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1 Khai niéem.

1 Khai niém

Dinh nghia 1 (Dang ma tran ctia h¢ phuong trinh tuyén tinh). Mot he PTTT trén R la

mot hé gdm m phuong trinh bac nhat véi n an c6 dang tong quat

(
111

2171

\ Am1T1

+ 12T + + A1pTn
+ A92T9 + + AonTp
+ Am2T2 + + AmnTn

b17
b2>

b

trong d6 cac a;; (goi 1a cac he s6) va céc b; (cac he s6 tu do) 1a cac phan tit cho trude, cac

x; la cac an can tim.

Vi du 1. Hé phuong trinh nao 1a hé phuong trinh tuyén tinh? Giai thich.

(siny)z + (cosx)y =1,

3z + 2y =1

{x3 + 2y =3,

x + y =1

r + 2y =8,

—

r + 8y =1.
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2 Dinh lij ton tai nghiém. 3

2 Dinh 1y ton tai nghiém
Dinh nghia 2. Dang ma tran cta hé (1)
Ax =b,

trong d6 A = (a;;) € Myxn(R) 12 ma tran he s, z = [21, ..., 7,]7 1& cot cac an sd,b =

b1, ., D] T 12 Ot cac hé s6 tu do.

Dinh nghia 3 (Nghiém ctia he PT). Bo s6 (cy, o, ..., ¢,) duge goi la nghiem ctia HPT

néu khi thay x; = ¢;,Vi = 1, ...,n théa man hé phuong trinh trén.
Dinh nghia 4. Hai hé phuong trinh dugc goi 1a tuong duong néu chiing cting tap nghiém.

Nhan xét 1. Ta sé dimg cac phép bién ddi tuong duong (phép bién déi khong lam thay
ddi tap nghiem) dé dua he phuong trinh don gian hon.

Nhan xét 2. Mic dit khi ma tran héa hé phuong trinh, ta sip xép céc an thanh vecto cot

nhung nghiém ctia hé phuong trinh 13 mot vecto dong (mot phan ti ctia R™).

Dinh nghia 5. Dang ma tran héa he phuong trinh tuyén tinh (form the augmented matrix)
A= [A|b]. A con duoe goi la ma tran md rong.

Vi du 2. Hé phuong trinh

(

r+2y+z2=4,

r+y+ 3z =05,

(2r+y+z2=4

Dang ma tran

AX =0,
1 2 1 T 4
trongdo A= |1 1 3|, X= y ,b=|5|, va h¢ c6 dang ma tran hoa
2 11 z 4
1 2 1|4

A=[Ap] = |1 1 3|5

2 1 1|4

Ngay 6 thang 11 nam 2016 Dai S6 2



2 Dinh lyj ton tai nghiém. 4

(

$1+2.’E2+$3:1,

Vi du 3. Hé phuong trinh < c¢6 dang ma tran hoa la

T1+ 224 + 23 =0,

\372+SL'1+Z'3:1

1 21 0/1
A=Al = |1 o 1 2l0

1 1 1 01
Dinh 1y 1. Déi v6i mot he PTTT, nghiém ctia hé c6 thé gip mot trong 3 trudng hop sau
e Heé vo nghiém;
e Hé c6 nghiem duy nhat;
e Hé c6 vo s6 nghiem.

Mot s6 diéu kien cu thé dé he vo nghiem hoiic c6 nghiem duy nhat hoac c¢6 vo s6 nghiem

duge khéo sat ¢ cac phan sau (Dinh ly Kronecker-Capelli).

Dinh nghia 6. Hé phuong trinh AX = 0, trong d6 A € M,(R), 0 € M,,x; dugc goi la he
phuong trinh thuan nhat.

Dinh 1y 2 (Kronecker-Kapelli). Hé phuong trinh ??he) ¢6 nghiém khi va chi khi

Nhan xét 3. He phuong trinh tuyén tinh thuan nhat chi c6 duy nhat nghiém hoac vo s6

nghiém.
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3 Gidi hé phuong trinh bing phuong phdp khi Gauss va Gauss-Jordan. 5

3 Giai hé phuong trinh bing phuong phap khit Gauss
va (Gauss-Jordan

Giai hé phuong trinh

3z + 2y = 3vV3+ 2,

\/§x+3y:6.
Giai hé phuong trinh
.
x+2y+2z=4,
r+y+ 3z =05,
(2 +y+z=4.

e St dung céc phép bién doi tuong duong dé qui vé hé phuong trinh don gidn hon.

e Hé phuong trinh don gidn sé 14 hé phuong chita trinh bac nhat theo mot bién. Giai
tim gia tri cho bién nay va khi thay gia tri nay lén trén, ta sé c6 phuong trinh bac
nhat theo mot bién khac. He phuong trinh dang nay tuong tng v6i ma tran goi la

dang bac thang.

Mot vi du vé hé phuong trinh c6 dang bac thang

r + 2y + =z =T,
y 4+ 3z =25,

Céc phép bién ddi duge dung khi giai he PT bac nhat hai an 6 cap THCS dugce goi 1a bién
ddi so cap tren dong (dam bao cac hé phuong trinh tuong duong nhau) va c6 thé tong quat

héa cho hé phuong trinh ¢6 nhiéu an hon.
Dinh nghia 7. Hé tam giac la hé phuong trinh

Ax = b,
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3 Gidi hé phuong trinh bing phuong phdp khi Gauss va Gauss-Jordan. 6

U1 U2 U3 ... Uip
Ug2 U3 ... U2n
trong d6 A = : (ma tran tam giac trén) c6 he s6 tréen duong
unfl,n
0 Unn |

chéo khéc khong,

Nhan xét 4. Thuat ngit “hé tam giac” duge st dung trong céc bai toan giai va bién luan
hé gom 3 phuong trinh 3 an duge hicu 1a U 1a ma tran tam giac (cac phan ti trén duong

chéo c6 thé bang khong).
Phuong phap giai: dung thuat toan thé lui (backward substitution).

1 1 2 3
Vi du 4. Gidi hé phuong trinh BX = |9| , trongdé B= |5 1
3 00 —2

Dinh nghia 8. Mot ma tran dugc goi 14 ma tran bac thang néu:
e Céc dong bang 0 (néu c6) sé nam dudi dong khac 0.

e O cdc dong khéc 0 (néu ¢6), phan tit khiac 0 dau tien clia dong tren phai ndm & cot
bén trai so véi cot clia phan tit khac 0 dau tien ctia dong bén dudi (cac phan tit khac

0 nay duge goi 1a phan t1t tru).

Vi du 5. Xéc dinh xem ma tran c6 la dang bac thang hay khong? Néu khong dua ra gii
thich.

0 A 0 0 31 4 2
. 1= )

0 0 d-Adi=19 0 2 1/;

'0 0 0' 0000
b. Ay = :

0 1 7]

213 31 4 2
c. 3= 10 0 1| e. A&5=10 0 0 0

0 1 0] 0021
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3 Gidi hé phuong trinh bing phuong phdp khi Gauss va Gauss-Jordan. 7

Dinh nghia 9. Mot ma tran duge goi la dang bac rit gon néu:
e N6 la ma tran bac thang;
e Cac phan tit tru déu 1a 1;
e Trén moi cot chita phan ti try, ngoai phan tit try, cdc phan ti con lai bang 0.

Dinh nghia 10 (Dang bac thang ctia ma tran). Ma tran duge goi 1a ma tran bac thang
clla ma tran A néu né 1a ma tran bac thang va dugce tao ra tit A bang hitu han cac bién

ddi so cap trén dong.

1 2 3 1 2 3
Vidu 6. Ma tran A = |1 3 3| c6dang bac thangla B = |5 1 o | vitu A tasu

2 4 4 0 0 —2
dung hai phép bién déi ds := dy — di, ds := d5 — 2d; thu dudgc ma tran B.

Dinh nghia 11 (Dang bac thang rit gon clia ma tran). Ma tran duge goi 1a ma tran bac
thang clia ma tran A néu né la ma tran bac thang rat gon va duge tao ra tit A bang hitu
han céc bién déi so cip trén dong. (Loai ma tran nay con c6 nhidu tén goi khac: dang

bac thang chinh téc theo dong clia ma tran, hodc ma tran rat gon theo dong timg bac.)

Vi du 7. Xac dinh xem ma tran c6 la dang bac thang hay khong? Néu khong dua ra gii
thich.

0 0 3 1 4 2

a. Al = s
0 0 d- Adi=19 0 2 1/;
_0 0 0- 0 00O

b Ay — ,
01 7
21 3 31 4 2

c. &=10 0 1/ e A5 =10 0 0 0
01 0 0021

Nhan xét 5. e Dang bac thang clia ma tran luon ton tai va khong duy nhat.

e Dang bac thang 1t gon ctia ma tran luon ton tai va duy nhét.

Mot cach tong quat hon, ta xét hé phuong trinh véi ma tran hé s6 c¢6 dang “bac thang”.
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3.1  Thuat toan Gauss 8

Dinh nghia 12. Hé phuong AX = b dudc goi 1a hé bac thang néu A 1a ma tran bac thang
va hé khong chita phuong trinh dang Oxy 4+ 0z + ... + 0z, = a véi a # 0.

Dinh 1y 3 (Dinh ly 5.4 trang 41 [?].). Xét he AX = b la hé bac thang gom m phuong
trinh, n an. Khi d6

(i) Néu tat ca cac cot cia A déu chita phan tit tru thi he ¢6 dang tam giac (v6i tat ca
cac phan ti tren duong chéo khac khong); do d6 he c6 nghiem duy nhat va nghiém

nay dude xac dinh bang phuong phap thé nguge.
(i) Néu A c6 k cot khong chita phan tit tru (n > k > 1) thi hé c6 vo sé nghiém vé6i k an

tur do. Khi dé, ta cé thé chon céc an tuong ting céc cot khong chiia phan ti tru lam

an tu do.

Nhan xét 6. Trudsng hop (ii), viec gidi hé phuong trinh c6 thé xem nhu chuyén cac an tu
do sang vé phai dé thu dugc hé tam giac. Khi do, ta thu dugc hé tam giac, va ta xac dinh

n — k an con lai theo céc an tu do bing phuong phap thé ngugc.

1 121 3
Vi du 8. Gidi h¢ phuong trinh BX = ||, trongd6 B= |g 1 2

3 000 -2

3.1 Thuat toan Gauss

Néu mot hé phuong trinh dude qui vé dang bac thang, ta sé dé dang gidi va bién luan.
Diat van dé: Moi ma tran déu c6 thé dua vé dang bac thang hay khong?

Cau tra 1oi 1a c¢6. Day la ¥ tudng doc dao dé giai he phuong trinh duge Gauss' duge dé

xuit vho nim 1801. Dé tim ma tran bac thang ctia ma tran A = (a;;) € My, (R), ta ding

thuat toan Gauss, duge thuc hién theo cac buéde sau
Buéc 1 Gani:=1,5:=1.
Budc 2 Chon phan tt tru cho cot thit j (néu c6) 2.

+ Néu a;; 7 0 thi chon phan tit nay lam phan ti truy.
Chuyén sang Budc 3.

!Gauss la nha toan hoc noi tiéng véi cach giai thi vi cho bai toan: tinh tdng 1 + 2 + ... + 100.
2Cht ¥ dac tinh ma tran KQ khi bit dau buéc nay.
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3.1  Thuat toan Gauss 9

+ Néu a;; = 0 va ton tal k > ¢ sao cho ag; # 0. Ta hoan vi dong i va dong k. Ta
chon a;; (m6i) lam phan ti tru.
Chuyén sang Budc 3.

+ Néu ay; = 0 v6i moi k > i thi cot thi j khong ¢6 phan tit tru. Ta thay j := j+1

(nghia 14 chuyén sang cot méi) 16i quay lai budc 2.

Budéc 3 V6i phan tit tru a;; tim duge & buée 2, ta thuc hién “khd” cac phan trén cot thit j

bén dudi dong i (dua chiing vé 0) bang phép bién doi

d = dy — 224,k > i. (6)

)

Tiép theo ta thay i :=i+1, j:=j+ 1.3
Budc 4 Lap lai bude 2 cho dén khi ¢ = m hoac j = n.

Nhan xét 7. Dau budc 3, ma tran két qua c6 dang nhu Hinh 1%,

O values yet to
! be updated

i

clements to be zerocd

Hinh 1:

Nhan xét 8. Dién bién chon phan tit tru va toan bo buéc ba dude mo ta nhu Hinh 2°.

Nhan xét 9. Qua trinh bién déi ma tran thé hien qua Hinh 36.

3Chu ¥ dac tinh ma tran KQ khi két thic budc nay.
4http://www.mcs.anl.gov/~itf/dbpp/text/node90.html
Shttp://www.mcs.anl.gov/~itf/dbpp/text/node90.html
Shttp://wuw.cs.berkeley.edu/ demmel/cs267/lecturel2/lecturel2.html
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3.1  Thuat toan Gauss 10

Strueture of Matrix during simple version of Ganssian Elimination

1] 1] 0 1]
: .o . |o see |- |0
. - e Sli]e
i - (o
1] 0|0 0|00 ojofo|ojo
Afteri=1 After i=2 Afteri=3 Afteri=n-1
Hinh 3:

Vi du 9. Tim dang bac thang ctia ma tran sau

123 1 -1
121 -5 3
132 1 -1
2 16 -7 4

Ap dung thuat toan khit Gauss cho A, ta gidi duge he phuong trinh Az = b. Cac budc
gidi (+bién luan) hé bang phuong phap khit Gauss

Bu6c 1: Thiét lap ma tran mad rong A cia he phuong trinh.
Budc 2: Dung thuat toan khit Gauss dé dua ma tran A vé dang bac thang.
Bu6e 3: Dya thuat toan thé nguge dé gidi (+ bién luan) hé phuong trinh.

D61 v6i he phuong trinh thuan nhat Az = 0, trong d6 A € M, (R), 0 € M,,x1, ma tran
bac thang ctia A luon ¢6 dang [B J,z} va B la ma tran bac thang ctia A. Do d6, dé giai he
phuong trinh AX = 0, ta chi can dua ma tran A vé dang bac thang.

Vi du 10. [Thi du ap dung thuat toan Gauss giai HPTTT| Giai hé phuong trinh trong
Thi du 2.

Bai giai 1. Hé c6 dang ma tran hoa

12 14 1 2 1|4

- do:i=do—dy ,d3=d3—2d
A=[Al= |1 1 35| ———————— o -1 2|1
2 1 1|4 0 -3 —1| 4]
1 2 14

d3:=d3—3ds>

% 0 -1 21
0 0 -7 -7
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3.2  Thuat toan Gauss-Jordan 11

Khi d6, hé phuong trinh ban dau tuong duong vé hé

p

ZL‘1—|—2£E2+233:4,

—I9 + 2.733 = 1,

| — T3 = —T.
Do d6 hé chi c6 duy nhat nghiém (a1, x5, x3) = (1, 1, 1). Néu trong qua trinh bién ddi
xuat hién mot dong dang
[0 0 .. 0 | a] ;
trong do6 a # 0, thi hé phuong trinh v6 nghiém.
Vi du 11. Giéi hé phuong trinh

(

r 4+ 2y + z =4,

20 + 3y + 2z =295,

y + z =1

\

Vi du 12. Giai hé phuong trinh sau bang phuong phap khit Gauss

r — 2y + 2z =-2,
2 — 3y + 6z =1,
r + y + Tz =-1

3.2 Thuat toan Gauss-Jordan
+ Mo t4 thuat toan.
+ So sanh v6i thuat toan khit Gauss.
+ Thi du 4p dung thuat todn nay dé giai he phuong trinh.

1. Sau khi x4c dinh duge phan tif tru a;;, ta chuan héa phan tit tru (bién phan ti tru
thanh 1).

2. Thue hién bude 3 nhu thuat toan Gauss nhung c6 hiéu chinh nhu sau: Khit tat ca cac
phan t1t khic trén cling cot cia phan tit tru (diing phép bién d6i dy, := di —ay;d;, Vk #
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3.2  Thuat toan Gauss-Jordan 12

Dé tim ma tran bac thang ctia ma tran A = (a;;) € M« (R), ta ding thuat toan Gauss,
dugce thue hién theo cac bude sau

Bu6c 1 Gani:=1,5 :=1.

Budc 2 Chon phan tit tru cho cot thi j (néu co) 7.

+ Néu a;; # 0 thi chon phan tit nay lam phan t tru.
Chuyén sang Budc 3.

+ Néu a;; = 0 va ton tai k > i sao cho ag; # 0. Ta hoan vi dong i va dong k. Ta chon
a;; (mdi) lam phan t tru.

Chuyén sang Budc 3.

+ Néu ag; = 0 v6i moi k > ¢ thi cot thit j khong ¢6 phan ti tru. Ta thay j := j + 1

(nghia 1a chuyén sang cot mdi) 16i quay lai budc 2.

Budc 3V6i phan tit tru a;; tim duge & bude 2, ta thie hign: chuan héa dong i (d; = d;/a;;)
va “khti” cdc phan trén cot thi j ndm ben dudi, ngoai dong i (dua ching vé 0) bang phép
bién doi

dy = dy — 24, Vk > i. (7)

ij

dk = dk — akjdi, Vk‘#l (8)

Tiép theo ta thay i :=i+1, j:=j+1.8
Buéc 4 Lap lai buée 2 cho dén khi i+ = m hoiic j = n.

Vi du 13. Tim dang chinh tic theo dong clia ma tran sau

123 1 -1
a_|t21 -5 3
132 1 -1
2 16 -7 4

"Chi ¥ diic tinh ma tran KQ khi bt dau budc nay.
8Chi y diic tinh ma tran KQ khi két thic budc nay.
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4 Bai tap. 13
4 Bai tap
Bai tap 4.1. Giai hé phuong trinh sau bang phuong phap khit Gauss
4
al — 2ZE2 + 3 = 7,
21’1 — Ty + 4[133 = 17,
. 3%1 — 3232 + 5.1’3 = 25.
Bai tap 4.2. Giai he phuong trinh sau bang phuong phap khit Gauss
(
T — 2ZE2 + T3 = 7,
21‘1 — Iy + 41’3 = 8,
\41’1 — 5ZE2 + 61‘3 = 22.
Bai tap 4.3 (Bai 141 [?]). Giai hé phuong trinh
2.T1 - 31’2 - 3 -+ 21’4 = 3,
3x1 4+ bxre + 3x3 — 4dxy = -8,
4(131 — 3$2 + X3 + 75(]4 = 14.
Bai tap 4.4. Cho hé phuong trinh
x + 2y + =z =1,
2v 4+ 5y + 3z =5,
3t + Ty + m?z =6.
Giai va bién luan hé phuong trinh nay theo m.
Bai tap 4.5. Véi gia tri m nao thi hé
r 4+ 2y + 2z =0,
20 + y + 3z =0,
3r + 2y + mz =0.
c6 nghiem khong tam thuong?
Bai tap 4.6. Cho hé phuong trinh
(
X1+ Lo — T3 = 1,
2.1'1 + 3%2 + kxg = 3,
(71 + kxg + 313 = 2.
Xac dinh s6 thuc k sao cho
Ngay 6 thang 11 nam 2016 Dai S6 2



J Buai tap. 14

a. hé c6 nghiém duy nhat;
b. hé c6 vo nghiém;
c. hé c6 vo sd nghiem.

Trong trudng hop hé tuong thich (c6 nghiém), gidi no.

Bai tap 4.7 (Liy thia 2015). Cho A € My(R) sao cho A1 = b ,va B =
Xac dinh (B1AB)*".

Bai tap 4.8. Cho 4 € M, (R) théa A? — 2A + I,, = 0. Chiing minh réng A~! = 21, — A.
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