy[j].

Vi du: Thu tuc tim duong mo trong thuat todn Hungari doi héi phai xac dinh dugc canh nao la
0 canh, khi cai dat béng phuong phap Kuhn-Munkres, viéc xac dinh canh nao la 0 canh cé thé
kiém tra bang dang thirc: c[i, j] - Fx[i] - Fy[j] = 0 hay c[i, j] = Fx[i] + Fy][j].

So d6 cai dit phwong phap Kuhn-Munkres c6 thé viét nhu sau:

Budc 1: Khéi tao:

M = J;

Viéc khdi tao cac Fx, Fy c6 thé c6 nhiéu cach chang han Fx[i] := 0; Fy[j] := 0 véi Vi, j.
Hoac: Fx[i] := Ejg(l(c[i’ j]) voi Vi. Sau do dat Fy[j] == Eliigrkl(c[i’ j1—Fx[i]) véi Vj.

(Mién sao c[i, j] - Fx[i] - Fy[j] = 0)
Budc 2: Vi moi dinh x € X, ta tim cach ghép x” nhu sau:
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Bit dau tir dinh X*, thtr tim duong mé bat dau & x béng thuét toan tim kiém trén d6 thi (BFS hoac

DFS). Luu ¥ rang 0_canh 14 canh thoa mén c[i, j] = Fx[i] + Fy[j]. C6 hai kha ning xay ra:

° Hoac tim dugc duong mo thi doc theo duong md, ta loai bd nhitng canh da ghép khoi M va
thém vao M nhiing canh chua ghép.

° Hoac khong tim dugc duong ma thi xac dinh dugc hai tap:

X/

% VisitedX = {Tap nhiing X_dinh c6 thé dén dugc tir x* bang mot duong pha}

% VisitedY = {Tap nhiing Y_dinh c6 thé dén duogc tir x* bang mot duong pha}

s Pbat A :=min{c[i, j] - Fx[i] - Fy[j] | VX([i] € VisitedX; VY[j] ¢ VisitedY}

% Voi VX]i] € VisitedX: Fx[i] := Fx[i] + A;

s V61 VY[j] € VisitedY: Fy[j] :== Fy[j] - A;

< Lap lai thu tuc tim dudng md& xuat phat tai X cho t6i khi tim ra duong mo.

Pang luu ¥ & phuong phap Kuhn-Munkres 12 né khong 1am thay doi ma tran C ban dau. Piéu d6

thuc sy hitu ich trong trudng hop trong sé ctia canh (X[i], Y[j]) khong dugc cho mét cach tuong

minh bang gia tri C[i, j] ma lai cho bang ham c(i, j): trong trudng hop ndy, viéc trir hang/cong cot

truc tiép trén ma tran chi phi C 1a khong thé thuc hién duoc.

2. Duéi day ta sé cai dit chwong trinh giai bai toan phin cong bang thuat toan Hungari voi

phwong phap déi ngiu Kuhn-Munkres:

a) Biéu dién bo ghép

Dé biéu dién bd ghép, ta sir dung hai mang: matchX[1..k] va matchY[1.k].

o matchX([i] 1a dinh thudc tap Y ghép véi dinh X[i]

. matchY[j] 1a dinh thudc tdp X ghép véi dinh Y[j].

Ttc 1a néu nhu canh (X[i], Y[j]) thudc bd ghép thi matchX[i] = j va matchY[j] =i.

Quy udc rang:

. Néu nhu X[i] chua ghép voi dinh ndo cta tdp Y thi matchX[i] =0

o Néu nhu Y[j] chua ghép véi dinh nao ciia tap X thi matchY[j] = 0.

. Dé thém mot canh (X[i], Y[j]) vao bo ghép thi chi viéc dat matchX[i] :=j va matchY[j] == i;

° Dé loai mot canh (X[il, Y[jD khoi bd ghép thi chi viéc dat matchX[i] := 0 va matchY[j] := 0;

b) Tim dudng mé nhu thé nao

Ta s& tim duong mo va xdy dung hai tip VisitedX va VisitedY bang thuat toan tim kiém theo chiéu

rong chi xét téi nhitng dinh va nhitng 0_canh da dinh hudng nhu da néi trong phan dau:

Khoi tao mot hang dgi (Queue) ban dau chi c6 mot dinh x". Thuét toan tim kiém theo chiéu rong

lam viéc theo nguyén tic 1dy mot dinh v khoi Queue va lai diy Queue nhing ndi tir v chua duoc

tham. Nhu vdy néu thim téi mot Y _dinh chua ghép thi tirc 13 ta tim duong mo két thac ¢ Y_dinh

chua ghép d6, qua trinh tim kiém dirng ngay. Con néu ta thim t6i mot dinh y € Y d3 ghép, dua vao

su kién: tir y chi ¢6 thé téi dwoc matchY|[y] theo duy nhat mot 0 canh dinh hudng, nén ta c6 thé

danh diu thim y, thim luén ca matchY|y], va d?iy vao Queue ph?m tir matchY([y] € X.

3. Nhap dir liéu tir file vin ban ASSIGN.INP

e Dong 1: Ghi hai s6 m, n theo thtr tu 1a s6 thg va sb viéc cach nhau 1 ddu cach (m, n <100)

e Cac dong tiép theo, mdi dong ghi ba sb i, j, c[i, j] cach nhau 1 du cach thé hién tho i lam dugc
viéc j va chiphi délam1a c[i,j] (1 €i<m;1<j<n;0<c[i,j] < 100).
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o ASSIGN.INP | ASSIGN.OUT
i 5 6 Optimal assignment:
110 1) X[1] - Y[1] O
; 120 2) X[2] - Y[4] 2
; 210 3) X[3] - ¥[2] 1
i X 2 4 2 4) Xx[4] - YI[3]1 O
321 Cost: 3
330
4 30
4 4 9
549
PROG12 1.PAS * Thudt toan Hungari
program AssignmentProblemSolve;
const
max = 100;
maxC = 10001;
var
c: arrayl[l..max, 1l..max] of Integer;
Fx, Fy, matchX, matchY, Trace: arrayl[l..max] of Integer;
m, n, k, start, finish: Integer; {durng md s& bat dAu tiy starteX va két thic & finishe Y}
procedure Enter; {Nhap di liéu tlr thiét bi nhap chuan (Input)}
var
i, j: Integer;
begin

ReadLn(m, n);
if m > n then k := m else k := n;
for i := 1 to k do
for j := 1 to k do c[i, j] := maxC;
while not SeekEof do ReadLn(i, j, cli, jl):
end;

procedure Init; {Kh&i tao}
var
i, j: Integer;
begin
{Bo ghép rong}
FillChar (matchX, SizeOf (matchX), 0);
FillChar (matchY, SizeOf (matchY), 0);
{Fx[i] := Trong s& nhd nhat clia cac canh lién thudc véi Xil}
for i := 1 to k do
begin
Fx[i] := maxC;
for j := 1 to k do
if c[i, j]l < Fx[i] then Fx[i] := cl[i, jl;
end;
{Fyli] := Trong sb nhd nhat ctia cac canh lién thudc véi YT}
for j := 1 to k do
begin
Fy[j]l := maxC;
for i := 1 to k do {Luuy latrongsd canh (x{i], yii]) bay gi®’ a ci, j] - Fx[i] cht» khong con la dfi, j] nira}
if cl[i, j] - FxI[i] < FyI[j]l then FyI[j]l := cli, j1 - FxI[i];
end;
{Viéc khdi tao cac Fx va Fy nhu thé nay chi don gian la dé cho s6 0_canh tré nén cang nhiéu cang tot ma thoi}
{Ta hoan toan ¢ thé kh&i gan cac Fx va Fy béng gia tri 0}
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end;
{Ham cho biét trong s& canh (Xi], YIil) }
function GetC(i, j: Integer): Integer;
begin

GetC := c[i, j]l - FxI[i]l - Fyljl;
end;

procedure FindAugmentingPath; {Tim dudng mé bétdaué start)
var

Queue: array[l..max] of Integer;

i, j, first, last: Integer;

begin
FillChar (Trace, SizeOf (Trace), 0); {Trace][j] = X_dinh lién trwéc Y] trén duwdng mé?}
{Thuat toan BFS} .
Queue[l] := start; {Pay start vao hang doi}
first := 1; last := 1;
repeat
i := Queuel[first]; Inc(first); {LAymotdinh X[i] khdi hang doi}
for j := 1 to k do {Duyét nhirng Y_dinh chwa tham k& v&i X[i] qua mdt 0_canh chwa ghép}
if (Tracel[j] = 0) and (GetC(i, j) = 0) then
begin
Trace[j] := i; {Lwu vé&t dutrng di, cling v&i viec danh dau (z0) ludn}
if matchY[j] = 0 then {Néu j chua ghép thi ghi nhan noi két thiic dudng mé va thoat ludn}
begin
finish := j;
Exit;
end;
Inc(last); Queuellast] := matchY¥Y[j]; {PAyludnmatchY[j]vao Queue}
end;
until first > last; {Hangdoirdng}
end;
procedure SubX AddY; {Xoay c4c trong sb canh}
var

i, j, t, Delta: Integer;
VisitedX, VisitedY: set of Byte;
begin
(* Péyrang:
VisitedY = {y | Trace[y] = 0}
VisitedX = {start} U match(VisitedY) = {start} U {matchY[y] | Trace[y] # 0}
Jisitedx = [start];
VisitedY := [];
for j := 1 to k do
if Tracel[j] <> 0 then
begin
Include (VisitedX, matchY¥Y[j]):
Include (VisitedY, j);
end;
{Sau khi xac dinh duoc VisitedX va VisitedY, ta tim A 13 trong s6 nhd nhat ctia canh ndi t» VisitedX ra Y\VisitedY)}
Delta := maxC;
for i := 1 to k do
if i in VisitedX then
for j := 1 to k do
if not (j in VisitedY) and (GetC(i, j) < Delta) then
Delta := GetC(i, j);
{Xoay trong sb canh}
for t := 1 to k do
begin
{Trtr trong s nhi¥ng canh lién thudc v&i VisitedX di Delta}
if t in VisitedX then Fx[t] := Fx[t] + Delta;
{Cdng trong sd nhi¥ng canh lién thudc véi VisitedY 1&n Delta}
if t in VisitedY then Fy[t] := Fyl[t] - Delta;
end;
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end;
{N&i rong bd ghép bdi dudng mé tim dugc)
procedure Enlarge;
var
x, next: Integer;
begin next next
repeat
X := Tracel[finishl;, == -y
next := matchX[x];
matchX[x] := finish
matchY[finish] := x
finish := Next; start start
until finish = 0;
end;

X finish X finish

.
I
.
I

procedure Solve; {Thuat toan Hungari}
var
x, y: Integer;
begin
for x := 1 to k do
begin
start := x; finish := 0; {Khdigan noixultphatdwdng md, finish = 0 nghia la chwa tim thiy dwéng mé}
repeat
FindAugmentingPath; {Tht tim dwong mé}
if finish = 0 then SubX AddY; {Néukhdng thdy thi xoay cac trong sb canh va I&p lai}
until finish <> 0; {Cho t&i khi tim thay dudng mé}
Enlarge; {Tang cap dwa trén dwong mé tim duorch
end;
end;

procedure Result;
var
x, ¥y, Count, W: Integer;
begin
WriteLn ('Optimal assignment:');
W := 0; Count := 0;
for x := 1 to m do ({Inraphép phan cong thi chi cin xét d&n m, khdng can xét dén k}
begin
y := matchX[x];
{Nhirng canh o6 trong s maxC twong (rng v&i mdt the khong dwoc giao viéc va mot viéc khdng duoc phan cong}
if c[x, y]l] < maxC then
begin
Inc (Count) ;
WriteLn (Count:5, ') XI[', x, 'l - Y[', vy, '1 ', clx, v1);:
W :=W + clx, vl
end;
end;
WriteLn('Cost: ', W);
end;

begin
Assign(Input, 'ASSIGN.INP'); Reset (Input):;
Assign (Output, 'ASSIGN.OUT'); Rewrite(Output);
Enter;
Init;
Solve;
Result;
Close (Input) ;
Close (Output) ;
end.

Nhén xét:
1. Néu cai dat nhu trén thi cho du d6 thi c6 canh mang trong s6 am, chuong trinh van tim duoc
bd ghép cuc dai voi trong sb cuc tiéu. Ly do: Ban dAu, ta trir tAt ca céc phﬁn tr trén moi hang
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cua ma tran C di gié tri nho nhét trén hang do, roi lai trir tit ca cac phﬁn tr trén mdi cot cua
ma tran C di gia tri nho nhat trén cot d6 (Phép trir ¢ day 1am gian tiép qua cac Fx, Fy chir
khoéng phai trir truc tiép trén ma tran C). Nén sau budc nay, tit ca cac canh cta do thi s& co
trong s6 khong am boi phan tir nho nhat trén mdi cot ciia C chic chan 1a 0.

2. Sau khi két thuc thuat toan, téng tat ca cac ph'?m tor ¢ hai day Fx, Fy bﬁng trong sb cuc tiéu cua
bd ghép dz‘iy du tim duoc trén dd thi ban dau.

3. Mot van d& nita phai hét sirc can than trong viéc wdc luong do 16n cia cac phan tir Fx va Fy.
Néu nhu gia thiét cho cac trong sé khong qua 500 thi ta khong thé dua vao bat ding thic
Fx(x) + Fy(y) < c(x, y) ma khang dinh cac phéan tir trong Fx va Fy ciing < 500. Hay ty tim vi
du dé hiéu rd hon ban chat thuat toan.

V. BAI TOAN TiM BO GHEP CUC DAI VOI TRONG SO CUC DAI TREN PO THI
HAI PHIA

Bai todn tim bo ghép cuc dai v6i trong sd cuc dai cling ¢6 thé giai nhd phuong phap Hungari bang

cach d6i diu tat ca cac phan tir ma trdn chi phi (Nho nhén xét 1).

Khi cai dat, ta co thé sira lai doi cht trong chuong trinh trén dé gidi bai toan tim bg ghép cuc dai

voi trong sb cuc dai ma khong can ddi dau trong s6. Cu thé nhu sau:

Budc 1: Khéi tao:

° M = O;

. Khéi tao hai diy Fx va Fy thoa man: Vi, j: Fx[i] + Fy[j] = c[i, j]; Chang han ta c6 thé dat
Fx[i] := Phén ttr 16n nhat trén dong i ciia ma tran C va dat cac Fy[j] == 0.

Bude 2: Vi moi dinh x € X, ta tim cach ghép x” nhu sau:

V6i cach hiéu 0_canh 1a canh thoa man c[i, j| = Fx][i] + Fy[j]. Bt diu tir dinh X, thir tim duong mé

bat ddu ¢ x". C6 hai kha ning xay ra:

o Hodc tim dugc duong mo thi doc theo dudng md, ta loai bo nhiing canh da ghép khoi M va
thém vao M nhirng canh chua ghép.

° Hoac khong tim dugc duong mé thi xac dinh dugc hai tap:

X/
L X4

VisitedX = {Tap nhimg X_dinh c6 thé dén dugc tir x* bang mot duong pha}

X/
L X4

VisitedY = {Tap nhiing Y_dinh c6 thé dén dugc tir x* bang mot duong pha}

Dit A := min{Fx[i] + Fy[j] - c[i, j] | VX[i] € VisitedX; VY[j] ¢ VisitedY}
Vi VX]i] € VisitedX: Fx[i] := Fx[i] - A;

¢ V61 VY[j] € VisitedY: Fy[j] := Fy[j] + A;

% Lap lai thu tyc tim duong md Xuét phat tai X cho t&i khi tim ra duong mo.

X3

%

X3

S

>

Buwde 3: Sau budce 2 thi moi X dinh déu da ghép, ta dugc mot bd ghép dﬁy da k canh véi trong )
16n nhét.
D@ dang ching minh dugc tinh ding din ctia phuong phap, boi néu ta dat:

i, 1= - ofi, i1; Fx[il = - Fxil; Fy[j] = - Fy[j] ,
Thi bai todn tr¢ thanh tim cap ghép day du trong so cuc ti€u trén d6 thi hai phia véi ma tran trong s
c¢'[1.k, 1..k]. Bai toan nay duoc giai quyét bang cach tinh hai diy d6i ngdu F'x va F'y. Tir 6 bang
nhitng bién doi dai s6 co ban, ta c6 thé kiém chting dugc tinh twong dwong giira cac budc cua
phuong phép néu trén vdi cac bude cia phuong phap Kuhn-Munkres & muc trudce.
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VL. PO PHUC TAP TINH TOAN

Dya vao md hinh cai dat thuat toan Kuhn-Munkres & trén, ta c¢6 thé danh gia vé do phuc tap tinh
toan 1y thuyét ctia cach cai dat nay:

Thuét toan tim kiém theo chiéu rong duogc st dung dé tim dudng méd cd do phirc tap O(k?), mdi lan
xoay trong s6 canh mat mot chi phi thoi gian ¢& O(k%). Vay mdi lan ting cdp, can tbi da k 1an do
dudng va k 1an xoay trong s6 canh, mat mot chi phi thoi gian ¢& O(k’). Thudt toan can k 1an ting
cdp nén do phirc tap tinh toan trén 1y thuyét ctia phuwong phap nay c& O(k?).

C6 thé cai tién mo hinh cai dat dé duge mot thuat toan véi dd phuc tap O(k’) dua trén nhitng nhan
x€t sau:

Nhan xét 1:

Qua trinh tim kiém theo chidu rong bt ddu tir mot dinh x* chwa ghép cho ta mot cdy pha gbc x .
Néu tim dugc dudng md thi dimg lai va tang cap ngay, néu khong thi xoay trong s6 canh va bat dau

tim kiém lai dé dugc mot cay pha méi 10n hon cay pha cil:

Augmenting path found

Hinh 23: Cay pha "moc" 16m hon sau mdi lin xoay trong s canh va tim dwong
Nhan xét 2:
Viéc xac dinh trong s6 nho nhit ctia canh ndi mot X_dinh trong cy pha voi mot Y _dinh ngoai cay
pha co thé két hop ngay trong budc dung cdy pha ma khéng lam ting cip phirc tap tinh toan. Dé
thuc hién diéu nay, ta sir dung ky thuat nhu trong thuat toan Prim:
Vé6i moi ye Y, goi d[y] := khoang céch tir y dén cdy pha gbc x". Ban dau d[y] duoc khoi tao bing
trong sb canh x, y)= c[x*, y] - Fx[x] - Fy[y] (cdy pha ban dau chi c6 ding mét dinh X).
Trong budc tim dudng bang BFS, mdi lan rat mot dinh x ra khoi Queue, ta xét nhiing dinh ye Y
chua tham va dit lai d[y]msi := min(d[y]es trong s6 canh (x, y)) sau d6 méi kiém tra xem (x, y) co
phai 12 0_canh hay khong dé tiép tuc cac thao tac nhu trude. Néu qua trinh BFS khong tim ra duong
mo thi gia tri xoay A chinh 1a gia tri nho nhét trong cac d[y] duong. Ta b6t duge mot doan chuong
trinh tim gia trj xoay c6 do phirc tap O(k?). Cong viéc tai mdi budc xoay chi 1a tim gia tri nhé nhit
trong cac d[y] duong va thuc hién phép cong, trir trén hai day dbi ngau Fx va Fy, no c6 d6 phirc tap
tinh toan O(k), tdi da c6 k 1an xoay dé tim dudng m& nén tong chi phi thoi gian thuc hién cac lan
xoay cho téi khi tim ra dudng mé co O(k%). Luu ¥ rang dd thi dang xét 1a d thi hai phia ddy di nén

sau khi xoay cac trong s6 canh bang gia tri xoay A, tat ca cac canh ndi tir X_dinh trong ciy pha t6i
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Y _dinh ngoai cdy pha déu bi giam trong sb di A, chinh vi vay ta phai trir tit ca cac d[y] > 0 di A dé
gitt dugc tinh hop ly cua cac d[y].

Nhén xét 3:

Ta c6 thé tan dung két qua ctia qua trinh tim kiém theo chiéu rong & budc trudc dé ndi rong ciy pha
cho budc sau (grow alternating tree) ma khong phai tim lai tir ddu (BFS lai bat dau tir x).

Khi khong tim thay duong mé, qua trinh tim kiém theo chiéu rong s& danh dau duoc nhiing dinh da
tham (thudc cdy pha) va hang doi cac X_dinh trong qua trinh tim kiém tré thanh rdng. Tiép theo 1a
phai xac dinh dugc A = trong s6 nho nhit cua canh nbi mot X dinh da tham v6i mot Y_dinh chua
tham va xoay cac trong s6 canh dé nhitng canh nay tr¢ thanh 0 canh. Tai day ta s€ dung ky thuat
sau: Tham ludn nhiing dinh yeY chua tham tao vé1 mot X dinh da thdm mdt 0 canh (nhiing
Y _dinh chua thim c6 d[y] = 0), néu tim thidy duong md thi ding ngay, néu khong thay thi day tiép
nhirg dinh matchY[y] vao hang doi va lap lai thuat toan tim kiém theo chiéu rong bat dau tir nhiing
dinh nay. Vay néu xét tong thé, mdi lan ting cip ta chi thuc hién mot lan dung cdy pha, tic 13 tong
chi phi thoi gian cua nhitng 1an thyc hién giai thuat tim kiém trén do thi sau mdi lan ting cap chi
con 1a O(K).

Nhén xét 4:

Thu tuc tang cap dua trén duong mé (Enlarge) c6 do phuc tap O(k)

Tir 3 nhan xét trén, phuong phap dbi ngdu Kuhn-Munkres c6 thé cai dit bang mot chuong trinh c6
d6 phirc tap tinh toan O(k’) bai nd can k 1an ting cip va chi phi cho mdi 1an 1a O(K?).

PROG12 2.PAS * Cai dit phuong phap Kuhn-Munkres O(n?)

program AssignmentProblemSolve;
const
max = 100;
maxC = 10001;
var
c: arrayl[l..max, 1l..max] of Integer;
Fx, Fy, matchX, match¥: array[l..max] of Integer;
Trace, Queue, d, arg: arrayl[l..max] of Integer;
first, last: Integer;
start, finish: Integer;
m, n, k: Integer;

procedure Enter; {Nhap di¥ liéu}
var

i, j: Integer;
begin

ReadLn(m, n);

if m > n then k := m else k := n;

for i := 1 to k do

for j := 1 to k do c[i, j] := maxC;

while not SeekEof do ReadLn(i, j, cli, 3jl):

end;

procedure Init; {Kh&i tao bd ghép réng va hai day dbi ngau Fx, Fy}
var

i, j: Integer;
begin

FillChar (matchX, SizeOf (matchX), 0);

FillChar (matchY, SizeOf (matchY), 0);

for i := 1 to k do
begin
Fx[i] := maxC;
for j := 1 to k do
if c¢li, jl < Fx[i] then FxI[i] := c[i, 3jl1;
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end;
for j := 1 to k do
begin
Fy[j]l := maxC;
for i := 1 to k do

if cl[i, jl - FxI[il < FyI[j]l then Fyl[jl := cli, jl - FxI[il;

end;
end;

function GetC(i, j:
begin

Integer) :

Integer;

{Ham tra vé trong sb canh (Xi], Yi])}

GetC := cli, jl - FxI[i] - Fyl[jl;

end;

procedure InitBFS;
var

y: Integer;
begin

{Tha tuc khéi tao trwére khi tim cach ghép starte X}

{Hang doi chi gdm méi mét dinh Start < cay pha khéi tao chi ¢d 1 dinh start}

first := 1; last := 1;
Queue[l] := start;

{Kh&i tao cac Y_dinh déu chwa thdm < Trace[y] = 0, Vy}

FillChar (Trace, SizeOf (Trace),

{Kh&i tao cac dy]}
for y := 1 to k do
begin
dly]l := GetC(start, y):
arglyl := start;
end;
finish := 0;
end;

procedure Push(v: Integer);
begin

Inc(last); Queuellast] := v;
end;

function Pop: Integer;
begin

0);

{d[y] 1a khoang cach tir y t&i cay pha gdc start}
{arg[y] la X_dinh thudc cay pha tao ra khodng cach dé}

{Pay mot dinh veX vao hang doi}

{Rat mét X_dinh khdi hang doi, tra v& trong két qua hamy

Pop := Queuel[first]; Inc(first);

end;

procedure FindAugmentingPath;
var
i, j, w: Integer;
begin
repeat
i := Pop:
for j := 1 to k do
if Tracel[j] = 0 then
begin
w := GetC(i, j):;
if w = 0 then
begin
Trace[j] := 1i;

if match¥Y[j] = 0 then

begin
finish := j;
Exit;
end;
Push (matchY[j]);
end;
if d[j] > w then
begin

{Tha tuc tim duwdng md}

{Rat mot dinh X]i] khdi hang dori}
{Quét nhirng Y_dinh chwa tham}

{xét canh (Xi], Y[}

{Néula 0_canh}

{Lwu vét duong di}
{Néu j chuwa ghép thi ghi nhan noi két thiic duwdrng mé va thoat}

{Néu j da ghép thi day tiép matchY[j] vao hang doi}

{Cap nhat lai khodng céch d[j] néu thay canh (X[i], Y[j]) ngén hon khodng cach nay}
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d[j]l := w;
argl[jl := 1i;
end;
end;
until first > last;
end;

{Xoay c4c trong sb canh}
procedure SubX AddY;
var
Delta: Integer;
x, y: Integer;
begin
{Trudc hét tinh A = gia tri nhd nhét trong s6 cac d[y], v&i yeY chwa tham (y khong thudc cay pha)}
Delta := maxC;
for y := 1 to k do
if (Tracely]l = 0) and (d[y] < Delta) then Delta := dlyl:;
{Trlr trong s nhirng canh lién thudc véi starte X di A}
Fx[start] := Fx[start] + Delta;

for y := 1 to k do {Xét cac dinh yeY}
if Tracely]l <> 0 then {Néu y thudc cay pha}
begin
x := match¥[yl; {Thi x = matchY[y] cling phai thuéc cay pha}
Fylyl := Fylyl - Delta; {Cong trong sb nhikng canh lién thudc voi y [én A}
Fx[x] := Fx[x] + Delta; {Trlr trong sb nhirng canh lién thudc véi x di A}
end
else

dlyl := dlyl - Delta; {Néuy ¢ caypha thi saubudc xoay, khodng cich tir y dén cay pha s& gidm A}
{Chuén bj tiép tucBFS}
for y := 1 to k do
if (Tracelyl = 0) and (d[yl = 0) then {ThamIludn nhirngdinhyecY tao v&icay pha mjt 0_canh}

begin
Tracelyl := arglyl:; {Lwu vét duong di}
if matchY[y] = 0 then {Néuy chwa ghép thi ghi nhan dinh két thic dwdng mé va thoat ngay}
begin
finish := y;
Exit;
end;
Push (matchY[y]l) ; {Néuy da ghép thi dy ludn matchY[y] vao hang doi dé cho loang tiép}
end;

end;
procedure Enlarge; {N&i rong bd ghép béng dudrng mé két thic & finish)

var X finish X finish
x, next: Integer;

begin next next
repeat

X := Trace[finish];

next := matehxI[xl1; 77 .y

matchX[x] := finish;
matchY[finish] := x;
finish := Next;
start start

until finish = 0;
end;

procedure Solve;

var
x, y: Integer;
begin
for x := 1 to k do {V&i mbi X_dinh: }
begin
start := x; {Dat noi khdi diu duong mé)
InitBFS; {Kh&i tao cay pha}
repeat
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FindAugmentingPath; {Tim dwong Mo}

if finish = 0 then SubX AddY; {Néu khong thay thi xoay cac trong sb canh ...}

until finish <> 0; {Cho t&i khi tim ra dwdng mé}
Enlarge; {N&i rong bd ghép bdi dwong mé tim dugc)
end;
end;

procedure Result;
var
X, Yy, Count, W: Integer;
begin
WriteLn('Optimal assignment:');
W := 0; Count := 0;
for x := 1 to m do {V&i mbi X_dinh, xét cap ghép twong (rng}
begin
y := matchX[x];
if c[x, y]l < maxC then  {Chiquantadmdén nhitng cip ghép cd trong s6 < maxC}
begin
Inc (Count) ;
Writeln (Count:5, ') XI[', x, 'l - Y[', y, ']l ', clx, vl);
W := W+ clx, yl;
end;
end;
Writeln('Cost: ', W);
end;

begin
Assign (Input, 'ASSIGN.INP'); Reset (Input);
Assign (Output, 'ASSIGN.OUT'); Rewrite(Output);
Enter;
Init;
Solve;
Result;
Close (Input) ;
Close (Output) ;
end.
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§13. BAl TOAN TiM BO GHEP CUC PAI TREN PO THI

I. CAC KHAI NIEM

Xét d6 thi G = (V, E), mot b ghép trén do thi G 1a mot tap cac canh do6i mot khong cé dinh chung.

Bai toan tim bd ghép cuc dai trén do thi tong quat phat biéu nhu sau:

Cho mét do thi G, phai tim mot bd ghép cuc dai trén G (bo ghép c6 nhiéu canh nhat).

Véi mot b ghép M ciia do thi G, ta goi:

e Nhitng canh thugc M dugc goi la canh da ghép hay canh dam

e Nhiing canh khong thude M duoc goi 1a canh chua ghép hay canh nhat

e Nhimg dinh dau mut cia cic canh ddm duoc goi la dinh da ghép, nhiing dinh con lai goi 1a
dinh chwa ghép

e Mot duong di co ban (duong di khong c6 dinh l1ap lai) dugc goi 1a dwong pha néu no bat dau
béng mot canh nhat va tiép theo 1a cac canh dam, nhat ndm ndi tiép xen ké nhau.

e Mot chu trinh co ban (chu trinh khéng c6 dinh trong lip lai) dugc goi 1a mot Blossom néu no di
qua it nhét 3 dinh, bat dau va két thuc béng canh nhat va doc trén chu trinh, cac canh dam, nhat
nam ndi tiép xen k& nhau. Dinh xuét phat ctia chu trinh (ciing 1a dinh két thic) dugc goi 1a dinh
co' sé (base) cua Blossom.

e Dudng mé 1a mot duong pha bat ddu & mot dinh chua ghép va két thiic & mot dinh chua ghép.

Vi du: Vi @6 thi G va bo ghép M dudi day:

e e =m matched edge

unmatched edge

Hinh 24: D6 thi G va mdt bd ghép M
e Duong (8, 1, 2,5, 6, 4) 1a mdt duong pha
e Chutrinh (2, 3, 4, 6, 5, 2) 1a m{t Blossom
e Duong (8,1, 2,3,4,6,5,7)1a mot duong mdé
e Duong (8,1,2,3,4,6,5,2,1,9) tuy co6 cac canh ddm/nhat xen ké nhung khong phai duong pha

(va tit nhién khong phai dudng mé) vi day khong phai 1a dudng di co ban.

Ta dé dang suy ra dugc céc tinh chat sau

e Duodng mo cling nhu Blossom déu la duong di d6 dai & véi s6 canh nhat nhiéu hon s6 canh dam
ding 1 canh.

e Trong mdi Blossom, nhirng dinh khong phai dinh co sé déu 1a dinh da ghép va dinh ghép véi
dinh do cling phai thuoc Blossom.

e Vi Blossom 1a mot chu trinh nén trong mdi Blossom, nhiing dinh khong phai dinh co so déu ton
tai hai duong pha tir dinh co s¢ di dén no, mot duong két thuc bé‘mg canh ddm va mot duong két
thiic bang canh nhat, hai dudng pha nay dugc hinh thanh bang cach di doc theo chu trinh theo
hai huéng nguoc nhau. Nhu vi du trén, dinh 4 c6 hai duong pha di dinh co s¢ 2 di téi: (2, 3, 4)
la duong pha két thuc béng canh dam va (2, 5, 6, 4) 1a duong pha két thuc béng canh nhat

Lé Minh Hoang



Ly thuyét do thi o5 112 &

II. THUAT TOAN EDMONDS (1965)

Co sé cua thuat toan 1a dinh 1y (C.Berge): Mot bo ghép M cta dd thi G 1a cuc dai khi va chi khi
khong ton tai duong mo d6i véi M.
Thuét toan Edmonds:
M := J;
for (V dinh u chuwa ghép) do
if <Tim dudong md xuat phat tw u> then
<Dc.>c trén duong md:
Loai bé nhitng canh dam khoéi M;
Thém vdo M nhitng canh nhat;
Regu;t: M ]:é bé ghép cuc dai trém G )
bicu khoé nhat trong thuat toan Edmonds 1a phai xay dung thuat toadn tim duong md xuat phat tur
mot dinh chua ghép. Thuat toan d6 duoc xdy dung bang cach két hop mot thuat toan tim kiém trén
db thi véi phép chap Blossom.
Xét nhitng duong pha xuat phat tir mot dinh x chua ghép. Nhitng dinh ¢ thé dén dugc tir x bang
mot duong pha két thuc 13 canh nhat dugc gan nhan "nhat", nhitng dinh cé thé dén dugce tir x b?mg
mot duong pha két thiic 1 canh dam duoc gan nhan "dam".
Véi mot Blossom, ta dinh nghia phép chap (shrink) 1a phép thay thé cac dinh trong Blossom bang
mot dinh duy nhat. Nhirng canh ndi gitra mot dinh thudc Blossom té1 mot dinh v nao dé khong
thuoc Blossom dugc thay thé bang canh nbi giita dinh chap nay véi v va giit nguyén tinh dam/nhat.
D& thay rang sau mdi phép chap, cac canh ddm van dugce dam bao 1a bo ghép trén d6 thi mai:

Shrink O/‘
—>

blossom

blossom

Hinh 25: Phép chip Blossom

Thuat toan tim duong mé c6 thé phat biéu nhu sau.

e Trudc hét dinh xuét phat x dwgc gan nhan dm.

e Tiép theo 1a thuat toan tim kiém trén d6 thi bat dau tir x, theo nguyén tic: tir dinh dam chi dugc
phép di tiép theo canh nhat va tir dinh nhat chi dugc di tiép theo canh ddm. Mdi khi tham t6i
mot dinh, ta gdn nhan ddm/nhat cho dinh d6 va tiép tuc thao tac tim kiém trén dd thi nhu binh
thuong. Cling trong qué trinh tim kiém, mdi khi phat hién théy mot canh nhat ndi hai dinh dam,
ta dung lai ngay vi néu gan nhan tiép s€ gap tinh trang mot dinh c6 ca hai nhan dam/nhat, trong
truong hop ndy, Blossom dugc phat hién (xem tinh chit cua Blossom) va bi chap thanh mot
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dinh, thuat toan dugc bat dau lai v6i d6 thi méi cho t6i khi tra 10i dwoc cau héi: "cé ton tai
dudng md xudt phat tir x hay khong?"

e Néu duong mé tim duoc khong di qua dinh chdp nao thi ta chi viéc ting cip doc theo dudng
mo. Néu dudng mé c6 di qua mot dinh chap thi ta lai nd dinh chap d6 ra thanh Blossom dé thay
dinh chap nay trén duong mod bang mot doan dudng xuyén qua Blossom:

expand
—>

expand

blossom

blossom

Hinh 26: Né Blossom dé do dwong xuyén qua Blossom
Luu ¥ rang khong phai Blossom nao ciing bi chap, chi nhitng Blossom anh hudng téi qua trinh tim
dudng mé méi phai chap dé dam bao rang duong mo tim duoc 1a duong di co ban. Tuy nhién viéc
cai dat tryc tiép cac phép chap Blossom va n¢ dinh kha rac rdi, doi hoi mot chuong trinh véi do
phtrc tap O(n”).
Dudi day ta s& trinh bay mot phuong phép cai dat hidu qua hon vi do phirc tap O(n®), phuong phap
nay cai dat khong phtic tap, nhung yéu cau phai hiéu rat rd ban chat thuat toan.

III. PHUONG PHAP LAWLER (1973)

Trong phuong phap Edmonds, sau khi chip mdi Blossom thanh mot dinh thi dinh d6 hoan toan lai

6 thé nam trén mot Blossom mai va bi chap tiép. Phuong phap Lawler chi quan tdm dén dinh chap

cudi cung, dai dién cho Blossom ngoai nhat (Outermost Blossom), dinh chap cudi cung nay duoc

dinh danh (danh sb) bang dinh co s ciia Blossom ngoai nhat.

Ciing chinh vi thao tic chap/nd néi trén ma ta cin mé rong khai niém Blossom, c6 thé coi mét

Blossom 13 mdt tip dinh né ra tir mot dinh chap chi khong don thuan chi 14 mot chu trinh pha

co ban nira.

Xét mot Blossom B c6 dinh co s¢ 1a dinh r. Véi VveB, v # 1, ta luu lai hai duong pha tir r téi v,

mot dudng két thic béng canh dam va mot duong két thuc bé‘mg canh nhat, nhu vy co hai loai vét

gan cho mdi dinh v:

e S[v] 1a dinh lién trudc v trén dudng pha két thiic bang canh dam, néu khong ton tai duong pha
loai nay thi S[v] = 0.

e T[v] la dinh lién trudc v trén dudng pha két thuc bang canh nhat, néu khong ton tai duong pha
loai nay thi T[v] = 0.

Bén canh hai nhan S va T, mdi dinh v con c6 thém

e Nhan b[v] la dinh co s& cua Blossom chtra v. Hai dinh u va v thugc cung mdt Blossom < b[u]
=b[v].

e Nhian match[v] 1a dinh ghép véi dinh v. Néu v chua ghép thi match[v] = 0.
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Khi d6 thuit toan tim dwong mé bit dau tir dinh x chwa ghép cé thé phat biéu nhw sau:
Budc 1: (Init)
e Hang doi Queue dung dé chira nhiing dinh ddm cho duyét, ban dau chi g6m mot dinh dam x.
e V&imoi dinh u, khoi gén b[u] = u va match[u] = 0 véi Vu.
e Gan S[x] #0; Vi Vuzx, gan S[u] = 0;Véi Vv: gan T[v] =0
Budrc 2: (BFS)
Lip lai cac bude sau cho t6i khi hang doi rong:
Véi mdi dinh dam u l4y ra tir Queue, xét nhimg canh nhat (u, v):
e Néu v chua tham:
¢ Néu v 1a dinh chua ghép = Tim thay dudng ma két thic ¢ v, dimg
¢ Néu v 1a dinh d3 ghép = tham v = tham lu6n match[v] va diy match[v] vao Queue.
Sau mdi 1an tham, chu ¥ viéc luu vét (hai nhan S va T)
e Néu v dithim
¢ Néu v 14 dinh nhat hodc b[v] = b[u] = b6 qua
¢ Néu v 1a dinh ¢am va b[v] # b[u] ta phat hién dugc blossom méi chtra u va v, khi dé:
= Phat hién dinh co sé: Truy vét duong di nguoc tir hai dinh ddm u va v theo hai dudng pha
vé niit gbe, chon ldy dinh a 1a dinh dam chung gip déu tién trong qua trinh truy vét nguoc.
Khi d6 Blossom moi phat hién sé c6 dinh co s¢ 1a a.
= Gan lai vét: Goi (a =1, i, ..., ip = 1) Va (2 = j1, j2, ..., jq = V) 1an luot 13 hai duong pha din
tratoiuvav. Khido (a=1y, 1, ..., 1= U, Jg =V, Jg-1, ---, J1 = @) 1a mot chu trinh pha di tir a
t6i u va v rdi quay tré vé a. Bang cach di doc theo chu trinh ndy theo hai huéng nguoc
nhau, ta c6 thé gan lai tat ca cic nhian S va T cta nhimg dinh trén chu trinh. Luu ¥ rang
khong dwgc gan lai nhan S va T cho nhiing dinh k ma b[k] = a, va v6i nhitng dinh k c6
b[k] # a thi bat budc phai gan lai nhan S va T theo chu trinh nay bat ké S[k] va T[k]
trude do da co hay chua.
* Chap Blossom: Xét nhitng dinh v ma b[v]e {b[11], b[12], ..., b[ip], b[j1], b[j2], ..., b[J¢]}, gan
lai b[v] = a. Néu v 1a dinh ddm (c6 nhan S[v] # 0) ma chua duoc duyét t6i (chua bao gio
duogc day vao Queue) thi day v vao Queue chd duyét tiép tai nhimng budc sau.
Néu qué trinh nay chi thoat khi hang doi rdng thi tic 1a khong ton tai duong md bat dau tir x.

Sau day la mot $6 vi du vé cac truong hop tir dinh dam u xét canh nhat (u, v):
Truong hgp 1: v chua tham va chua ghép:

S:2
(D—) «(D—2)
T:A

T:1

S:2 T:3

Tim thay duong mo

Trwong hep 2: v chua tham va da ghép
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S:2 S:2 T:3 S:4

—>
(1 D)—2) {(D—(2)
T T

Tham ca v 1dn match[v], gan nhin T[v] va S[match[v]]

Trwong hep 3: v da tham, 1a dinh dam thudc cung blossom vdi u

Khoéng xét, bo qua
Trwong hop 4: v da tham, 1a dinh ddm va b[u] # b[v]

Tim dinh co s& a = 3, gan lai nhan S va T doc chu trinh pha, chap Blossom.

Déy hai dinh ddm méi 4, 6 vao hang doi, Tai nhiing budc sau,
khi duyét t6i dinh 6, s& tim thiy dudng mé két thuc ¢ 8,
truy vét theo nhan S va T tim dugc duong (1,2,3,4,5,7,6,8)

Tu tudng chinh cta phuong phap Lawler 13 dung cac nhan b[v] thay cho thao tic chap truc tiép
Blossom, dung cac nhan S va T dé truy vét im duong md, tranh thao tac né Blossom. Phuong phép
nay dya trén mot nhan xét: Moi khi tim ra dudong mé, néu dudong mo d6 xuyén qua mdt Blossom
ngoai nhat thi chic chin né phai di vao Blossom niy tir niit co s¢ va thoat ra khoi Blossom bang
mot canh nhat.

IV. CAI PAT

Ta s& cai dat phuong phap Lawler v&i khudn dang Input/Output nhu sau:

Input: file van bAn GMATCH.INP

e Dong 1: Chta hai s6 n, m 1an luot 1 sé canh va s6 dinh cua d6 thi cach nhau it nhit mot dau
cach (n £100)

e m dong tiép theo, mdi dong chira hai s u, v tugng trung cho mot canh (u, v) cua do thi
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Output: file van ban GMATCH.OUT chtra b ghép cuc dai tim duoc

GMATCH.INP GMATCH.OUT
e a 10 11 16
12 2 8
16 3 4
2 4 5 10
(O—) |25 2 5
3 4 Number of matched edges: 5
O-O—® :
5 6
OO |33
@ 5 10
7 8
79

Chuong trinh nay stra ddi mot chit mé hinh cai dat trén dua vao nhén xét:

e v lamot dinh ddm < v = x hodc match[v] 1a mdt dinh nhat

e Néu v la dinh d4m thi S[v] = match[v]

Viy thi ta khong can phai str dung riéng mot mang nhan S[v], tai mdi budc stra vét, ta chi can sta

nhin vét T[v] ma thoi. Dé kiém tra mot dinh v # x ¢6 phai dinh dam hay khéng, ta c6 thé kiém tra

bang diéu kién: match[v] co la dinh nhat hay khong, hay T[match[v]] c6 khac 0 hay khong.

Chuong trinh sir dung cac bién véi vai trd nhu sau:

e match[v] la dinh ghép véi dinh v

e Db[v]la dinh co s& cia Blossom chira v

e T[v] la dinh lién trudc v trén duong pha tir dinh xuat phat t6i v két thic bang canh nhat, T[v] =
0 néu qua trinh BFS chua xét toi dinh nhat v.

e InQueue[v] 12 bién Boolean, InQueue[v] = True < v la dinh ddm di dugc day vao Queue dé
cho duyét.

e start va finish: Noi bit dau va két thiac dudng mo.

PROG13 1.PAS * Phuong phap Lawler ap dung cho thuidt toan Edmonds

program MatchingInGeneralGraph;
const
max = 100;
var
a: arrayl[l..max, 1l..max] of Boolean;
match, Queue, b, T: array[l..max] of Integer;
InQueue: arrayl[l..max] of Boolean;
n, first, last, start, finish: Integer;

procedure Enter; {Nhap di¥ liéu, tr thiét bi nhap chuan (Input)}
var

i, m, u, v: Integer;
begin

FillChar (a, SizeOf(a), 0):;

ReadLln (n, m);

for i := 1 to m do
begin
ReadLn(u, Vv);
alu, vl := True;
al[v, ul := True;
end;
end;
procedure Init; {Khéi tao bd ghép réng}
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begin
FillChar (match, SizeOf (match), 0);
end;

procedure InitBFS; {Thi tucnayduwoc goi dé khditao trwde khi tim dwdng mé xuét phat tir start}
var

i: Integer;
begin

{Hang doi chi gdm mot dinh dam start}

first := 1; last := 1;

Queue[l] := start;

FillChar (InQueue, SizeOf (InQueue), False);

InQueue[start] := True;

{Cac nhan T dwoc khéi gan = 0}

FillChar (T, SizeOF(T), 0):;

{NUt co s& clia outermost blossom chtra i chinh la i}

for i := 1 ton do b[i] := i;

finish := 0; {finish = 0 nghia la chwa tim thdy dudrng mé}
end;

procedure Push(v: Integer); {Pay mot dinh dam v vao hang dori}
begin
Inc(last);

Queue[last] := v;

InQueue[v] := True;
end;
function Pop: Integer; {LAy mot dinh dam khéi hang doi, tra v& trong két qua ham}
begin

Pop := Queuel[first];
Inc(first);
end;

{Khé nhét clia phwong phap Lawler 13 thi tuc nay: Tha tuc x ly khi gép canh nhat nét hai dinh dam p, g}
procedure BlossomShrink(p, gq: Integer);
var

i, NewBase: Integer;

Mark: array[l..max] of Boolean;

{ThU tuc tim nit co' s& bang cach truy vét nguoc theo duwdng pha ttr p va g}
function FindCommonAncestor (p, q: Integer): Integer;

var
InPath: array[l..max] of Boolean;
begin
FillChar (InPath, SizeOf (Inpath), False);
repeat {Truy vét ttr p}
p := blpl; {Nhay t&i niit co' s& clia Blossom chira p, phép nhay nay dé ting tbc do truy vét}
Inpath[p] := True; {Panh dau nut dé}
if p = start then Break; {Néuda truy vé& dén noixuat phat thi dirng}
p := TImatchlpll: {Néu chwa v& dén start thi truy Ii tiép hai bwérc, theo canh dam rdi theo canh nhat}
until False;
repeat {Truy vét tir g, twong tw nhu d6i voi p}
q := blql;

if InPath[g] then Break; {Tuy nhiénnéucham vao dwdng pha cia p thi dirng ngay}
q := T[matchlqll;
until False;
FindCommonAncestor := q; {Ghi nhan dinh co’ s& m&i}
end;

procedure ResetTrace(x: Integer) ; {Gan lainhan vétdoc trén dudng pha tir start t&i x}

var
u, v: Integer;
begin
vV 1= X;
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while b[v] <> NewBase do {Truy vétduodng pha tir start t&i dinh dam x}

begin
u := match[v];
Mark[b([v]] := True; {Panh d4u nhan blossom ctia cac dinh trén dutng di}

Mark [b[u]]
v := T[ul;
if b[v] <> NewBase then T[v] := u; {Chidatlaivét T[v] néu b[v] khong phai nit co s& mdi}
end;
end;

= True;

begin {BlossomShrink}

FillChar (Mark, SizeOf (Mark), False); {TAtca cacnhan blv] déu chwa bi danh dau}
NewBase := FindCommonAncestor(p, q); {xacdinhnitco s&}
{Gan lai nhan}
ResetTrace(p); ResetTrace(q):;
if b[p] <> NewBase then T[pl
if b[g] <> NewBase then TI[ql]
{Chap blossom < gan lai cac nhan bii] néu blossom bji] bi danh dau}
for i := 1 to n do

if Mark[b[i]l] then b[i] := NewBase;
{Xét nhi¥ng dinh dam i chwa duoc dwa vao Queue ndm trong Blossom mai, day i va Queue dé che duyét tiép tai cac budc sau)
for i := 1 to n do

if not InQueuel[i] and (b[i] = NewBase) then

Push (i) ;

:= dg;
t= p;

end;

{Tha tuc tim dwdng mé}
procedure FindAugmentingPath;
var
u, v: Integer;
begin
InitBFS; {Khditao}
repeat {BFS}
u := Pop;
{Xét nhitng dinh v chwra duyét, k& v&i u, khdng ndm cling Blossom véi u, di nhién T[v] = 0 thi (u, v) 4 canh nhat rbi}
for v := 1 to n do
if (T[v]l] = 0) and (alu, v]) and (b[u]l <> b[v]) then
begin
if match[v] = 0 then {Néu v chwra ghép thi ghi nhan dinh két thiic dwdng mé va thoat ngay}
begin
T [v]

end;
{Néu v Ia dinh dam thi gan lai vét, chap Blossom ...}
if (v = start) or (T[matchl[v]] <> 0) then
BlossomShrink (u, v)
else {Néu khong thi ghi vé&t dwdng di, thdm v, tham ludn c& match[v] va day tiép match[v] vao Queue}
begin
T[v] := u;
Push (match[v]) ;
end;
end;
until first > last;
end;

procedure Enlarge; {N&i rong bd ghép bdi dutrng mé bat dau iy start, két thic & finish}
var
v, next: Integer;
begin
repeat
v := T[finish];
next := matchl[v];
match[v] := finish;
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match[finish] := v;
finish := next;
until finish = 0;
end;

procedure Solve; {Thuat toan Edmonds}
var
u: Integer;
begin
for u := 1 to n do
if match[u]l = 0 then
begin
start := u; {V&i mbi dinh chwa ghép start}
FindAugmentingPath; {Timdwdng md bat dautir start)
if finish <> 0 then Enlarge; {Néuthdy thi néirdngbd ghép theo dutrng mé nay}
end;
end;

procedure Result; {In bd ghép tim dworc}
var
u, count: Integer;
begin
count := 0;
for u := 1 to n do
if match[ul > u then {Vratranh sy tringlap (u, v) va (v, u), vira loai nhirng dinh khdng ghép duoc (match=0)}

begin
Inc (count) ;
WriteLn(u, ' ', match[ul);
end;
WriteLn ('Number of matched edges: ', count);
end;
begin

Assign (Input, 'GMATCH.INP'); Reset (Input):;
Assign (Output, 'GMATCH.OUT'); Rewrite (Output);
Enter;
Init;
Solve;
Result;
Close (Input) ;
Close (Output) ;
end.

V. PO PHUC TAP TINH TOAN

e Thu tuc BlossomShrink c6 do phuc tap O(n).

e Thu tyuc FindAugmentingPath can khong quéa n 1an goi thu tuc BlossomShrink, cong thém chi
phi cua thuat todn tim kiém theo chiéu rong, c6 do phirc tap o)

e Phuong phap Lawler can khong qua n lan goi thu tuc FindAugmentingPath nén c6 do phirc tap
tinh toan 1a O(n’)
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