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1 Khai niém ma tran. 2

1 Khai niém ma tran
1.1 Dinh nghia

Ma tran la mot bang ¢6 dang

11 Q12 @13 - Qip
Q21 Q22 Q23 - Q2p
A=
a3; az2 a3z - A3p !
L Am1 Am2 Am3 - Amn |

(mot bang chit nhat gom m X n phan ti trong R duge viét thanh m dong va n cot) trong
d6 a;; € R 1a phan t 6 vi trf dong 7, cot j clia A, m x n dudc goi 1a cap ctia ma tran A.

Doi khi A dugc viét ngan gon 1a A = (a;;) hay A = [a;;].
e Cac ma tran thuong duge ky hiéu béi A, B, C, ...

e Tap hop tat ca cac ma tran loai m x n trén R duge ky hieu bdi M,,»,,(R). Khi m = n,
ta dung M, (R) thay cho M, (R).

-2 1

Vidul. A= B 1a ma tran cap 2 x 3. B = 1 12 ma tran cap 3 x 2.

\)

0

Vi du 2. Cho ma tran A c¢6 cac phan ti thoa a;; = i* — j2,Vi = 1,..,3, j = 1,...,4. Viét
tuong minh (dang bang) cho ma tran A .

1.2 Mot s6 ma tran hinh chi nhat dic biét

Dinh nghia 1 ( Ma tran (vecto) dong (Row vector)). Ma tran cap 1 x n duge goi 1a ma
tran hang (dong).

Dinh nghia 2 (Ma tran (vecto) cot (Column vector)). Ma tran cap m x 1 duge goi la ma

tran cot.

Dinh nghia 3. Néu a;; = 0, Vi, j thi ta n6i A 1a ma tran khong. Ky hieu A = 0,,,
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1.8 Mot s6 ma tran vuong dac biét 3

1.3 M6t s6 ma tran vuéng dac biét

Dinh nghia 4 (Ma tran vuong). Néu m = n thi A dugc goi 1a ma tran vudng cap n trén

R. Tap tat cd cac ma tran vuong cap n tréen R duge ky hieu 1a M, (R).

Dinh nghia 5. Néu A = (a;;) € M,(R) thi duong chita cac phan t a1y, aqz, . . ., @, dude
goi la duong chéo chinh (hay duong chéo) cua A.

Dinh nghia 6. Cho A = (a;;) € M, (R). Khi dé

e Néu a;; = 0, Vi # j (nghia la tat cd cac phan tit bén ngoai dudng chéo ciia A déu

bang 0) thi ta néi A la mot ma tran duong chéo.

e Néu a;; = 0, Vi > j (nghia la tat c& cac phan tit bén dudi duong chéo ctia A déu

bang 0) thi ta n6i A 1a mot ma tran tam gidc trén.

e Néu a;; = 0, Vi < j (nghia 1a tit cd cdc phan ti bén trén dudng chéo ciia A déu

bang 0) thi ta n6i A 1a mot ma tran tam gidc dudi.
1 00 3 21 300
Vidu3. A=1g 2 ol:B=|0 2 1[:¢= 0 3 o]:

00 3 0 01 110
thi A la ma tran duong chéo, B la ma tran tam giac trén, C' la ma tran tam giac dudi.

Dinh nghia 7. Ma tran don vi n 1a ma tran duong chéo, ma cic phan ti trén duong chéo

déu bang 1, ky hieu béi I,,, nghia l1a

100 0
010 -0
In="10 0 1 0|
000 - 1]

Dinh nghia 8 (Ma tran doi ziing (Symmetric matriz), Ma tran phdn zing (Skew symmetric
matriz).). Cho ma tran A € M,(R). Ma tran A dugc goi la ma tran doéi xing néu a;; =
aﬂVZ :1,_71,] :L_n

Ma tran A duge goi 1a ma tran phan xtng néu a;; = —a; Vi =1,n,j = 1,n.
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1.8 Mot s6 ma tran vuong dac biét

0 1 2
Vidl}.4. Cho va B = -1 0 1
-2 -1 0

A, B c6 phan xtng hay déi xiing khong?
Bai tap 1.1. Cho A € M,(R) 1a ma tran phan xing. Chting minh réng
(i) Tat cd cac phan tit trén dudng chéo ctia ma tran A bang 0.

(ii) Tong tat ca cAc phan tit cia ma tran A bing 0.

Ngay 6 thang 11 nam 2016
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2 Cac phép todn trén ma tran. 5

2 Cac phép toan trén ma tran
2.1 Phép chuyén vi
Dinh nghia 9 (Hai ma tran biang nhau). Cho hai ma tran A, B. Ta néi A biang B, ! ky

hieu A = B, néu A va B cung cap, m x n, va

aU:bU,V1§z§m,1§j§n

2 . N .
Vidu 5. Xét A= P ql p= . V6i p,q,n nao thi A = B?
n 0
Nhan xét 1. Quan hé bang cho phép ta: xac dinh mot déi tugng trong tap hop (hofic xac
dinh mot déi tuong trong mot 16p tuong duong, dong nhat cac doi tuong cung dac tinh.
Thi du khai niém vector 1a mot 16p tuong duong, mot s6 thuyc 1a mot 16p tuong duong, ...).

T quan heé “=", ta c¢6 thé xay dung dudc cac ding thic, dong nhat thic.

Dinh nghia 10 (Ma tran chuyén vi). Cho ma tran A € M,,,,(R). Ta n6i B € M, (R)

I3 ma tran chuyen vi ctia A (ky hisu B = AT) néu

b7,] aji7Vi =1lm,pg=1Ln
N
' i 6 11 16
(é ; g ; 1J01 ---_..___Transpose 7T 12 17
o i T~ =T -
M=11 12 13 4 15 M =N 2 }2 }2
16 17 18 19 20 i(] 15 26

Hinh 1: Minh hoa chuyén vi ma tran thong qua thi du

1 231
Vidl}6. Cho A = 4 9 7 6 .XécdinhAT.

4 2 80

Tinh chét 1. Cho A, B € M,,,,(R). Khi d6

i) (AN)T = A;

'Robert Recorde - the man who invented the equals sign in 1557 (http://www-groups.dcs.st-and.
ac.uk/history/Biographies/Recorde.html).
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2.2 Tong hai ma tran ]

ii) AT = BT & A= B.

Nhan xét 2. Gid st A € M, (R). Néu AT = A thi ta n6i A la mot ma tran déi xing;

néu AT = —A thi ta n6i A 1a mot ma tran phan déi xitng (hay phan xitng).
1 2 3 0 -2 -3

Vidu7. A= |9 5 | v@aB= |9 ¢ 1| thi Ala ma tran déi xting va B la ma
3 0 1 3 —1 0

tran phan doéi xing.

2.2 Tong hai ma tran

Dinh nghia 11 (Téng hai ma tran). Cho A, B € M,,»,(R). Ta goi tong ctia A va B, ky
hiéu A + B, 1a mot ma tran C = (¢;;) € Mxn(R) duge xac dinh béi

cij:aij—l—bij,w:l,m,j: ,n.
Bai tap 2.1. Tim déap an dang cho A = b2l + Lo
3 0 2 11
W A 1 21
| 4 0 3 |
boA— 1 21
| 41 2 |
c. A= 130 .
| 3 1 3 |

d. A khong ton tai.

Tinh chét 2. Cho A, B, C € M,,»,(R) vd o, 8 € R. Khi d6
(i) A+ B=B+A;

(i) (A+B)+C=A+(B+(C);

(i) A+0=0+ A= A;

(iv) A+ (-A)=(-A)+ A=0;
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2.8 Tich mot s6 vdi mot ma tran 7

(v) (A+ B)T = AT + BT,
(vi) a(A+ B) = aA+ abB;
(vii) (a+ B)A =aA+ [A.
Tinh chat 3. Moi ma tran vuong bat k¥ c6 thé phan tich thanh tdng mot ma tran déi
xiing va mot ma tran phan xing.
2.3 Tich mot s6 v6i mot ma tran

Dinh nghia 12 (Tich mot s6 v6i ma tran). Cho A € M,,«,(R) , @ € R. Ta goi tich a va
A (ky hieu @A) la mot ma tran C' = (¢;;) € Myxn(R) duge xac dinh béi ¢;; = aa;;, Vi =

I,m,j=1,n.
Nhan xét 3. V6i a = —1, ma tran (—1)A duge ky hiéu 1la —A.

Dinh nghia 13 (Hiéu ctia ma tran A va B). Hiéu ctia ma tran A va B dugc dinh nghia
A—B:=A+ (—B).

Vidu 8. Cho A = 2l =g 210

01 —4 -3 2 2
1. Tinh 3A £ 2B
2. Tim ma tran C sao cho 2A+3B —4C =0
Tinh chat 4. Néu A € M,,.,(R) vi a, 3 € R thi
(i) (af)A = a(BA);

(ii) (@A)T = a(A)T.

2.4 Tich hai ma tran

Dinh nghia 14 (Tich hai ma tran). Cho A € M, (R), B € M,«,(R). Ta goi tich cia A
va B, ky hiéu AB, la mot ma tran C' = (¢;;) € Myxn(R) duge xéc dinh béi

T
Cz‘j = Zaikbkj,V1 S l S m71 S j S n.
k=1

Nhan xét 4. ¢;; 1a tong clia tich tuong ting céc thanh phan dong i ciia A va ot j clia B

(tich vo huéng tong quat).
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2.4 Tich hat ma tran 8

I 1

Vidu9.ChoA: Lol va B = 2 1
01 2

00

Khang dinh nao sau day la ding?
a) AB va BA déu khong xac dinh.
b) AB xac dinh nhung BA khong xac dinh.
c) BA xéc dinh nhung AB khong xac dinh.

d) AB va BA deéu xac dinh.

Vi du 10 (Ung dung trong kinh té). Mot nha méy chuyén dén ba cita hang (A, B va C),
mdi ctia hang nhan mot buu kien, méi buu kién gom 4 loai san pham (air conditioner, ice
box, 29"color TV va 25"color TV) véi trong lugng va don gia cho mdi san pham va sb
lugng san pham giii cho tig ctia hang nhu Bang 1 ([?] Deng, Jixia. Application of linear
algebra in real life. Applied Mechanics & Materials (2014). http://www.scientific.net/
AMM.556-562.3392).

air conditioner | ice box | 29"color TV | 25"color TV
A 30 20 50 20
B 0 7 10 0
C 50 40 50 50
Don gia 30 16 22 18
Trong lugng | 40 30 30 20

Bang 1: Bang trong lugng va don gia cac mat hang

Khi d6, cong ty chuyén dén céac cita hang 4 san pham trén véi sb6 lugng ciia thé dién ta
nhu ma tran £ va don gia va trong luong cho méi loai san pham cé thé dién ta bing ma
tran F

30 20 50 20 T

30 16 22 18
E=10 10 7 o] :F=

40 30 30 20
50 40 50 50

Tinh EF va dién giai ¥ nghia cho ma tran EF.
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2.4 Tich hat ma tran 9

Tinh chat 5. Cho A, A’ € M,xn(R), B, B' € M,x,(R), C € M,,,(R), D € M,(R) va
a € R. Khi dé

(i) (Luat két hop) (AB)C = A(BC);

(i) (Luat phan phéi) A(B + B') = AB + AB’;
(A+ A)B = AB + A'B;

(111) AOnxp = Omxp; OrxmA — Or><n;
DI, =1,D = D;

(iv) a(AB) = (aA)B = A(aB)

(v) (AB)" = BTA™;

Tinh chat 6. Tong (hiéu, tich) hai ma tran tam giac trén (dudi) ciing cap la ma tran tam

giac trén (duéi).

Vi du 11. Cho A € M;s4(R), B € My 2(R), C € Msy1(R) x4c dinh nhu sau A =

1
2
3
4

1

2

=~ W e W

3
4
1
2
4

4
1
2
1
1

11

2
3
4

W =N
w

Tinh (AB)C va A(BC). Chu y thoi gian tinh toan va dua ra nhan xét nén tinh theo tha

tu nao? Giai thich.

Vi du 12. Cho m, n, p, r 1a cic sd nguyén duong, va A € M,,xn(R), B € M,x,(R), C €

M,(R). Dua ra diéu kién chon thi tu nhan ma tran (dua vao s6 lugng phép nhan can

dung).

Tinh chat 7. 1. Phép nhan ma tran khong giao hoan, nghia la ton tai hai ma tran

A, B sao cho AB # BA. Khi AB ton tai ma BA khong ton tai. Trong truong hop ca

hai ton tai cling khong chic bang nhau (xem Bai tap 9).

Hay cho vi du.

2. V6i A, B # 0, vAn c6 thé xay ra trusng hop AB = 0.

A:

Lo , B = 00 . Hay kiém tra lai!

00 10
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2.5 Bai tap 10

3. AB=0#4 A=0VvVB=0.
4. A, B giao hoan khi va chi khi (AB)" = ATBT.
5. AB=AC # B=C.

Dinh nghia 15 (Tich nhiéu ma tran). Tich cac ma tran Py, Py, ..., P, (theo thit tu d6) véi

diéu kién s6 cot ma tran lién truée bang s6 dong ma tran lién sau 13
P1P2...Pk = ( (<P1P2) Pg) ) Pk.
Va ¢6 thé viét dusi dang dé quy nhu sau: véi méi k > 2 thi

P1P2...Pk = (P1P2...Pk,1) Pk

Tinh chit 8. Néu P,...P, xac dinh thi (P,..P,)" = " P.,"..P .

Vi du 13. Tinh AB — BA trong cac truong hgp sau

a2 gl 23,
4 -1 4 1
100 135

24=19 10| B=101 3
(3 2 1 00 1

2.5 Bai tap

Bai tap 2.2. Cho A = 2 = 1 , B = b =2 _3,02 O b =2

3 0 —4 0 -1 5 1 -1 1
3A+4B —2C.

Bai tap 2.3. Tim z,v, z néu

gJr vl _ |z 6 n 4 z+y (1)
z w -1 2w z+w 3
2 -1
<A 1 -2 =3 .
Bai tap 2.4. Cho A= | {1 |, B= . Tinh AB
3 4 0
-3 4
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2.5 Bai tap 11
ss o~ 1 2 0 . T
Bai tap 2.5. Cho A = . Tinh A" A.
3 -1 4
se A 1 2 . :
Bai tap 2.6. Cho A = . Tim 2A° — 4B + 51.
4 -3
Bai tap 2.7. Tim z,y néu L3 =6 |"
5 3] |y ¥
Bai tap 2.8. Tim x,y, z théa man LA I L I R
z w| |0 1 0 1
<o~ 1 2 .
Bai tap 2.9. Cho A = . Tim A"
0 1
2003
Bai tap 2.10. Tinh !
-1 0
Bai tap 2.11. Tim tat cd cac ma tran A = Y| sao cho A" = I, n>0.
0 =z
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3 Luay thua ma tran. 12

3 Luy thtta ma tran

3.1 Khai niém

Dinh nghia 16. Cho A 13 ma tran vuong cap n, k 1a s6 nguyén khong am. Khi d6 lay
thita bac k clia A 1a mot ma tran cap n (ky hieu A¥) duge xac dinh mot cach quy nap nhu

Sau
AV =1, A=A, A2=AA, ..., AF=Ar1A

Dinh nghia 17 (Liiy thita ma tran ). Lily thita ma tran A c6 thé dinh nghia bang cach

dung Dinh nghia 15 v6i P, = P, = ... = P, = A.
. - 11 . 3
Vi du 14. Cho ma tran A = . Tinh B = A°.
0 1
a. B=A.
b. B = L3
c. B= 3 3

d. Tat ca cac KQ trén deéu sai.
Tinh chat 9. Cho A la ma tran vuong cap n,r va s la cac s6 nguyen khong am.

1. Véir >0, (0,)" =0,

2. (I,)" =1,
3. Ar—i-s — ArAs
4. A" = (A7)

Tinh chat 10. Cho k € N, A, B € M,(R) sao cho chiing giao hoan nhau, nghia la AB =
BA. Khi do

(i) (AB)" = A*B;

(i) A* = B* = (A= B)(A* '+ A" 2B + ..+ B*);

k
(iii) (A + B)* Z ) AFB™

Jj=0
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3.2  Da thiic ma tran 18

3.2 Da thic ma tran
Dinh nghia 18. Cho A € M, (R) va da thitc bac ¢6 he s6 thyc

Khi do
f(A) =A™ + ap 1 A"+ L+ A+ agl,

dugc goi 1a thiic ma tran theo ma tran A.

Vidu 15 (Bai tap 1.12 (b) [?]). Hay xéac dinh f(A) véi A = ; f(x) = 32% —22% —
T+ 2.

Vi du 16. Cho A € M,(R) théa A? —2A+ 1, =0.Dat B=1,+ A+ ... + A". X4c dinh
A" va B theo A va I,.

Vi du 17. Tinh A% trong d6 A= & 1

0 1

Huéng dan 1. e Cach 1: Bt chudc nha toan hoc: Tinh A™ vé6i n 1a sd nguyén duong

tlly ¥ va sau ciing lay n = 2014.
e Cach 2: Dung “Nhi thic Newton”. Ta c6

A:IQ—FN, (2)

trong d6 N = 0 -1 va ¢6 tinh chat N2 = 0.
0 O

e (Cach 3: Dung ma tran chéo.

e Cdch 4: Dung day so.

3.3 Phuong phap chiing minh bing qui nap toan hoc

Cho N = {1,2,3,...} 1a tap céac s6 tu nhién vd P(n) 134 mot ménh dé todn hoc chiia bién

n € N thoa
1. P(1) la dang, tiic 1la P(n) ding khi n = 1.

2. Néu P(n) dang thi v6i P(n + 1) cling ding v6i moi n € N.
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3.4 Buai tap

14

Khi d6 P(n) la dang v6i moi s6 tu nhien n.

Huéng dan 2. 1. Dy doan cong thiic bang cach tinh A%, A3, ...

2. Chitng minh cong thitc vira du doan bang qui nap.

3.4 Bai tap

Bai tap 3.1. Tim ma tran P € M3(R) hodc P € M;3(C) sao cho P # I3 va P? = I3.

Bai tap 3.2. Cho A =

Bai tap 3.3. Cho A =

Bai tap 3.4. Cho A =

O bl Tiah (44 0)2s.
1 -2

2 L Tian a1,
0 2

2 -l . Tinh A'3.

3 -2
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4 Cadc phép bién doi so cap. 15

4 Cac phép bién doi so cép

Dinh nghia 19. Mot dnh xa ¢ : Myuun(K) — Mpyn(K) duge goi 1a mot phép bién doi

S0 cap trén dong néu ¢ théa mot trong cac dicu kién sau day véi moi A € M, x,(K)
i ¢ bién dong ¢ thanh « lan dong i, ky hiéu ¢ = ad; ;
ii ¢ bién dong i clia ma tran A thanh dong ¢ cong « lan dong j, ky hieu ¢ = d; + ad; ;

iii ¢ hoan vi dong ¢ va dong j clia A v6i nhau, ky hieu ¢ = d; +— d; .

1 2 1 2 4 5 4 5
Vi du 18. 4 3 % 8 6 di + 3d§ 8 6 dy < d; 1 1
11 11 11 8 6

Dinh nghia 20. Cho A, B € M,,«,(K). Ta néi A tuong duong v6i B (ky hieu A ~ B)

néu B c¢6 thé nhan duge tit A qua mot s6 hitu han cac phép bién ddi so cap trén dong.

Tuong tit nhu cac phép bién déi so cap trén dong déi véi ma tran, ta ciing cé cac khai

niém va cac phép bién doi so cap trén cot doi voi A € My, (K).

Dinh nghia 21. Mot 4nh xa ¢ : Myun(K) — My (K) duge goi 1a mot phép bién doi

SO cap trén cot néu ¢ théa mot trong cac diéu kien sau day véi moi A € M, (K)
i ¢ bién cot ¢ thanh o lan cot 4, ky hieu ¢ = ac; ;
ii ¢ bién cot ¢ cda ma tran A thanh cot i cong a lan cot j, ky hieu ¢ = ¢; + ac; ;
iii ¢ hoan vi cot ¢ va cot j cia A v6i nhau, ky hi¢u ¢ = ¢; «+—¢; .

1 2 3 1 26 0 26 6 2 0

Vi du 19. 2¢ @—20; cl<—>c§
321_3322 —4 2 2 2 2 —4

Céc phép bién doi so cap trén dong va trén cot duge goi chung la cac phép bién doi so

Ccap.

Dinh nghia 22. Mot ma tran vuong cap n trén R nhan dudc I, qua duy nhat mot phép

bién d6i so cap dude goi la mot ma tran so cap.
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